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SUMMARY

Spin systems, or undirected graphical models, are important tools for modeling joint
distributions of discrete random variables, and are broadly used in statistical physics, ma-
chine learning, and theoretical computer science. One of the most important computational
tasks for spin systems is to generate random samples approximately from the equilibrium
distribution of the model called the Gibbs distribution. The approximate sampling problem
could be challenging in the high-dimensional setting, where the dimension is the number
of variables and the state space is exponentially large in dimension. We study the single-
site update Markov chain known as the Glauber dynamics or Gibbs sampling for sampling
from the Gibbs distribution. In each step, the dynamics picks a single variable uniformly at
random and updates it conditional on all other variables. The Glauber dynamics is widely
used in many practical situations due to its simplicity and efficiency. Despite its popularity,
theoretical guarantees of the convergence rate of the Glauber dynamics are only known in
a few special cases.

We prove optimal mixing time of the Glauber dynamics in a variety of settings. As
an application of our results, for the hardcore model (weighted independent sets) on any
n-vertex graph of constant maximum degree, we establish O(n log n) mixing time of the
Glauber dynamics when the fugacity (vertex weight) lies in the tree uniqueness region.
For the Ising model, and more generally any antiferromagnetic 2-spin system, we prove
O(nlogn) mixing time of the Glauber dynamics on any bounded degree graph in the cor-
responding tree uniqueness region. Our results apply more broadly; for example, we also
obtain O(nlogn) mixing for g-colorings on graphs of maximum degree A when the num-
ber of colors satisfies ¢ > (X — g9)A where g9 ~ 107, and O(n logn) mixing for the
monomer-dimer model (weighted matchings) and weighted partial even subgraphs (corre-

sponding to the ferromagnetic Ising model with nonzero external fields) on any graph with

bounded degrees.



Our work presents an improved version of the spectral independence approach of Anari,
Liu, and Oveis Gharan (2020). Roughly speaking, a distribution is said to be spectrally
independent if the maximum eigenvalues of the associated influence matrices are upper
bounded. We show O(nlogn) mixing time of the Glauber dynamics for spectrally inde-
pendent spin systems on any n-vertex graph of bounded degrees. Furthermore, we prove
optimal mixing results for arbitrary heat-bath block dynamics and (for ferromagnetic Ising
and Potts models) the Swendsen-Wang dynamics. We also show that spectral independence
can be established using current algorithmic tools of approximate sampling and counting,
including coupling of Markov chain Monte Carlo (MCMC) methods, correlation decay
approach, and polynomial interpolation approach. This in particular demonstrates the im-
portance and power of spectral independence for connecting different aspects in the study

of spin systems.

X1



CHAPTER 1
INTRODUCTION

In many scientific settings we often use a statistical model to describe the dependencies
among a set of variables. This can be represented by a graph which contains a set of nodes
corresponding to the variables of the system and a set of edges connecting pairs of nodes
which represent the interrelationship between these variables; these models are known as
spin systems or undirected graphical models. Spin systems arise in a wide variety of sci-
entific fields; for example they correspond to phylogenetic trees in evolutionary biology
and are used in network science for community detection. More recently, spin systems are
extensively applied in machine learning and data science, such as the restricted Boltzmann
machine and Bayesian network.

Despite the wide usage of spin systems, many technical questions remain open even
for the basic ones. One fundamental task in the study of spin systems is to simulate the
equilibrium state of the system; more specifically, to sample from the corresponding Gibbs
distribution of the model. The Markov chain Monte Carlo (MCMC) method is a standard
and popular approach for sampling from the equilibrium distribution. In every step, the
algorithm will update the current configuration randomly under appropriate rules, such that
the distribution will eventually converge to the desired Gibbs distribution. The mixing time
of a MCMC dynamics is defined to be the number of steps it takes to be sufficiently close
to the stationary distribution in total variation distance.

MCMC methods are usually simple, elegant, and very efficient in practice for sampling
Gibbs distributions of spin systems. However, few rigorous guarantees are known in the
literature on the convergence rate of MCMC, and typically heuristic arguments are used to
measure convergence with no assurance on the statistical accuracy. The main contribution

of this thesis is to establish a well-known conjecture that the Glauber dynamics converges



very quickly to its stationary distribution in the tree uniqueness region, i.e., decay of cor-
relations region. The Glauber dynamics is the quintessential example of a local Markov
chain, and its convergence rate is of great interest due to its simplicity and wide applicabil-
ity.

Our setting is the general framework of spin systems. Spin systems capture many com-
binatorial models of interest, including the hardcore model on weighted independent sets,
the Ising model, and colorings, and are equivalent to undirected graphical models. For in-
teger ¢ > 2, a g-state spin system is defined by a ¢ x ¢ interaction matrix A. For a given
graph G = (V, E') with n = |V/| vertices, the configurations of the model are the collection
) of assignments o : V' — [q] of spins to the vertices of the graph. Each configuration
o €  has an associated weight w(o) defined by the pairwise interactions weighted by the
interaction matrix A, see Section 2.1 for a detailed definition.

The Gibbs distribution y is the probability distribution over the collection 2 of config-
urations and is defined as pi(0) = w(o)/Z where Z = ) _w(o) is the normalizing factor
known as the partition function. Approximately sampling from the Gibbs distribution is
polynomial-time equivalent to approximating the partition function [79, 122]. Given an
e > 0and 0 > 0, a fully polynomial-time randomized approximation scheme (FPRAS) for
the partition function outputs a (1 4-¢)-relative approximation of the partition function with
probability > 1 — §, whereas a fully polynomial-time approximation scheme (FPTAS) is
the deterministic analog (i.e., it achieves § = 0).

The canonical example of a spin system in statistical physics is the Ising model. The
Ising model is a 2-spin system (i.e., ¢ = 2); the spin space is denoted as {+, —} and
the configurations of the model are the 2™ assignments of spins {4, —} to the vertices of
the underlying graph. In the simpler case without an external field the Ising model has a
single parameter 5 > 0 corresponding to the inverse temperature. A configuration o € {2
has weight w(o) = ™) where m(o) = |{(u,v) € E : o(u) = o(v)}| is the number

of monochromatic edges in 0. When 5 > 1 then the model is ferromagnetic as the two



fully monochromatic configurations have maximum weight, whereas when $ < 1 then the
model is antiferromagnetic.

The hardcore model is a natural combinatorial example of an antiferromagnetic 2-spin
system. The model is parameterized by a fugacity A > 0. For a graph G = (V, E),
configurations of the model are the collection 2 of independent sets of (&, and the weight
of an independent set ¢ is w(c) = Al°l.

In general, a 2-spin system is defined by three parameters 5,7 > 0 and A > 0. A
spin configuration o € {0,1}" is assigned weight: w(c) = gm1(9)ymo(@) \n1(9) "\where, for
s € {0,1}, ms(o) is the number of edges where both endpoints receive spin s and ns(o) is
the number of vertices assigned spin s. Note the Ising model corresponds to the case 5 =
where )\ is the external field, and the hardcore model corresponds to § = 0, = 1. The
model is ferromagnetic when v > 1 and antiferromagnetic when Sy < 1 (the model is
trivial when By = 1).

The Glauber dynamics is a simple Markov chain (X;) designed for sampling from the
Gibbs distribution . The transitions X; — X;,; update a randomly chosen vertex as
follows: (i) select a vertex v uniformly at random; (ii) for all u # v, set X1 (u) = Xy(u);
and (iii) choose X;(v) from the marginal distribution for the spin at v conditional on the
configuration X, (/N (v)) on the neighbors N (v) of v. It is straightforward to verify that
the chain is ergodic (in the cases considered here, see the definition of totally-connected in
Section 2.1) and the unique stationary distribution is the Gibbs distribution.

The mixing time is the number of transitions, for the worst initial state X, to guarantee
that X, is within total variation distance < 1/4 of the Gibbs distribution; for a formal
statement, see Eq. (2.1). We say the chain is rapidly mixing when the mixing time is
polynomial in n = |V/|. Hayes and Sinclair [71] established that the mixing time of the
Glauber dynamics is 2(nlog n) for a family of bounded-degree graphs, and hence we say
that the Glauber dynamics has optimal mixing time when the mixing time is O(n logn).

The computational complexity of approximating the partition function is closely con-



nected to statistical physics phase transitions. For A > 3, consider the tree 7} of height ¢
where all of the internal vertices have degree A, and let r denote its root. The uniqueness
vs non-uniqueness phase transition captures whether the leaves influence the root, in the
limit as the height grows.

The uniqueness/non-uniqueness phase transition is nicely illustrated for the Ising model
which has two extremal boundaries: the all + boundary and all — boundary. For s €
{+, =}, let pj denote the marginal probability that the root has spin + in the Gibbs dis-
tribution on 7} conditional on all leaves having spin s. The model is in the uniqueness
phase iff lim, pj = limy_, p, . For the Ising model (without an external field) the
uniqueness/non-uniqueness phase transition occurs at 5.(A) = (A — 2)/A for the antifer-
romagnetic case and 3,(A) = A/(A — 2) for the ferromagnetic case. For the hardcore
model, the critical fugacity is A\.(A) := (A — 1)271/(A — 2)?. This phase transition on
the A-regular tree is connected to the complexity of approximating the partition function
on graphs of maximum degree A.

For the hardcore model, for constant A, for any § > 0, Weitz [127] presented an FPTAS
for the partition function on graphs of maximum degree A when A < (1 — §)A.(A). In
contrast, when A > \.(A), Sly [120] (see also [121, 58]) showed that, unless NP = RP,
there is no FPRAS for approximating the partition function on graphs of maximum degree
A. Sinclair, Srivastava, and Thurley [119] extended Weitz’s correlation decay algorithmic
approach to the antiferromagnetic Ising model in the tree uniqueness region, and Li, Lu,
and Yin [89] further generalized it to all antiferromagnetic 2-spin systems when the system
is up-to-A unique. One important caveat to these correlation decay approaches is that the
running time depends exponentially on log A and 1/4.

Despite the algorithmic successes of the correlation decay approach, establishing rapid
mixing of the Glauber dynamics in the same tree uniqueness region was a vexing open
problem. Anari, Liu, and Oveis Gharan [4] introduced the spectral independence approach

based on the theory of high-dimensional expanders [80, 49, 82, 108, 1], and established



rapid mixing of the Glauber dynamics for the hardcore model on any graph of maximum
degree A when A < (1 — §)A\.(A) for & > 0. However, while the mixing time had poly-
nomial dependence on A, it also had doubly exponential dependence on 1/§. In [44] the
authors established rapid mixing for all antiferromagnetic 2-spin systems when the system
is up-to-A-unique with gap J and improved the mixing time to an exponential dependence
on 1/6. Here, roughly speaking, up-to-A uniqueness with gap ¢ means (multiplicative) gap
0 from the uniqueness threshold on the A-regular tree for all d < A; see Section 5.3 for a
precise statement, and [89] for more discussion.

In this thesis, we not only establish a fixed polynomial upper bound on the mixing time,
but we also prove optimal mixing of the Glauber dynamics. Our approach holds for general
spin systems. The spectral independence approach, first introduced for 2-spins in [4] and
subsequently extended to g-spins in [43, 55], considers the gn X ¢gn influence matrix. For
spins i,j € [q] and vertices u,v € V, the entry ((u,i), (v,j)) of the influence matrix
measures the effect of vertex v having spin ¢ on the marginal probability that vertex v has
spin j, see Definition 2.1.3 for a precise statement. Here we prove that if the maximum
eigenvalue of the influence matrix is upper bounded and the marginal probabilities are
lower bounded then the mixing time is O(nlogn) where the only dependence on 1/4 and
A is in the constant factor captured by the big-O notation.

We establish optimal mixing time of O(n logn) by proving that the Glauber dynamics
contracts relative entropy (with respect to the Gibbs distribution) at a constant rate. This
is analogous to establishing a modified log-Sobolev constant for the Glauber dynamics;
there are several recent results in other contexts also proving entropy decay for various
Markov chains [47, 37, 24]. In contrast, previous works utilizing the spectral independence
approach [4, 44] and related works on high-dimensional expanders [80, 49, 108, 82, 1]
consider the spectral gap (or analogously, decay of variance); such an approach is unable
to establish optimal mixing time.

We give our main results in Section 1.1 regarding optimal mixing of Glauber dynamics



for many classes of spin systems. In Section 1.2, we introduce the notion of spectral inde-
pendence, discuss its implications for MCMC, and show various methods of establishing

spectral independence. The structure of this thesis can be found in Section 1.3.

1.1 Optimal Mixing of Glauber Dynamics

The application of our results is nicely illustrated for the particular case of antiferromag-
netic 2-spin systems. We prove O(nlogn) mixing time of the Glauber dynamics when
the system is up-to-A-unique. This is the same region where the correlation decay re-
sults of [89] and the rapid mixing results of [44] hold, which matches the hardness results
of [121]. Note, a mixing time of O(n logn) implies an O(n?) time FPRAS for approxi-
mating the partition function [122, 83]. For the case of the hardcore model we have the

following result.

Theorem 1.1.1 (Hard-core Model). Let A > 3 be an integer and let § € (0, 1) be a real.
For every n-vertex graph G of maximum degree /A and every 0 < XA < (1 — §)A\.(A), the
mixing time of the Glauber dynamics for the hardcore model on G with fugacity ) is at

most Cnlogn where C = C(A, ) is a constant independent of n.

For the case of the Ising model in both the antiferromagnetic and ferromagnetic case,

we obtain optimal mixing whenever 3 is between the two thresholds 3.(A) = 22 and

A
FAGVES <2

Theorem 1.1.2 (Ising model). Let A > 3 be an integer and let § € (0,1) be a real. For

A—2+5 _A—6
Ay Aoays) and every A > 0,

every n-vertex graph G of maximum degree A, every 3 € |
the mixing time of the Glauber dynamics for the Ising model on G with edge activity 5 and

external field \ is at most Cnlogn where C' = C(A, ) is a constant independent of n.

Recall that the above results are tight as there is no efficient approximation algorithm
in the tree non-uniqueness region which corresponds to A > A.(A) for the hardcore model

and 8 < B.(A) for the antiferromagnetic Ising model. The only analog of the above results
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establishing optimal mixing time in the entire tree uniqueness region was the work of Mos-
sel and Sly [106] for the ferromagnetic Ising model. Their proof utilizes the monotonicity
properties of the ferromagnetic Ising model which allows the use of the censoring inequal-
ity of Peres and Winkler [111]. The algorithm of Jerrum and Sinclair [77] gives an FPRAS
for the ferromagnetic Ising model for any 5 and any G, but the polynomial exponent is a
large constant.

Both Theorems 1.1.1 and 1.1.2 are special cases of the following optimal mixing result
for general antiferromagnetic 2-spin systems in the entire tree uniqueness region. For gen-
eral 2-spin systems the appropriate tree phase transition is more complicated as there are
models where the tree uniqueness threshold is not monotone in A. Hence the appropriate
notion is “up-to-A uniqueness” as considered by [89]. Roughly speaking, we say unique-
ness with gap 6 € (0, 1) holds on the d-regular tree if for every integer ¢ > 1, all vertices at
distance ¢ from the root have total “influence” < (1 — 4)¢ on the marginal of the root. We
say up-to-A uniqueness with gap  holds if uniqueness with gap 9 holds on the d-regular

tree for all 1 < d < A; see Section 5.3 for the precise definition.

Theorem 1.1.3 (Antiferromagnetic 2-Spin Systems). Let A > 3 be an integer and let
0 €(0,1)beareal Let (B,v,\) with0 < 5 <~,v >0, By < 1and X\ > 0 be parameters
specifying an antiferromagnetic 2-spin system which is up-to-A unique with gap 0. For
every n-vertex graph G of maximum degree A, the mixing time of the Glauber dynamics
for the antiferromagnetic 2-spin system on G with parameters ((3,~, \) is at most Cnlogn

where C' = C(A, 4§, 5,7, \) is a constant independent of n.

For general ferromagnetic 2-spin systems the existing picture is not as clear as for
antiferromagnetic systems. Our work extends to ferromagnetic 2-spin systems, proving
O(nlogn) mixing time for the same range of parameters as the previously best known
bounds [67, 118, 44]. In particular, we recover Theorems 26 and 27 in [44] with O(n logn)
mixing time.

Our results hold for multi-spin systems as well. The most notable example of a multi-

7



spin system is the g-colorings problem, namely, proper vertex g-colorings. Given a graph
G = (V, E) of maximum degree A, can we approximate the number of g-colorings of G,
or generate a g-coloring of (G approximately uniformly at random? Jerrum [74] proved
O(nlogn) mixing time of the Glauber dynamics whenever ¢ > 2A. This was further
improved in [42, 125] to O(n?) mixing time when ¢ > (11/6—¢&()A for some small g5 > 0.
There are several further improvements with various assumptions on the girth or maximum
degree, c.f. [51]. On the hardness side, Galanis et al. [57] proved that unless NP = RP
there is no FPRAS for approximating the number of ¢-colorings when ¢ is even and ¢ < A.
For triangle-free graphs, a recent pair of works [55, 43] extended the spectral independence
approach to establish rapid mixing of the Glauber dynamics when ¢ > (a* + §)A for any
0 > 0 where a* ~ 1.763; however the polynomial exponent in the mixing time depends on
1/6 in these results.

We prove O(nlogn) mixing time of the Glauber dynamics under the same conditions

as previous results mentioned above.

Theorem 1.1.4 (Colorings). Let A > 3 be an integer and let & > 0 be a real. For every
n-vertex graph G of maximum degree A\ and every integer q > 3, if one of the following

holds:

(1) g > (% — g9+ 0)A where gy ~ 107° is a universal constant given in [42];

(2) G is triangle-free and q > (a* + §)A where o =~ 1.763 is the unique solution to
x =exp(l/z);

then the mixing time of the Glauber dynamics for sampling uniformly random q-colorings

of G is at most Cnlogn where C' = C(A, 0) is a constant independent of n.

We prove optimal mixing time bounds for the monomer-dimer model on all matchings
of a graph with constant maximum degree. Given a graph G = (V, E) and a fugacity A > 0,
the Gibbs distribution p for the monomer-dimer model is defined on the collection M of

all matchings of G where (M) = w(M)/Z for w(M) = NM|. The Glauber dynamics for
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the monomer-dimer model adds or deletes a random edge in each step. In particular, from
X; € M, choose an edge e uniformly at random from F and let X' = X; ®de. If X' € M
then let X, ; = X’ with probability w(X")/(w(X’)+w(X,)) and otherwise let X;,; = X.
We prove O(nlogn) mixing time for the Glauber dynamics for sampling matchings on
bounded-degree graphs with n vertices. A classical result of Jerrum and Sinclair [76] yields
rapid mixing of the Glauber dynamics for any graph even with unbounded degrees, but the

best mixing time bound was O(n*mlogn) [75] where m is the number of edges.

Theorem 1.1.5 (Monomer-Dimer Model). Let A > 3 be an integer and let X\ > 0 be a
real. For every n-vertex graph G of maximum degree A, the mixing time of the Glauber
dynamics for the monomer-dimer model on G with fugacity X is at most Cnlogn where

C = C(A, )) is a constant independent of n.

We also establish optimal mixing time of the Glauber dynamics for sampling random
weighted (partial) even subgraphs, which corresponds to the Gibbs distribution for the high-
temperature expansion of the ferromagnetic Ising model. Let G = (V| F) be a graph. The
Gibbs distribution p for weighted even subgraphs is defined on all subsets of edges. For
A > 0and p € [0,1], every subset S C F has probability density u(S) oc plodd)I\IS]
where odd(.S) is the set of odd-degree vertices in the subgraph (V, S). The weighted even
subgraphs model corresponds to the ferromagnetic Ising model by the relations Siging =
% and Aising = %Z, for which one can easily transform a subset of edges from y to a
sample from prgng [64]. Notice that for p = 0 one obtains the ferromagnetic Ising model
without external fields (i.e., Aiging = 1).

In [77], an MCMC algorithm is presented to sample weighted even subgraphs of an
arbitrary (unbounded-degree) graph in time O(m?poly(1/p)) where m is the number of
edges of the graph. Here, we prove that the Glauber dynamics converges in O(nlogn)
steps for bounded-degree graphs when p > 0; unfortunately the constant hidden in the

big-O notation depends exponentially on 1/p.



Theorem 1.1.6 (Weighted Even Subgraphs; Ferromagnetic Ising Model). Let A > 3 be

an integer and let X > 0, p € (0,1] be reals. For every n-vertex graph G of maximum

degree A, the mixing time of the Glauber dynamics for sampling random weighted even

subgraphs of G with parameters (X, p) is at most Cnlogn where C = C(A, )\, p) is a

constant independent of n. In particular, we get an approximate sampling algorithm with

running time O(nlogn) for the ferromagnetic Ising model with edge activity Pisng = 75
1+

and external field \ising = 2.

RS}

Finally, we mention that our techniques imply asymptotically optimal bounds (up to
constant factors) on both the standard and modified log-Sobolev constants of the Glauber
dynamics for spin systems on bounded degree graphs in all of the regimes mentioned above.
This also applies for certain problems where prior works have obtained rapid mixing via

other techniques such as path coupling and canonical paths.

1.2 Spectral Independence: A Powerful Tool for Analyzing MCMC

The central tool for establishing optimal mixing time bounds for the Glauber dynamics is
the notion of spectral independence, which was first proposed by Anari, Liu, and Oveis

Gharan [4] building upon techniques for high-dimensional expanders [1].

1.2.1 Implications of Spectral Independence

To introduce spectral independence, we consider the hardcore model as a representative
example and refer to Section 2.1 for general settings and definitions. Recall that, for a
graph G = (V, F) and a real A > 0, the Gibbs distribution p of the hardcore model on
G with fugacity ) is a distribution over Z(G), the collection of all independent sets of G.
Every independent set I € Z(G) is assigned probability density g (1) = A!!/Z; where
the normalizing constant Zg = > [€1(G) Alis called the partition function.

Spectral independence describes how much vertices interact among each other under

the Gibbs distribution p in a global and spectral manner. Let I be a random (weighted)
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independent set generated from p. For two distinct vertices u,v € V, we define the

(pairwise) influence of « on v to be

Ue(u,v) =pgvel|luel)—uc(vel|ug¢l),

in other words, W (u,v) is the difference of the probabilities of v € [ given that u is
contained in I or not. Intuitively, the influence becomes small when the graph distance
between v and v is large, and it is maximized when u,v are adjacent. We further let
Ve (v,v) = 0 for each v € V. The influence matrix W is a |V| x |V square matrix with
entries given as above. It is not hard to check that all eigenvalues of W; are real; see [4].

Roughly speaking, n-spectral independence means that the maximum eigenvalue of the
influence matrix W, denoted by A (V), is upper bounded by 7. To understand this, one
may consider the infinity norm ||V¢|| = max,ey Y, oy |We(u, v)| which is no less than
the maximum eigenvalue. If [|[U¢|| . = O(1), then one has O(1)-spectral independence.
Therefore, spectral independence holds with an O(1) constant if, for every vertex u, the
sum of absolute influences of u on all other vertices is small, which happens when pug
is close to a product distribution or satisfies the decay of correlations. In fact, in many
applications we establish spectral independence by upper bounding || ¥ || ..

To be more precise, for spectral independence we also need to consider the distribution
under pinnings. For the hardcore model, this means that we will fix some vertices to be
included in I and some to be excluded, and consider the distribution conditioned on this
event. For hardcore, this is convenient for us, since fixing v ¢ I is equivalent to removing
v from G and fixing v € I corresponds to removing both v and all its neighbors. Hence,
we only need to consider all induced subgraphs of G. For U C V, let H = G[U] be the
subgraph induced by U. We consider the hardcore model on H with fugacity A. The Gibbs
distribution is denoted by py and the influence matrix is denoted by V. We say ug is

n-spectrally independent if for every U C V and H = G[U], one has A\ (V) <.
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For our main result we also require a bound on marginals at every vertex under arbitrary
pinnings. We say (i is b-marginally bounded if for every U C V and H = G|U], one has
min{pg(v € I), ug(v ¢ I)} > bforall v € U. This marginal boundedness condition is
easily satisfied for spin systems defined on bounded-degree graphs.

Our main result is that if the Gibbs distribution on a bounded-degree graph is both
marginally bounded and spectrally independent, then the Glauber dynamics satisfies the
modified log-Sobolev inequality with constant {2(1/n) (see Definition 2.2.3) and mixes in

O(nlogn) steps, where n is the number of vertices of the graph.

Theorem 1.2.1. Let A > 3 be an integer and b,n > 0 be reals. Suppose that G = (V, E)
is an n-vertex graph of maximum degree at most A and i is a totally-connected Gibbs
distribution of some spin system on G. If j is both b-marginally bounded and n-spectrally
independent, then the Glauber dynamics for sampling from p satisfies the modified log-

Sobolev inequality with constant CL where
n

0 (%>0(2’+1) |

Furthermore, the mixing time of the Glauber dynamics satisfies

) = ()" <0 (v (1))

Previous results [4, 1] could only obtain poly(A) xn"? mixing but without the assump-
tion of marginal boundedness. In the setting of spin systems, we always have b-marginal
boundedness with b depending only on the parameters of the spin system and the maximum
degree A of the graph, and so our results supersede those of [4, 1] in the bounded degree
regime.

We further show that spectral independence implies optimal mixing of arbitrary heat-

bath block dynamics and for ferromagnetic Ising/Potts models the Swendsen-Wang dy-
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namics; see Chapter 4 for definitions and results.

1.2.2 Establishing Spectral Independence

For approximate sampling and counting in the setting of spin systems, there are three dis-
parate algorithmic methods: MCMC, correlation decay, and polynomial interpolation. In
this thesis, we show that tools and properties establishing these methods can also be used
to establish spectral independence and thus optimal mixing time results of the Glauber
dynamics.

The correlation decay method was presented in [127] to obtain an FPTAS for approx-
imating the partition function of the hardcore model up to the tree uniqueness threshold.
It was extended to the antiferromagnetic Ising model [119] and to all antiferromagnetic
2-spin systems [89] in the corresponding tree uniqueness regions. These results build upon
a key property of the Gibbs distribution known as strong spatial mixing (SSM) or corre-
lation decay. We do not formally define SSM in this thesis since it is not explicitly used.
Roughly speaking, for SSM we consider the effect of a pair of boundary conditions on the
marginal distribution of a specified vertex, and at a high level this is analogous to spectral
independence. SSM can be proved by showing that the tree recursion is contracting with
a carefully chosen potential function. In Chapter 5, we establish spectral independence for
2-spin systems in the uniqueness region by combining the potential function method [89]
and the self-avoiding walk tree identity [127]. For the monomer-dimer model (matchings)
and colorings on triangle-free graphs, we also prove spectral independence by modifying

proofs of SSM, see Chapter 6.

Theorem 1.2.2 (Informal Version of Theorem 5.2.2; Spectral Independence by Strong Spa-
tial Mixing Approach). If there exists a “good” potential function such that the tree recur-
sion, equipped with the potential function, is contractive (from which one can deduce strong

spatial mixing property), then 1 is O(1)-spectrally independent.
Rapid mixing of MCMC algorithms can also be proved through coupling arguments,
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especially by the path coupling method [30]. A distribution is said to be contractive for a
Markov chain if, roughly speaking, the distance of two configurations contracts in expecta-
tion after one step of the chain; see Chapter 7 for details. We show spectral independence
for contractive distributions with respect to some local Markov chain, and thus establish
optimal mixing time for the Glauber dynamics. This result allows us to transfer coupling
arguments for some local dynamics to optimal mixing results of the Glauber dynamics.
One example is sampling random g-colorings on graphs of maximum degree A where
q > (11/6 — g¢)A: the uniform distribution over all colorings was known to be contractive
with respect to the flip dynamics [125, 42]; however, previously it was not known how to

deduce optimal mixing results for the Glauber dynamics in this parameter regime.

Theorem 1.2.3 (Informal Version of Theorem 7.2.3; Spectral Independence by Coupling
Methods). If i is contractive with respect to some “local” Markov chain M by (path) cou-
pling arguments (from which one can get optimal mixing of M but not Glauber dynamics),

then 1 is O(1)-spectrally independent.

The study of zero-free regions of the partition function has a long and rich history in
the analysis of phase transitions in statistical physics models. The well-known work of
Lee and Yang [86] utilizes zeros of the partition function to study phase transitions for
the ferromagnetic Ising model. The polynomial interpolation method was introduced by
Barvinok [10] and refined by Patel and Regts [110]. This approach utilizes the absence of
zeros of the partition function in the complex plane to efficiently approximate a suitable
transformation of the logarithm of the partition function using Taylor approximation. For
a spin system on a graph with n vertices and constant maximum degree A, the polynomial
interpolation method yields a running time of O(n®) where the constant C' depends on A
and parameters of the model and is usually pretty large. In Chapter 8, we prove that a
zero-free region of the partition function implies spectral independence. This immediately
yields several new optimal mixing results for MCMC methods with significantly improved

running times.
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Theorem 1.2.4 (Informal Version of Theorem 8.2.1; Spectral Independence by Zero-Free
Results). If the multivariate partition function of the external fields is nonzero in a “large”
region on the complex plane (from which one can apply the polynomial interpolation

method for approximate counting), then p is O(1)-spectrally independent.

1.3 Thesis Organization

The rest of this thesis is organized as follows. In Chapter 2 we give necessary definitions
and well-known facts that are used in this thesis. In Chapter 3 we show optimal mixing of
the Glauber dynamics for spin systems that are spectrally independent. We further show
optimal mixing results for arbitrary block dynamics and the Swendsen-Wang dynamics
in Chapter 4. We establish spectral independence for antiferromagnetic 2-spin systems
in Chapter 5, and for the monomer-dimer model and colorings on triangle-free graphs in
Chapter 6, by modifying the proofs of correlation decay. In Chapter 7, we show how to
deduce spectral independence from a coupling result for any local Markov chain and in
particular establish spectral independence for colorings on any bounded degree graph. In
Chapter 8 we relate spectral independence and zero-free region of the partition function; as
applications we prove spectral independence for weighted edge covers and weighted even

subgraphs.
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CHAPTER 2
PRELIMINARIES

2.1 Spin Systems

Let ¢ > 2 be an integer and [¢] = {1,...,¢}. Given a graph G = (V, E), we consider
the g-spin system on (G parameterized by a symmetric interaction matrix A € ]quxoq repre-
senting “interaction strengths” and a field vector B € R? representing “external fields”.

|4

A configuration ¢ € [¢]” is an assignment of spins to vertices. The Gibbs distribution

1 = g, p over all configurations is given by

M(U)Zm 1 Awo)]] B, voelgd"

{uv}eFr veV

where

Zg(A, B) = Z H A(O’u,O'U) HB(O})

o€lq]V {uv}eFE veEV
is called the partition function.

We recall some classical examples of spin system.

1. The Ising/Potts model at inverse temperature 3 € R corresponds to the interaction
A(a,a') = exp(B1l(a =d')) and B(a) = exp (h(a)) where h € R is a vector of

external fields, with ¢ = 2 for the Ising model and ¢ > 3 for the Potts model.

2. The hardcore (or independent sets) model with parameter A > 0 is obtained with
q=2,A(a,d’) =0ifa=a =1and A(a,da’) = 1 otherwise, and B(a) = Nifa =1

and B(a) = 1lifa = 2.

3. The g-colorings model corresponds to A(a,a’) = 1(a # a’) and B(a) = 1.
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2.1.1 Pinnings and Conditional Distributions

Let 41 be an arbitrary distribution over [¢]”. A configuration o € [q]" is said to be feasible
with respect to p if (o) > 0. Let 2 = Q(u) denote the collection of all feasible config-
urations (we omit ;2 when it is clear from the context); namely, €2 is the support of y. For
U C V, we use the notation oy = (0y)yer and let Qy = {7 € [¢]V : o € Q,0p = 7}
be the set of all possible pinnings on U. Observe that €2y, = ). Note, foru € V, , is
the set of feasible spin assignments for vertex u. Denote the collection of all pinnings by
T = UpcvQu and denote the set of all feasible vertex-spin pairs by P = {(u,j) : u €
V,j € Q,}. For T € T, let u” denote the conditional Gibbs distribution u(- | oy = 7).

For a pinning 7 € Qp forU C V,1et Q™ = {0 € Q : oy = 7} denote the corresponding
state space; i.e., {7 is the support of 7. We also define Qf;, = {6 € [¢]"Y : Jo € O, o =
¢ for W C V\Uand P™ = {(u,j) : uw € V\U,j € Q}. Wesay Q" is connected if
the graph on ()7 with edges connecting pairs at Hamming distance 1 is connected. The
distribution o over € is said to be rotally-connected if for every 7 € T, the set )7 is
connected. Throughout this thesis, we will assume the distribution x is totally-connected
as this is necessary for the Glauber dynamics to be ergodic for all conditional measures 7.

We remark that all soft-constraint models (i.e., A(i,j) > 0 for all i, € [q]) are
totally-connected spin systems and common hard-constraint models, including the hard-
core model, g-colorings when ¢ > A + 2, matchings, and other models studied in this
thesis, all satisfy this assumption as well.

The marginal bound for a distribution ;1 over [¢]" is the minimum nonzero marginal

probability of a vertex receiving a spin under any pinning.

Definition 2.1.1 (Bounded Marginals). We say a distribution z over [q]V is b-marginally

bounded if for every A C V and 7 € ,, it holds for every v € V' \ A and i € Q] that,

(o, =i opn=1) >0

17



2.1.2  Spectral Independence

The notion of spectral independence was first proposed in [4] for binary product space and

later generalized to multi-state product space in [43, 55].

Definition 2.1.2 (Influence Matrix for ¢ = 2). Let ¢ = 2. Given A C V and 7 € (4, let
Vi={ueV\A:puloy=1]ox=7)>0,u(0, =0] s =7) > 0}

For every u,v € V™ with u # v, we define the (pairwise) influence of v on v conditioned

on T by

\Ifl(u,v) =puloy,=1|o,=1lLor=7)—plo,=1]0,=0,05 =7).

Furthermore, let U7 (v,v) = 0 forv € V7. We call U7, the (pairwise) influence matrix

conditioned on 7.

Definition 2.1.3 (Influence Matrix for ¢ > 3). Let ¢ > 3. Given A C V and 7 € ,, let
VT ={(u,i):ue V\A pulo,=1i|ox=7)> 0}

For every (u,i), (v,j) € V™ with u # v, we define the (pairwise) influence of (u,i) on

(v, 7) conditioned on T by
\Il;«u?l)? (Uaj)) - M(O-v =J ’ Oy = 1,07 = T) - :U’(Uv =7 | oA = T)-

Furthermore, let U7, ((v,4), (v, j)) = 0 forall (v,), (v, j) € V™. We call U7 the (pairwise)

influence matrix conditioned on 7.

Note that all eigenvalues of the influence matrix \IJ; are real; see [4, 43, 23].
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Definition 2.1.4 (Spectral Independence). We say a distribution  over [q]" is n-spectrally
independent if for every A C V and 7 € (24, the largest eigenvalue A, (¥}) of the influence
matrix W7, satisfies

The work of [55] defined another version of influence matrix by

W) = mavx ulo, = | oy =100 = 7) = (o =+ | 70 = J.08 = Dl
) u

and the spectral independence correspondingly. We remark that Definition 2.1.4 is weaker
than the notion of spectral independence given in [55], and for all current applications here

in this thesis, both definitions work.

2.2 Markov Chains

2.2.1 Glauber Dynamics

The Glauber dynamics, also known as the Gibbs sampling, is a simple, natural, and popular
Markov chain for sampling from a distribution x over [¢]V. The dynamics starts with
some (possibly random) configuration X,. For every ¢ > 1, a new random configuration
X,y is generated from X, as follows: pick a coordinate v € V' uniformly at random, set
Xir1(u) = Xy(u) forallu € V'\ {v}, and sample X4 (v) from the conditional distribution
p(ow = - | oy = Xe(V'\ {v})). Denote the transition matrix of the Glauber dynamics
by FPs.. If u is totally-connected, then the Glauber dynamics is ergodic (i.e., irreducible
and aperiodic) and has stationary distribution .

Let P be the transition matrix of an ergodic Markov chain (X}) on a finite state space
Q with stationary distribution . Fort > 0 and o € Q, let P'(o, -) denote the distribution

of X; when starting the chain with Xy = 0. For ¢ € (0, 1), the mixing time of P is defined
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as

Thix(P,€) = maxmin {t > 0 : || P*(0,-) — /LHTV <e}. (2.1

o€

In particular, we write Ty (P) = Thix (P, 1/4).

2.2.2 Expectation, Variance, and Entropy

In the following definition, we assume the underlying distribution x is fixed and omit it

from the subscript.

Definition 2.2.1. Let €2 be a finite set and p be a distribution over §2. For all functions

f.9:Q > R;
(a) The expectation of [ is defined as u(f) = >, .o 1(x) f(x);

(b) The variance of f is defined as Var(f) = u[(f — u(f))?] = u(f?) — u(f)?

(c) The covariance of f and g is defined as Cov(f,g) = p[(f — w(f))(g — p(g)] =
p(fg) = u(f)g);

(d) If f > 0, the entropy of f is defined as Ent(f) = pu [flog (ﬁ)} = p(flog f) —

p(f)log wu( f) with the convention that 0log 0 = 0.

For two distributions p, v over a finite set (2, the Kullback-Leibler divergence (KL

divergence), also called relative entropy, is defined as

Dralv | 1) = X vioyiog (45

= ()

Let f = v/u be the relative density of v with respect to p; i.e., f(z) = v(x)/u(z) for all

x € Q. Then Ent(f) = Dkp(v || ). The following is a well-known fact; see, e.g., [50].
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Fact 2.2.2 (Donsker-Varadhan’s Variational Representation). For two distributions p,v

over a finite set §2, the KL divergence admits the following variational formula:

Dxu(v || p) = sup {v(f) —logpu(e’)}.

[:Q—=R

2.2.3 Functional Inequalities for Markov Chains

We now review some standard functional inequalities, and refer to [25, 105] for further

background.

Definition 2.2.3. Let () be a finite set and p be a distribution over 2. Let P denote the

transition matrix of an ergodic, reversible Markov chain on €2 with stationary distribution

L.

(a) The Dirichlet form of P is defined as for every f, g : Q2 — R,

1

gP(fag) = 5

> w@) Pz, y)(f(x) = FW)g(z) — gv).

x,ye)

In particular, if Q2 C [q]V and P = F;, is the Glauber dynamics for p, then we can

write

Enu(f.0) = nlCova(£.9)]

veV

(b) We say the Poincaré inequality holds with constant ) if for every f : 2 — R,

AVar(f) < Ep(f, ).

The spectral gap of P is A(P) = inf {%a(r]z]f)) ‘ f:Q— R Var(f) # 0}.

(c) We say the standard log-Sobolev inequality holds with constant p if for every f : {2 —
R>o,
pEnt(f) < Ep(\/F, V1),
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The standard log-Sobolev constant of P is

inf {513(\/7, \/?)

p(P) = Ent(/)

£1Q = Rag, Ent(f) £ o}.

(d) We say the modified log-Sobolev inequality holds with constant p if for every f : 2 —
R>o,

po Ent(f) < Ep(f,log f).

The modified log-Sobolev constant of P is po(P) = inf {M ’ f:Q =

Ent(f
R, Ent(f) #0}.

(e) We say the relative entropy decays with rate « if for every distribution v over (2,
Dxr(vP || p) < (1 —a) Dxr(v || p).

We recall some well known facts about its relation to the other two inequalities and its

implications for mixing times.

Lemma 2.2.4. If (P, j1) satisfies the standard LSI with constant s then it satisfies the MLSI
with constant p = 2s. If it satisfies the discrete time relative entropy decay with rate 6 > 0,
then it satisfies the MLSI with constant p = 0. Finally, if it satisfies the discrete time relative

entropy decay with rate 6 > 0, then
Tix(P) <1407 log(8) + loglog(1/p. )], (2.2)

where 1, = mingeq p(o).

We refer to e.g. [24, Section 2] for a proof. Note that we have not assumed reversibility
of P in the above lemma. If (P, ) is reversible, then one can additionally show that the
standard LSI with constant s implies the discrete time relative relative entropy decay with

rate ) = s.
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Next, we consider the case that 2 C [¢]" for a finite set V. Let S C V and 7 € D s.
Recall that for every function f : Q — Rx, we write u3(f) and Entg(f) = Ent,; (f)
for the expectation and entropy of f under the conditional distribution p5(-) = u(os =
- oV\5 = 7), where f = f, is understood as a function of the configuration on S with
7 fixed outside S. We think of p%(f) and Entg(f) as functions of 7, and we will use, for
example, Ent[us(f)] to represent the entropy of uZ(f) under p, and p[Entg(f)] for the
expectation of Entg(f). We give below a useful property of the expectation and entropy;

see, e.g., [100] for proofs.

Fact 2.2.5. Let S C V and 7 € Qy\s. For every function f : ) — R, we have

p(f) = plps(f)] and  Ent(f) = p[Entgs(f)] + Ent{us(f)].

2.3 Entropy Tensorization and Factorization

2.3.1 Approximate Tensorization of Entropy

The notion of approximate tensorization of entropy is formally defined as follows.

Definition 2.3.1 (Approximate Tensorization). We say that a distribution y over [g]" satis-
fies the approximate tensorization of entropy (with constant C) if for all f : 2 — R>, we

have

Ent(f) < C1 ) plEnt,(f)]. (2.3)

veV

Approximate tensorization can be understood as closeness of y to a product distribution,
or weak dependency of variables. In fact, if p is exactly a product distribution (e.g., the
Gibbs distribution on an empty graph), then approximate tensorization holds with constant
C); = 1; e.g., see [41, 36]. If u satisfies approximate tensorization with a constant C
independent of n, then the Glauber dynamics for sampling from g mixes in O(nlogn)
steps. In fact, given approximate tensorization, one can deduce tight bounds on all of the

following quantities: the spectral gap, both standard and modified log-Sobolev constants,
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relative entropy decay rate, mixing time, and concentration bounds. We summarize here
a few corollaries of approximate tensorization of entropy for arbitrary distributions over

discrete product spaces.

Fact 2.3.2. Let V be a set of size n and i be a distribution over [q)V. If u satisfies the
approximate tensorization of entropy with constant C', then the Glauber dynamics for p

satisfies all of the following:

(1) The Poincaré inequality holds with constant \ = ﬁ;

1 .
Cin’

(2) The modified log-Sobolev inequality holds with constant py =

(3) The relative entropy decays with rate o = ﬁ;

(4) The mixing time of the Glauber dynamics satisfies

1 1
Tmix(PGL; 6) S ’70171 (].Og 10g . + log 2_52)—‘

min

where [imin = min,eq p(0); If furthermore p is b-marginally bounded, then we have

fmin > 0" and thus

1 1
Tix(Po, €) < {C’ln <logn + loglog 5 + log 2_52)—‘ :

(5) For every f : Q — R which is c-Lipschitz with respect to the Hamming distance on

[q]V and every a > 0, we have the concentration inequality

P (0) — (1) 2 ] < 2 exp - « )

o~ 2c2 Cln

(6) If furthermore v is b-marginally bounded, then the standard log-Sobolev inequality

1-2b 1

holds with constant p = e T | Om

1 _ 1 1
when b < 2 0rp =357 when b = 3
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The implications in Fact 2.3.2 are all known and have been widely used, often implic-
itly. In the proof below, we give references where explicit statements or direct proofs are

available.

Proof of Fact 2.3.2. Ttem 1 and Item 2 are proved in [36, Proposition 1.1]. To show Item 3,
let P, be the transition matrix corresponding to updating the spin at v conditioned on all

other vertices. Thus, we have the decomposition

1
S
n
veV
Let f = v/u be the relative density of v with respect to p.. Then we get

1
D P, =D — P,
KL(V GL || M) KL <n ZV

veV

> ZDKL (WP, || p) = ZEnt P,f)

UEV UGV

= S Bt ()] = + 3 Bui() — plEntu(f)] = Ent(f) — 3 plEntu ()]

veV UEV veV

< (1 - %) Ent(f) = (1 - é) Dy (v || p).

Item 4 can be deduced from Item 3 as shown by [24, Lemma 2.4]; see also [25, Corollary
2.8] for the continuous time setting. Item 5 follows from Item 2 and [47, Lemma 15].

Finally, Item 6 follows by an application of [48, Theorem A.1]. [

2.3.2 General Block Factorization of Entropy

Caputo and Parisi [37] introduced the notion of general block factorization of entropy
which generalizes approximate tensorization, and is useful for analyzing more general
classes of Markov chains. Let & = (ap)pcy be an arbitrary probability distribution over
subsets of V, and define the minimum “coverage probability” of a vertex by

d = 0(ar) = min ag. (2.4)

ueV
B:B>u
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Definition 2.3.3 (General Block Factorization). We say that a distribution z over [q]" sat-
isfies the general block factorization of entropy (with constant C') if for all weights «, for

all f:Q — R>y we have

S(e)Entf < C Y app[Entpf]. (2.5)

BCV

Recall that u[Entg f] = p[flog(f/usf)] is the expected value of the conditional en-
tropy 7 — Ent(f|7) for 7 a spin configuration on V' \ B. Entropy tensorization in Defi-
nition 2.3.1 is the special case when avg = 1/n for every block of size 1 and ap = 0 for
larger blocks. The choice of the constant d(«) in this inequality is motivated by the fact
that when y is a product measure then (Equation 4.5) holds with C' = 1, in which case it is
known as the Shearer inequality; see [36]. The block factorization of entropy is a statement
concerning the equilibrium distribution ;o which has deep consequences for several natural
sampling algorithms. In particular, it implies optimal mixing and optimal entropy decay
for arbitrary block dynamics and constitutes a key concept in the proof of Theorems 4.1.1
and 4.1.2.

Fix a probability distribution o over subsets of V' and observe that the a-weighted heat
bath block dynamics defined in the introduction is the Markov chain with transition matrix

P, on € such that for any real function f

Pof =Y apps(f). (2.6)

BCV

To clarify the above notation, if we evaluate the left hand side at a spin configuration o € (2
then each for each B the term p f in the right hand side is given by u% f where 7 = o\ .
If ap = n~' 1(|B| = 1), then Eq. (2.6) is the Glauber dynamics for .

The a-weighted heat bath block dynamics Eq. (2.6) defines a reversible pair (P,, ).
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Moreover, its Dirichlet form satisfies

9) =Y applf(1—pup)gl =Y apulCovs(f,g)], (2.7)

BCV BCV
where Covg(f,g9) = us [(f — psf)(g — ppg)] denotes the covariance functional.

Lemma 2.3.4. If the spin system satisfies the general block factorization with constant C'

then for all o the Markov chain (P,, 11) satisfies

1. the modified log-Sobolev inequality with constant p = %Cf);

2. the discrete time relative entropy decay with rate 6 = %;

3. Thix(Py) <1+ %[log(S) + loglog(1/ps)], where p1,. = mingcq p(o).

Proof. In view of Fact 2.3.2 it is sufficient to prove item 2. We note that the relative entropy

decay with rate ¢ is equivalent to the entropy contraction
Ent(P,f) < (1 —0)Ent(f), (2.8)
for all f > 0. By convexity of  — z log x one has

Ent(Paf) = M[PafIOg(Paf)] - ﬂ[f] log ,u[f]

<> apulps(f)log(us(£))] - plf]log ulf] ZaBEnt (uB()- 2.9)
B
From the decomposition in Lemma 4.3.1 it follows that
Ent(Paf) < Ent(f) = > appu[Ents(f)]. (2.10)
B
By definition of block factorization we conclude

Ent(P,f) < (1 — §(a)/C)Ent(f). O
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2.4 Simplicial Complexes

A simplicial complex X is a collection of subsets (called faces) of a ground set ¢/ which is
downwards closed; that is, if o € X and 7 € o then 7 € X. The dimension of a face is
its size, and the dimension of X is defined to be the maximum dimension of its faces. We
say an n-dimensional simplicial complex X is pure if every face is contained in a maximal
face of size n. We write X (k) for the collection of faces of size k. For a k-dimensional face
7 € X(k), we can define a pure (n — k)-dimensional simplicial subcomplex X, by taking
X,={{CU\T:TUEL € X}

For a pure n-dimensional simplicial complex X, consider a positive weight function w :
X(n) — Rso, which induces a distribution 7, on X(n) with 7, (c) o< w(c). Furthermore,
we can also define a distribution 7, over X(k) for each nonnegative integer k& < n via the
following process: sample o from 7, and select a uniformly random subset of size k. For
7 € X(k), the weight function w induces the weights for the simplicial subcomplex X, by
w, (&) = w(rU§) foreach £ € X, (n — k). The distribution 7, ; is also defined accordingly
for each nonnegative integer j < n — k.

As noticed in [4], there is a natural way to represent every distribution 1 over [¢]" with
|V| = n as a pure n-dimensional weighted simplicial complex (X = X%, 1), which is

defined as follows. The ground set of X consists of pairs

V={(v,i):veV,ieQ,}

The maximal faces of X consist of collections of n pairs forming a valid configuration
o € ) i.e., every configuration o € € corresponds to a maximal face {(v,0,) : v € V}.
The rest of X is generated by taking downwards closure so that X is pure by construction.
Namely, every U C V and 7 € Qp corresponds to a face {(v,7,) : v € U}; we shall
denote it by (U, 7) for simplicity. Note that the faces of intermediate dimension can be

thought of as partial configurations. Now, if there is a weight function w : 0 — Ry
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associated with p such that u(o) o« w(o) for each o € (2, then it also gives a weight
function w : X(n) — R by the one-to-one correspondence between 2 and X(n), and thus
induces the associated distribution ,, on X(n). Observe that 7, is exactly the distribution .

Moreover, for each k& < n, the distribution 7, on X(k) is given by

forevery U C Vand 7 € Q.

For simplicial complexes, the global down-up and up-down walks between faces of
distinct dimensions have attracted a lot of attention in recent years [80, 49, 82, 108, 5,
47, 1]. For integers 0 < r < s < n, define the order-(s,r) (global) down-up walk
with transition matrix denoted by P}, to be the following random walk over X(s): in
each step we remove s — r elements, chosen uniformly at random, from the current face
o; € X(s) to obtain a face 7; € X(r), and then pick &1 € X,,(s — r) from the distribution
7, s—r and set opy1 = 7 U &41. The stationary distribution of PSYT is ms. In particular,
observe that the Glauber dynamics for a distribution p over [q]"" is the same as the order-
(n,n — 1) down-up walk for the weighted simplicial complex (X, xz). Similarly, the order-
(r,5) (global) up-down walk with transition matrix P, is a random walk over X(r) with
stationary distribution 7,: given the current face ; € X(r), sample &1 € X,,(s — r) from
Ty s—rs S€C 01 = T4 U &4, and finally remove s — r elements from 0,4, uniformly at

random to obtain 7,1 € X(r).

Definition 2.4.1 (Bounded Marginals). We say a pure n-dimensional weighted simplicial
complex (X, w) is (b, ..., b,_1)-marginally bounded if for all 0 < k < n — 1, every

7 € X(k), and every i € X,(1), we have

Tr1 ('L) Z bk:

Claim 2.4.2. If a distribution i over [q]V is b-marginally bounded, then the weighted sim-
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plicial complex (X, p) is (bo, . . . , by_1)-marginally bounded with by, = ﬁfor each k.

The proof of Claim 2.4.2 can be found in Section 3.4.1.

The global walks in simplicial complexes can be studied by decomposition into local
walks which we define now. For every 0 < k < n — 2 and every face 7 € X(k), the
local walk at T with transition matrix P, is the following random walk over X, (1): given
the current element ¢ € X, (1), the next element is generated from the distribution 7y 1.
One can relate mixing properties of the local walks to the mixing properties of the global
walks; see [82, 5, 47, 1]. In nearly all prior works, such a relation was quantified using
the spectral gap of the walks. Like in [47], while our ultimate goal is to show the modified
log-Sobolev inequality of the global walks, we will still need the notion of local spectral
expansion for local walks. Let us now capture this idea using the following definition,

taking after [80, 49, 108, 82, 1, 81].

Definition 2.4.3 (Local Spectral Expansion [1]). We say a pure n-dimensional weighted
simplicial complex (X, w) is a ({y, . . ., (u—2)-local spectral expander if for every 0 < k <

n — 2 and every 7 € X(k), we have

Ao(Pr) < G

Claim 2.4.4. If a distribution u over |q]V is n-spectrally independent, then the weighted

simplicial complex (X, 1) is a (Co, - . ., Ga—2)-local spectral expander with (, = —}— for
each k.
Proof. This is Theorem 8 from [43]. ]

2.5 Complex Analysis

2.5.1 Stability

FornsetsI'y,..., I, let H?Zl I'y="Ty x --- xI', denote the Cartesian product of them.
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Definition 2.5.1 (Stability). For an integer n» > 1 and K C C", we say a multivariate
polynomial P € C|zy, ..., z,] is K-stable if P(z1, ..., z,) # 0 whenever (z1,...,2,) € K.

In particular, if £ = [];_, I for some I' C C, then we simply say P is I'-stable.

Theorem 2.5.2 (Hurwitz’ Theorem). Let n > 1 be an integer and KK C C" be an open
connected set. Suppose that { f,, }°°_, is a sequence of non-vanishing analytic functions on
IC that converges to f uniformly on compact subsets of K. Then f is either non-vanishing

on K or else identically zero.

2.5.2 Complex Plane

We refer to subsets of the complex plane as regions. Let I' C C be a region. Denote the
complement of I' by I' = C \ T, its interior by I'°, its closure by T, and its boundary by
OI'. We say I' is unbounded if for any M € R, there exists z € I" such that |z| > M;
otherwise it is called bounded. For z € C let dist(z,I") = inf,er |w — z| be the distance
from z to I' on the complex plane.

For aregion ' C Cand z € C, wedefinel' + 2z = {w+ 2 : w € T}, zI' =
{zw:weTl}and ' = (T\{0})! = {w™' :wel\{0}}. ForT';,T, C C, let
[Ty ={zw: z €T',w e I'y} denote their Minkowski product; in particular, for I' C C
letI? =TT = {zw : z,w € T'} (note that we write [[,_, T' = T'xI" = {(z,w) : z,w € T'}
for the Cartesian product).

For z € Cand r € Ry, let D(2,7) = {w € C : |w — z| < r} denote the open disk
centered at z with radius r, and let D(z,7) = {w € C : |w — 2| < r} denote the closed
disk. Fore € Ry, letH. = {z + iy : v < —c} and H, = {z + iy : © < —&} be open and
closed half-planes.

Let I' C C be a non-empty open region on the complex plane. We say w, z € I' are
(path-)connected in I if there exists a continuous map ~y : [0, 1] — I" such that y(0) = w
and (1) = z. Observe that connectivity in I" is an equivalence relation, and we call

each equivalence class a (path-)connected component of I'. The region I' is said to be
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(path-)connected if every two points from [' are connected in I'; namely, I' has a unique
connected component which is itself. If I' is open then every connected component of I' is
also open.

A non-empty open connected region I' C C is called simply connected if its comple-
ment in the Riemann sphere (C U o) is also connected. A Jordan curve (simple closed
curve) is a continuous map v : [0, 1] — C such that 4(0) = (1) and the restriction of -y
to [0,1) is injective. The Jordan curve theorem states that for a Jordan curve -, the com-
plement of its image on the complex plane consists of exactly two open connected compo-
nents; one of these components is bounded called the interior and the other is unbounded
called the exterior. A non-empty open connected region I' C C is simply connected if and
only if for every Jordan curve v whose image is contained in I', the interior of v is also

contained in I".

2.5.3 Useful Theorems

Throughout this thesis, we select the principal branch for the complex functions z — log 2z

and z — 21/,

Theorem 2.5.3 (Schwarz-Pick Theorem). Let f : D(0,1) — ID(0,1) be a holomorphic

function. Then

17/(0)] <1—[f0)><1.

For open regions I';, 'y C C, a function f : I'y — I's is said to be biholomorphic if f

is a bijective holomorphic function whose inverse is also holomorphic.

Theorem 2.5.4 (Riemann Mapping Theorem). Let I' C C be a non-empty open simply
connected region that is not C. Then for any z € T there exists a unique biholomorphic

mapping [ : ' — ID(0, 1) such that

f(z)=0 and f'(2)€R,.
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Theorem 2.5.5 (Koebe’s One-Quarter Theorem). Let I' C C and let f : D(0,1) — T be

an injective holomorphic function. Then

D (o). 3lrO1) <

Theorem 2.5.6 (Multivariate Open Mapping Theorem, [84, Theorem 1.8.1]). Letn > 1 be
an integer and let I C C" be a non-empty open connected subset of C". Let f : K — C

be a non-constant holomorphic function. Then the image of f is an open connected region.
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CHAPTER 3
OPTIMAL MIXING OF GLAUBER DYNAMICS VIA SPECTRAL
INDEPENDENCE

In this chapter, we show that for a spin system defined on a bounded-degree graph with
constant marginal bounds, spectral independence implies asymptotically optimal mixing

time of the Glauber dynamics. This chapter is based on [45].

3.1 Main Result: Optimal Mixing of Glauber Dynamics

Our main result in this chapter is a general statement regarding the Glauber dynamics for
an arbitrary spin system satisfying marginal bounds and spectral independence. We show
that if the Gibbs distribution on a bounded-degree graph is both marginally bounded and
spectrally independent, then the Glauber dynamics satisfies the modified log-Sobolev in-
equality with constant 2(1/n) and mixes in O(nlogn) steps, where n is the number of
vertices of the graph. Note that the mixing time of the Glauber dynamics is €2(nlogn) for

a family of bounded-degree graphs [71].

Theorem 1.2.1. Let A > 3 be an integer and b,n) > 0 be reals. Suppose that G = (V, E)
is an n-vertex graph of maximum degree at most A and i is a totally-connected Gibbs
distribution of some spin system on G. If  is both b-marginally bounded and n-spectrally
independent, then the Glauber dynamics for sampling from p satisfies the modified log-

Sobolev inequality with constant CL where
1n

0 (%>0(2’+1) |
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Furthermore, the mixing time of the Glauber dynamics satisfies

ttro) = (2)" 0 (n1os (2)).

Previous results [4, 44, 43, 55] could obtain poly(A) x n° mixing but without the
assumption of marginal boundedness. In the setting of spin systems, we always have b-
marginal boundedness with b depending only on the parameters A, h of the spin system
and the maximum degree A of the graph, and so our results supersede those of [4, 44, 43,
55] in the bounded degree regime.

This chapter is organized as follows. In Section 3.2 we outline our proof approach, em-
phasizing the relations between approximate tensorization and uniform block factorization
of entropy, and how spectral independence implies these notions. In Section 3.3, we show
how to reduce approximate tensorization to uniform block factorization with linear-sized
blocks. Finally, Section 3.4 includes the proof of uniform block factorization of entropy as-
suming spectral independence in the more general framework of pure weighted simplicial

complexes and deduce global entropy contraction from local spectral expansion.

3.2 Proof Outline

In this section, we outline our proofs of Theorem 1.2.1.

3.2.1 Approximate Tensorization and Factorization of Entropy

One way of establishing rapid mixing of the Glauber dynamics is to show that the Gibbs
distribution satisfies the approximate tensorization of entropy. This approach has been
(implicitly) used in many literature to establish the log-Sobolev inequalities, from which
one can deduce an optimal bound on the mixing time. Before giving the formal definition,
we first review some standard definitions.

In many cases, especially on the integer lattice Z¢, log-Sobolev inequalities for the
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Glauber dynamics are established through the approximate tensorization of entropy, which
is more intuitive and easier to handle; e.g., see [98, 65, 41, 37]. Despite the success on
Z4, there is not much study for spin systems on bounded-degree graphs. The works of [36,
101] considered approximate tensorization for general discrete product spaces, and gave
sufficient conditions to derive it; however, for spin systems these results do not cover the
whole uniqueness region.

One can regard approximate tensorization of entropy as factorizing entropy into all
single vertices. Motivated by tools from high dimensional simplicial complexes [1, 4] and
study on general block factorization of entropy [37] (see Definition 2.3.3), we consider in
this thesis a more general notion of entropy factorization, where the entropy is factorized

into subsets of vertices of a fixed size. The formal definition is given as follows.

Definition 3.2.1 (Uniform Block Factorization). We say that a distribution p over [g]"
satisfies the (-uniform block factorization of entropy (with constant C') if for all f : Q —

R>( we have

—Ent(f) <C- 7 > p[Ents(f)]. (3.1)

We remark that uniform block factorization of entropy is a special case of block factor-
ization given by equation (1.3) in [37]; there, the entropy factorizes into arbitrary blocks
with arbitrary weights. Also observe that 1-uniform block factorization is the same as
approximate tensorization of entropy. Just as the approximate tensorization corresponds to
the single-site Glauber dynamics, the /-uniform block factorization corresponds to the heat-
bath block dynamics where in each step a subset of vertices of size ¢ is chosen uniformly
at random and gets updated. Moreover, similar results as in Fact 2.3.2 can be deduced for
this block dynamics.

Our first key result is a reduction from approximate tensorization to uniform block fac-
torization. For b-marginally bounded Gibbs distributions on graphs with maximum degree

< A, we show that approximate tensorization is implied by /-uniform block factorization
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for ¢ = [fn] and an appropriate constant # depending on b and A. This is given by the

following lemma.

Theorem 3.2.2. Let A > 3 be an integer and b > 0 be a real. Consider the Gibbs
distribution |1 on an n-vertex graph G of maximum degree at most A and assume that
is b-marginally bounded. Suppose there exist positive reals § < % and C' such that
satisfies the [On|-uniform block factorization of entropy with constant C. Then y satisfies

the approximate tensorization of entropy with constant

_ 18log(1/b)

el o

C.

To see the intuition behind Theorem 3.2.2, we consider the [#n |-uniform block dynam-
ics which in each step simultaneously updates [fn] distinct vertices chosen uniformly at
random conditioned on the configuration of unpicked vertices. Since the graph is sparse
(maximum degree A), when § < 1/A the chosen vertices will, with high probability,
form many connected components, each of which has constant size in expectation. A key
property of spin systems is that given the configuration outside the chosen vertices, the con-
ditional Gibbs distribution is a product over all components. Hence, it suffices to consider
approximate tensorization for each component which is of constant size in expectation. The

proof of Theorem 3.2.2 is given in Section 3.3.

Remark 3.2.3. The notion of approximate tensorization and uniform block factorization
with respect to variance is also meaningful. In fact, for variance these definitions are equiv-
alent to bounding the spectral gap of the corresponding chains. Moreover, Theorem 3.2.2
holds for variance as well, which can already provide a tight bound on the spectral gap of

the Glauber dynamics combining results from [4, 44, 43, 55]. See [45] for details.
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3.2.2 Simplicial Complexes and Entropy Contraction

Our next goal is to establish /-uniform block factorization of entropy for ¢ = ©(n), which
relies on the spectral independence property. The following lemma holds for all distribu-

tions over [¢]", not only Gibbs distributions.

Theorem 3.2.4. Let b, > 0 be reals. Then for every real 0 € (0,1) and every integer
n > 2(# + 1) the following holds.
Let V be a set of size n and p be a distribution over [q|V. If u is both b-marginally

bounded and n-spectrally independent, then j satisfies |On|-uniform block factorization of

2\ 1
c-(3)"
1%

The recent work [4] studied spin systems, and more generally any distribution over [¢]",

entropy with constant

in a novel way by viewing full and partial configurations as a high dimensional simplicial
complex and utilizing tools such as high-dimensional expansion. Subsequent works [44,
43, 55] follow the same path as well. In this chapter we also study spin systems in the
framework of simplicial complexes.

V' and

Recall that there is a natural correspondence between a distribution 1 over [¢]
the weighted simplicial complex (X, it). For general weighted simplicial complexes, one
property studied in [47] is how the entropy of a function defined on faces contracts when
it projects down from higher dimensions to lower. This can be captured by the definition
below. For a pure n-dimensional weighted simplicial complex (X, w) and a nonnegative
integer k < n, let P, denote the |X(k)| x |X(k + 1)| dimensional transition matrix cor-
responding to adding a random element i ¢ 7 to some 7 € X(k) where i is distributed

as m,;. Also forany 0 < r < s < n and any function f®) : X(s) — Rs, define

O x(r) = Reg by f() = PT ... Pﬁ_lf@.

Definition 3.2.5 (Global Entropy Contraction). We say a pure n-dimensional weighted

simplicial complex (X, w) satisfies the order-(r, s) global entropy contraction with rate
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Kk = k(r,s) if for all £ : X(s) — Rs( we have

Ent,, (f) < (1 — &) Ent,_ (f®).

It turns out, as a remarkable fact, that uniform block factorization of entropy for a dis-

tribution y over [q]"" is equivalent to global entropy contraction for the weighted simplicial

complex (X, ).

Lemma 3.2.6. A distribution u over [q]V satisfies the (-uniform block factorization of en-
tropy with some constant C' if and only if the corresponding weighted simplicial complex

(X, p) satisfies order-(n — €, n) global entropy contraction with rate r, where Cx = {/n.

The proof of Lemma 3.2.6 can be found in Section 3.4.1. As a consequence, to prove
Theorem 3.2.4, it suffices to establish global entropy contraction for the weighted simplicial
complex (X, ).

Just like approximate tensorization and uniform block factorization having many im-
plications for the corresponding single-site and block dynamics (e.g., see Fact 2.3.2), the
notion of global entropy contraction can provide for weighted simplicial complexes mean-
ingful bounds on the spectral gap, modified log-Sobolev constant, relative entropy decay
rate, mixing time, and concentration bounds; see Fact 3.4.2 for details. In Lemma 11
of [47], the authors established order-(r, s) global entropy contraction with rate x = *—*
for simplicial complexes with respect to homogeneous strongly log-concave distributions.
From this, they deduced the modified log-Sobolev inequality for the down-up and up-down
walks and showed rapid mixing of it.

We then show that for an arbitrary weighted simplicial complex (X, w), one can deduce
global entropy contraction from local spectral expansion whenever the marginals of the
induced distributions are nicely bounded. For this, we prove a local-to-global result for

entropy contraction in the spirit of [1]. If we additionally know that the marginals are nicely

bounded, we can further reduce the local entropy contraction to local spectral expansion.
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Lemma 3.2.7. Let (X, w) be a pure n-dimensional weighted simplicial complex. Suppose
that (X, w) is (b, . .., b,_1)-marginally bounded and has ((o, . . . , (,—2)-local spectral ex-
pansion. Then for all 0 < r < s < n, (X, w) satisfies order-(r, s) global entropy contrac-

tion with rate k = k(r, s) given as in Theorem 3.2.9 below.

We remark that Lemma 3.2.7 recovers Lemma 11 of [47] for simplicial complexes
corresponding to discrete log-concave distributions, since there one has (;, = 0 for all k£ as
shown in [5].

We present next the proof of Theorem 3.2.4, which follows directly from Lemmas 3.2.6

and 3.2.7.

Proof of Theorem 3.2.4. From Claims 2.4.2 and 2.4.4 we know that the weighted simplicial

complex (X, yt) corresponding to 1 is (by, ..., b,—1)-marginally bounded with b, = -t

and has ((p, ..., (n—2)-local spectral expansion with (, = —}/—. Then, Lemma 3.2.7

implies that (X, p) satisfies order-(n — ¢, n) global entropy contraction for ¢ = [On| with

rate
n—1
. k=n—/¢ L'y
K= n—1
k=0 Ly
_ . w L _ 4 1-n/(n—k—1)
where 'y = 1, I'y = [[;; o, and o}, = max {1 - bg(n_"k_l), 4+21og((njk)(n—k—1)/(2b2))}'

Define an integer R = H}—’ﬂ and observe that n > ¢ > 6n > 2R by our assumption. Thus,

we have

R
(073 de ::max{l—m,()}.

Notice that x, when viewed as a function of «4’s, is monotone increasing with each «.

Thus, to lower bound x, we can plug in the lower bounds &;’s and get

n—1 -
k=n—¢ Ly

n—1 ¢+
k=0 L

where f‘o = land fk = Hf;ol & foreach k£ > 1. We will show that forevery 0 < k£ < n—1
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one actually has

s (m—k-1)n—-k-2)---(n—k—R)
be = = )n=2)--m—R) (3-2)

For k = 0 we have f‘o = land Eq. (3.2) holds. For 1 < j <n — R — 2 we have

. n—j—1—R n—j—1—R
aj =maxy —————,0p = ———
n—j—1 n—j—1

andthusforl1 < k<n-—-R -1

. n—j—1-R (m—k-1)n-k—-2)---(n—k—R)
H n—j—1 (n—1)(n-2)---(n—R) '

Jj=0

Finally, since &; = Owhenn—R—-1<j <n-2, Wehavef‘k =0forn—R<k<n-1.

Therefore, Eq. (3.2) is true for all k. It then follows that

kn@<” k—1)(n—k—2)---(n—k—R)
(n —1)(n—k—-2)---(n—k—R)

Dy OJ(J ) (J-R+1)

G- (- R+1)

The following is a standard equality which can be proved by induction:

N-—1
—1) “R4+1)=—N(N-1)---(N - R).
;]J (= R+1) = 5 N( )+ ( )

Hence, we obtain

Finally, we deduce from Lemma 3.2.6 that
—_ PEEEE) —_— —_— R R ﬁ—’—
el bzl (o By (2 (2
n k- ({=1)---({—R) (—R 14 6

41




where we use our assumption ¢ > 0n > 2R. ]

3.2.3  Wrapping up: Proof of Main Theorem 1.2.1

Combining Theorems 3.2.2 and 3.2.4, we establish approximate tensorization of entropy
with a constant independent of n, when the Gibbs distribution is marginally bounded and

spectrally independent. This is stated in the following theorem.

Theorem 3.2.8. Let A > 3 be an integer and b,n) > 0 be reals. Suppose that G = (V, E)
is an n-vertex graph of maximum degree at most A and 1 is a totally-connected Gibbs
distribution of some spin system on G. If j is both b-marginally bounded and n-spectrally
independent and n > %(‘;—3 + 1), then y satisfies the approximate tensorization of entropy

with constant

181og(1/b) [24A\ # 1!
01: b4 b2 .

Theorem 1.2.1 then follows immediately from Theorem 3.2.8 and Fact 2.3.2.

Proof of Theorem 1.2.1. Follows from Theorem 3.2.8 and Fact 2.3.2. [

3.2.4 Mixing Results for Simplicial Complexes

By Lemma 3.2.7, we obtain new bounds on the mixing time and modified log-Sobolev
constant of the global down-up and up-down walks for arbitrary pure weighted simplicial
complexes.

We establish the modified log-Sobolev inequality and give meaningful bounds on the
mixing time for the down-up and up-down walks for arbitrary weighted simplicial com-
plexes. Our proof utilizes the local-to-global scheme as in [1] and establishes contraction of
entropy extending the result of [47]. Recall that, as we can see from Claims 2.4.2 and 2.4.4,
our requirements of marginal boundedness and spectral independence in Theorem 1.2.1 is

translated from the corresponding conditions needed for simplicial complexes.
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We then show that for any pure weighted simplicial complexes, the modified log-
Sobolev inequality holds for down-up and up-down walks if the marginal probabilities of
the simplicial complex are bounded away from zero and all local walks have good expan-

sion properties. This also bounds the mixing times of these random walks.

Theorem 3.2.9. Let (X, w) be a pure n-dimensional weighted simplicial complex. If (X, w)
is (bo, . . ., by_1)-marginally bounded and has ((y, . . . , (—2)-local spectral expansion, then
forevery 0 < r < s < n, both the order-(s,r) down-up walk and the order-(r, s) up-down
walk satisfy the modified log-Sobolev inequality with constant k = k(r, s) defined as

s—1
_ k=r Fk

- s—1
k=0 Lk

where: I'g =1, for 1 <k <s— 11} = H?;& aj; and for 0 < k < s—2,

o =max< 1 — ACk L= G
g b2 (s — k)2 4+ 2log(5—) [

2bg b1

Furthermore, the mixing time of the order-(s,r) down-up walk is bounded by

1 1 1
Tix (P, €) < {E <log log p— + log 2—82)—‘ (3.3)

where ¢ = Mil,ex(s) Ts(0). The mixing time of the order-(r, s) up-down walk is also

bounded by Eq. (3.3) with 7} replaced by ;.

Theorem 3.2.9 follows immediately from Lemma 3.2.7 and Fact 3.4.2.

Theorem 3.2.9 generalizes both the result of [47] for simplicial complexes with respect
to strongly log-concave distributions and the result of [1] for the Poincaré inequality (i.e.,
bounding the spectral gap). It in some sense answers a question of [47] on local-to-global
modified log-Sobolev inequalities in high-dimensional expanders, at least in the bounded

marginals setting.
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Even though Theorem 3.2.9 can give a bound on the mixing time of the Glauber dynam-
ics, which is the order-(n,n — 1) down-up walk in the corresponding weighted simplicial
complex, our main result Theorem 1.2.1 does not follow directly from Theorem 3.2.9. In
fact, we will only consider the order-(n,n — ¢) down-up walk for ¢ = ©(n), which cor-
responds to the heat-bath block dynamics that updates a uniformly random subset of ¢
vertices in every step. One of our main technical contributions is to compare this block
dynamics with the single-site Glauber dynamics; this is showed in Section 3.2.1. Never-
theless, we find Theorem 3.2.9 interesting of its own and possible for future applications in

other problems.

3.3 Approximate Tensorization via Uniform Block Factorization

In this section we prove Theorem 3.2.2 by showing approximate tensorization given uni-
form block factorization of entropy.

Fix a graph G on n vertices of maximum degree at most A, and assume that p is a
b-marginally bounded Gibbs distribution defined on G satisfying the [#n]-uniform block
factorization of entropy with constant C' where § < b?/(4eA); i.e., for £ = [An] and all

f 0 — ]RZO it holds that

We will show that p also satisfies the approximate tensorization of entropy with constant
©(C), which establishes Theorem 3.2.2.

The intuition behind our approach is that for ¢ as large as 6n, if one picks a uniformly
random subset S C V satisfying |S| = ¢, then the induced subgraph G/[S] of G on vertex
set S is disconnected into many small connected components, each of which has constant
size in expectation and at most O(log n) with high probability. Since the conditional Gibbs

distribution pg is a product distribution of each connected component, we can use entropy
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factorization for product distributions to reduce approximate tensorization on G to that on
small connected subgraphs of G. This allows us to upper bound the optimal approximate
tensorization constant with a converging series.

Towards fulfilling this intuition, for any S C V, let C(S) denote the set of connected
components of G[S], with each connected component being viewed as a subset of vertices
of S. Note that C(5) is a partition of S. For any v € S, let S, denote the (unique) connected
component in C(S) containing v; for v ¢ S, take S, = ). The following is a well-known

fact regarding the factorization of entropy for product measures; see, e.g., [41, 36].

Lemma 3.3.1. For every subset S C 'V, every boundary condition T € (g, and every

function f : Q0 — Rxo, we have

Entg(f) < > piEnty(f)].
Uec(s)

Recall that Enty(f) = Ent{,(f) is regarded as a function of the boundary condition
¢ € Q5 on S\ U, and p§[Enty(f)] is the expectation of it under the conditional Gibbs
measure [ig.

We also need the following crude exponential upper bound on the approximate ten-

sorization constant for a Gibbs distribution with bounded marginals.

Lemma 3.3.2. If pu is b-marginally bounded, then for every subset U C V', every boundary

condition § € Qy\y, and every function [ : QgU — R>q, we have

A0 S ot ()]

velU

Entf, (f) <

Finally, the lemma below shows that when a uniformly random and sufficiently small
subset of vertices is selected, the size of the connected component containing a given vertex

is small with high probability.
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Lemma 3.3.3. Let G = (V, E) be an n-vertex graph of maximum degree at most A. Then

for every k € Nt we have

Py(|Su| = k) < © - (2e20)5

N

where the probability P is taken over a uniformly random subset S C V of size { = [6n].

Before presenting the proofs of Lemmas 3.3.2 and 3.3.3, we first give the proof of

Theorem 3.2.2.

Proof of Theorem 3.2.2. Combining everything in this section, we deduce that

1
Ent(f) < C- L. — Z wlEntg(f)] (Z-uniform block factorization)
¢ (Z) Se(V)
<C- % Z Z [Enty (f (Lemma 3.3.1)
() se(¥)Uec(s)
n 3|U|* log(1/b)
<C-7- T Z > o > p[Enty(f)] (Lemma 3.3.2)
f UeC (S) velU
_ 3Clog 3Clog(1/b) n ‘ k? :
oy 7 z‘; p[Ent,( ; Ps(|S,| = k) - D (rearranging)
_ 3Clog(1/b) L (2eA0\F
< 2;‘)4 /) Z [Ent,(f)] > &2 ( = ) (Lemma 3.3.3)
ev k=1
3C'log(1/b)
< 2 Z Ent 0 < 12A)
18C' log(1 2
< SOOg /b Z [Ent,( (X, 2 =12)
ev
This establishes the lemma. [l

We next prove Lemma 3.3.2 which gives a crude bound on the approximate tensoriza-

tion constant for any subset and boundary condition.
Proof of Lemma 3.3.2. Fix a subset U C V of size k > 1 and some boundary condition
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£ € Qy\p. Let C) = C (U, €) be the optimal constant of approximate tensorization for ,ug;

hence, for every function f : Qf, — R one has

Entf;(f) < C1 ) ug[Enty (f))-

velU

Let A = \(U, €) be the spectral gap of the Glauber dynamics for 45, and let p = p(U, £) be

the standard log-Sobolev constant. Thus, for every function f : Qg — R>¢ it holds that

AVarh () < 2 7 s [Var, (1))

vel
1
pEnt;(f) < 7Y pig[Var,(v/F)].
velU
Since Var,(v/f) < Ent,(f), we have
C < 34
1 = pka ( . )

see also [36, Proposition 1.1]. Next, [48, Corollary A.4] gives a comparison between the

standard log-Sobolev constant and the spectral gap:

> (1—2u7)
log(1/p* —1)
where p* = min_ eqt, ;ﬁU(U). Since p is b-marginally bounded, we have p* > b*. Also,
notice that |Q£U| = 1 and |Q§]| = 2 corresponds to trivial cases where we have C; < 1, so

we may assume that |5,| > 3 which makes z* < 1/3. It follows that

A
> 35
P = Bklog(1/b) &)
Finally, Cheeger’s inequality yields
(I)2
> > (3.6)
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where @ is the conductance of the Glauber dynamics defined by

Pow (€0, 25\ )
®= min &g, P = = 0)Ps.(0,T
roﬂ€ Qo Qo ILLEU<QO) Z Z MU GL )

0690 TeQs\Q
1t (Q0)<i \Qo

Our assumption that y is totally-connected guarantees ®q, > 0 for every 2y C Qg with
/fU(QO) < 3. Furthermore, since y is b-marginally bounded, for every o € Qo and 7 €

Qf, \ Qo such that Py, (0, 7) > 0 we have

- b bk—i—l
115,(0) Poy (0, 7) > b P
This gives
2bk+1
P > T 3.7
Combining Egs. (3.4) to (3.7), we finally conclude that
3k*log(1/b)
G~
as claimed. ]

Finally, we establish Lemma 3.3.3. We use the following lemma concerning the number

of connected induced subgraphs in a bounded degree graph.

Lemma 3.3.4 ([28, Lemma 2.1]). Let G = (V, E) be a graph with maximum degree at
most A, and v € V. Then for every k € N*, the number of connected induced subgraphs

of G containing v with k vertices is at most (eA)~!
We then prove Lemma 3.3.3.

Proof of Lemma 3.3.3. If A, (k) denotes the collection of subsets of vertices U C V such
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that |U| = k, v € U, and G[U] is connected, then by the union bound, we have

Ps(Su] = k) <Ps(AU € Ay(k) : U € 5)

< Z Ps(U C 5)

UecA, (k)
¢ =1 (—k+1
_’Av(k)’.ﬁ.n—l.”n—k—i-l
¢ (0—1\""
<ams (=)

We may assume that n > 2 (when n = 1 the lemma holds trivially), and thus

(=l oy
n—1"n-17"

The lemma then follows immediately from | A, (k)| < (eA)*~! by Lemma 3.3.4. O

3.4 Uniform Block Factorization via Spectral Independence

In this section, we establish uniform block factorization of entropy in the framework of pure
weighted simplicial complexes. We show that spectral independence, along with suitable
marginal bounds, implies uniform block factorization and thus prove Lemma 3.2.7.

We prove Lemma 3.2.7 by establishing global entropy contraction when the simplicial
complex is a local spectral expander. We give preliminaries in Section 3.4.1 for simplicial
complexes. In Section 3.4.2 we present a very general local-to-global scheme for entropy
contraction. Finally, in Section 3.4.3 we reduce local entropy contraction to local spectral

expansion.

3.4.1 Preliminaries for Simplicial Complexes

Following the definitions and notations from Section 2.4, here we give a few more defi-

nitions, examples, and references, emphasizing on the global and local walks in weighted
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simplicial complexes. The proofs of Claim 2.4.2 and Lemma 3.2.6 are included in Sec-
tion 3.4.1.

Consider a pure n-dimensional weighted simplicial complex (X, w). We say X is n-
partite if the ground set ¢/ of X admits a partition I = U, U- - - UU,, such that every face of
X has at most one element from each part Ui, . . . ,U,. For a distribution 1 over [q]" where

|V| = n, the corresponding weighted simplicial complex (X, i) is n-partite.

Global Walks

For 0 < k < n, the distribution 7 on X (k) is given by for every 7 € X(k),

(7)) = m Z Tn(0)

k) gex(n):oDT

Moreover, we have the following equality:

(1) = il Z Tra1(0).

o€X(k+1):007

We may define simple random walks on X (k) for sampling from the distributions 7, given
by “down-up” and “up-down” motions in X. These walks were first introduced in [80], and
further studied in [49, 82] in the context of high-dimensional expanders. Recent works [5,
47,4, 1, 44, 55, 43] have leveraged these walks to study mixing times of Markov chains.

For each 0 < k < n — 1, define the order-k (global) up operator P} & R¥*)xX(k+1)
and the order-(k + 1) (global) down operator P}, € R¥*+DxX(k) a5 the row stochastic
matrices with the following entries:

T Lio) ifr Co

Pl(ro)= ¢ "

0, 0.W.
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1 .
— ifr Co
k41’ =
]IjJrl(O-vT) =

0, 0.W.

In words, the action of P,I can be described as starting with 7 € X(k) and adding a random

1 (TU{i})

element ¢ ¢ 7 according to the conditional distribution 7,1 (i) = D) -

In particular,
we have 7TkPkT = Te1. Similarly, the action of P,j 41 can be described as starting with
o € X(k + 1) and removing a uniformly random element, and we have 7y, P,j 1 = T

From here, for 0 < j < k < n we may define the order-(j, k) (global) up-down walk
on X(j) as Pf), = PjT ...Pl_P... Pjﬂrl and the order-(k, j) (global) down-up walk on
X(k)as PY; = pl... PjHPjT .-~ P!_. The stationary distributions of Pfy and P are ;
and 7, respectively.

For example, for any distribution z over [q]", the Glauber dynamics for sampling from
i is precisely the order-(n, n — 1) down-up walk on the corresponding weighted simplicial
complex (X, i), and the heat-bath block dynamics which updates a random subset of ¢
vertices in each step is precisely the order-(n,n — ¢) down-up walk.

Let 0 < k < n and let f® : X(k) — R be an arbitrary function. Then for each
0 < j < k we define the function f¥) : X(j) — Rby fU) = Pl... Pl . One can

think of f\) as the projection of f*) onto X(5).

Local Walks

One of the beautiful properties of simplicial complexes is that they facilitate a nice decom-
position of the global walks into local walks. Recall that for every face 7 € X(k) there is a
(n — k)-dimensional weighted simplicial subcomplex (X, w,) where X, = {£ CU \ 7 :
TUE € X} and w, (&) = w(rt UE) for each & € X,. The subcomplex is known as the
link of X with respect to the face 7. The induced distribution 7,4 over X,(n — k) can
be thought of as the distribution of a face o obtained from 7,, conditioned on the event that

7 Co.
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Again, consider as an example the weighted simplicial complex (X, 1) with respect to
a distribution y over [¢]. For every U C V of size k and every 7 € {1y, one can check
that the distribution 7y, ;) ,— over maximal faces of the link (X -, w,r)) is exactly the
conditional distribution 4.7, ;; over configurations on V' \U.

With the notion of link, we may now define the local walks rigorously. For each 0 <
k < n—2and 7 € X(k), we define the local walk at T as P. = 2P],, — I where
Pl o, = PI, 1Pi , is the order-(1, 2) up-down walk on the link (X, w,). More specifically,

fori,j € X,(1), we have

Note that the stationary distribution of P, is m.;. One way to think of P, is being the
random walk matrix corresponding to the following weighted graph: take the vertices of
the weighted graph to be the elements of X(1), and take the edges to be the vertex-pairs
in X, (2), with weights given by 7, 5.

We can establish mixing properties of global walks by decomposing them into local
walks, which are usually easier to study; we refer the readers to [82, 5, 47, 1] for more
details.

Let 0 < &k < nandlet f : X(k) — R be an arbitrary function. Then for every
0 < j < kandevery 7 € X(j), we define the function fo=a) X.(k—j) - Rby
ff(k_j)(ﬁ) = f®(rU€) foreach € € X.(k — 7). One can think of fT(k_j) as the restriction
of £ to the link X,(k — j).

Finally, we mention that the notion of global and local walks has a similar flavor as the
restriction-projection framework used in [97, 95, 78] for decomposition of general Markov
chains. For instance, the analog of the “restriction chains” in the setting of simplicial

complexes are the Glauber dynamics of the conditional distributions. However, we note
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that these analogous “restriction chains” significantly overlap, in contrast to the partitioning

condition in [97, 95, 78].

Proofs of Claim 2.4.2 and Lemma 3.2.6
We present here the proofs of Claim 2.4.2 and Lemma 3.2.6.

Proof of Claim 2.4.2. Forall 0 < k < n — 1, every 7 € X(k), and every i € X,(1), we

have
M (TUL}) mea(rU{i})

) = e AU GY) (kD)

Now, consider the weighted simplicial complex (X, i) corresponding to a distribution p

over [q]V. Every face in X(k) is in the form (U, 7) where U C V,

Ul = k,and 7 € Q,
and every element ¢ € X, (1) is in the form (v, 7) for some v € V' \ U and i € Q7. Hence,
the equality above implies that

7Tk+1((U U{vh,TuU {Z}))
(k+1)m, (U, 7))

T ((v,9)) =

where the last inequality follows from the marginal boundedness of . This shows the

claim. O]

From the proof we see that 7(y7) 1 ((v, z)) < ﬁ always holds. This in fact is true for
all weighted simplicial complexes.

To prove Lemma 3.2.6, we need the following entropy decomposition result in [47].

Lemma 3.4.1 (Entropy Decomposition in Simplicial Complexes, [47]). Let (X,w) be a

pure n-dimensional weighted simplicial complex, and let 1 < 7 < k < n. Then the
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following decomposition of entropy holds: for every f%*) : X(k) — R>o,

Enty, (f%) = Entr, (f9) + Y m(7) - Enta, (F577).

TEX(F)

Proof. Since 7, (f*®)) = 7;(fU)) and the equality is scale invariant, we may assume
without loss that 7,(f*)) = 7;(f)) = 1; hence Ent,, (f*)) = m,(f* log f*) and

Ent,, (f9) = 7;(fY) log f?). Using the law of conditional expectation, we have

as claimed. O]

Proof of Lemma 3.2.6. Since there is a one-to-one correspondence between (2 and X(n),
every function f : Q2 — R, for the spin system is equivalent to a function f™ : X(n) —
R for the simplicial complex. Moreover, for every 0 < k < n — 1, every U C V of size
k, and every T € {1y, the function f; : Qy\y — R> (restriction of f to configurations on
V' \ U with U fixed to be 7) is the same as the function f(U : Xwr(n— k) = Ry for

the link with respect to (U, 7) € X(k). Thus, we can get

T) Z p[Ents(f)] = Z Z T) m(ov\s = 7) - Entg(f)

se(V) Se(V) Tews M

= > ZT (ov =) - Entj\p (f7)

UE( ) TEQU f

J4
- Z Tn—e(U,7) - Entr, (f((lJ{T)>
(Ur)ex(n—1)
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= Ent,, (f") - Ent,, (/")

where the last equality follows from Lemma 3.4.1. The lemma then follows. [l

Implications of Global Entropy Contraction

We summarize here a few corollaries of global entropy contraction for arbitrary weighted

simplicial complexes.

Fact 3.4.2. Let (X, w) be a pure n-dimensional weighted simplicial complex. If (X, w)
satisfies the order-(r, s) global entropy contraction with rate k, then the order-(s,r) down-

up walk and order-(r, s) up-down walk satisfy all of the following:

(1) The Poincaré inequality holds with constant \ = k;
(2) The modified log-Sobolev inequality holds with constant py = k;
(3) The relative entropy decays with rate o = k;

(4) The mixing time of the order-(s,r) down-up walk satisfies

1 1 1
Toin(PY . 2) < | = (1oglog — + log —
(7o) < |+ (togton % 10w 15 )|

S

where T = min,cx(s) Ts(0); The same mixing time bound holds for the order-(r, s)

up-down walk as well with 77 replaced by .

(5) Forevery f : X(s) — R which is c-Lipschitz w.r.t. the shortest path metric induced by
the order-(s,r) down-up walk on X(s), and every a > 0, we have the concentration
inequality

Pr (/o) - p(f)] > a] <2 exp (—) |

o~ 2c2

These implications are shown in [47]. We remark that Fact 2.3.2 can also be viewed

as a consequence of Fact 3.4.2 by Lemma 3.2.6. Technically we can also show a stan-

55



dard log-Sobolev inequality under the assumption of marginal boundedness, like Item 6 of
Fact 2.3.2. However, the constant is complicated to state in this setting and so we omit it

here.

Proof. Ttem 1 can be proved by the linearization argument in the proof of [36, Proposition
1.1]. The remaining results are all shown in [47]: Item 3 follows from [47, Corollary 13];
Item 2 follows by Item 3 and [47, Theorem 7]; Item 4 can be deduced from Item 3 and
the direct proof of [47, Corollary 8]; finally, Item 5 follows from Item 2 and [47, Lemma
15]. [

3.4.2 Local-to-Global Entropy Contraction

As mentioned earlier, one of the beautiful properties of simplicial complexes is that they
admit a local-to-global phenomenon, where mixing of the local walks P, imply mixing
for the global walks in a quantitative sense. For instance, (%, %, ..., ()-local spectral
expansion implies Q(n~(1*)) spectral gap for the Glauber dynamics [1] (although we note
weaker results of this type were previously known due to [49, 82]). It turns out this local-
to-global spectral result is completely equivalent to the property that local contraction of
variance implies global contraction of variance; see [45] for more discussion. The goal of
this section is to prove an analogous local-to-global result for entropy. First, we formalize

our notion of local entropy contraction.

Definition 3.4.3 (Local Entropy Contraction). We say a pure n-dimensional weighted
simplicial complex (X, w) satisfies (o, ..., a,_2)-local entropy contraction if for every

(global) function ™ : X(n) — Rsq, every 0 < k < n — 2, and every 7 € X(k), we have
Entr,, () = (1+ ax) Entr, (£1).

Recall that fT(Q)(S) = [t (rueg) = (PkT+2 < P (7U€) for each & € X,(2),

and fT(l) is defined similarly.
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One might want to replace the conditions in Definition 3.4.3 with “for every 0 < k <
n — 2, every 7 € X(k), and every (local) function fT(Z) : X,(2) — Rx¢”, resulting in
a stronger notion of local entropy contraction. Indeed, this is the case for local spectral
expansion or local variance contraction. In contrast, our Definition 3.4.3 only considers
local functions originating from global functions. This is sufficient since in the end we are
only interested in the order-(n, k) down-up walk PY\L/, . and only need to consider global
functions f™ : X(n) — Rsq. Moreover, using this weaker notion makes it easier for us to
deduce local entropy contraction from local spectral expansion in Section 3.4.3.

With the notion of local entropy contraction, we are able to prove the following local-

to-global entropy contraction result.

Theorem 3.4.4 (Local-to-Global Entropy Contraction). Suppose a pure n-dimensional
weighted simplicial complex (X, w) satisfies («, . . . , a,—2)-local entropy contraction. For

every function f : X(n) — Rsgand all 1 < k < n — 1, we have

Bity,,, (f57) _ Baty, (F¥)
DS VD Deirg ¥

(3.8)

where I'; = H;;B ajforl <i<n-—1andly = 1. In particular, (X, w) satisfies the

order-(k,n) global entropy contraction with rate

ST

N Z?:_()l Fz’ .
Remark 3.4.5. After we posted a preliminary version of [45], it was brought to our attention
that Guo and Mousa had also independently obtained this result [68]. The analogous result
for variance, which was presented in [45], was also independently obtained by Kaufman
and Mass [81]. Finally, we mention the recent work [3] which established local-to-global

arguments for any f-divergence in a very general setting.

In [47], the authors showed that the simplicial complexes with respect to homogeneous
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strongly log-concave distributions satisfy (1, ..., 1)-local entropy contraction; see Lemma

10 of [47]. That is, oz = 1 for all k£ and thus 'y, = 1 for all £. Then Theorem 3.4.4 implies
that for every k£ we have

k+1
Entﬂ'k-ﬂ (f(k+1)) > T Entﬂk-(f(k))a

which recovers Lemma 11 of [47].

Proof of Theorem 3.4.4. We prove Eq. (3.8) by induction. When £ = 1, Eq. (3.8) is equiv-

alent to
Entr, (f®) > (14 ao) Entr, (f1),

which holds by assumption. Now suppose Eq. (3.8) holds for k£ — 1; i.e.,

Ent,, (f®) _ Enty,_ (f* )
ST T T

By Lemma 3.4.1 we have

Z 7719—1(7—) : EntﬂTg(ffg))

TeX(k—1)

> (1+ ) Y, ma(r) Enty (f9)
TeX(k—1)

= (1 + ajp_1) (Entr, (f*) — Entr,, (f*1)).

Entﬂk+1(f(k+l)) - Entﬂk_1(f(k_1)) =

It follows that

Entry,, (/) 2 (14 ag1) Bty (F9) — gy B, (F°1)

SVIT
> (1+ aj_1) Enty, (%) — oy - ﬁ -Ent,, (f*) (Induction)

i=0 1
kal k
=11+ Ap_1q - T) Entﬂ-lC (f( ))
( Zi:O ?
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k
= ng—?r - Enty, (f*).
i=0 * 1

This proves the theorem. ]

3.4.3 Local Entropy Contraction via Local Spectral Expansion

Thanks to Theorem 3.4.4, it remains to show local entropy contraction in order to prove
Lemma 3.2.7. In general, proving local entropy contraction is a difficult task. Our goal
here is to show that one can deduce local entropy contraction from local spectral expansion

if we further enforce certain bounds on the marginals of the distribution.

Theorem 3.4.6. Suppose that (X, w) is a pure n-dimensional weighted simplicial complex

that is (b, . . ., b,_1)-marginally bounded and has (g, . . . , (,_2)-local spectral expansion.
Then X satisfies («, . . ., ay,_o)-local entropy contraction where for 0 < k < n — 2,
Ak 1 — G
ap =max<{ 1 — , ) 3.9
{ b2(n — k)2 4+210g(m)}

With Theorem 3.4.6, we are able to prove Lemma 3.2.7.

Proof of Lemma 3.2.7. First notice that it suffices to prove the lemma for the case s = n,
since when s < n we can consider the s-dimensional simplicial complex X' = {0 € X :
|o| < s} instead. When s = n, the lemma follows immediately from Theorems 3.4.4

and 3.4.6. L]

The rest of this section aims to prove Theorem 3.4.6. We will show separately the two
bounds in Eq. (3.9) on the rate of local entropy contraction, and we will refer to them as
the first bound and the second bound. The first bound is more subtle and indicates that
ar = 1 — O((y) for the weighted simplicial complex (X, i) corresponding to a marginally
bounded distribution z over [¢]"" (see Claim 2.4.2). The second bound is crude but may

still be helpful when the first bound is bad.
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Proof of the First Bound

We break the proof of it into the following lemmas, which are the essence of our approach.

First we generalize Lemma 10 of [47] as follows.

Lemma 3.4.7. Suppose the local walk Py with stationary distribution 7, satisfies Ao(Py) <

C. Then for every ) : X(2) — Rs and taking fV) = Pff@), we have

) Vary, (f(l))

Entr, (f®) = 2Bntr, (f) > —¢ m (fO)

The following lemma shows that for marginally bounded simplicial complexes, for any
global function £, the induced local functions fT(l) are “balanced” in the sense that the

values of fT(l) cannot be too large compared to the expectation of it.

Lemma 3.4.8. If X is a (bo, ..., b,_1)-marginally bounded simplicial complex, then for
every function f™ : X(n) — Rso, all 0 < k < n — 1, every 7 € X(k) such that
f® () > 0, and every i € X,(1), we have

A0
T () : b(n — k)

Finally, we show that for “balanced” functions the entropy and variance differ only by

a constant factor after normalization.

Lemma 3.4.9. Let m be a distribution over a finite set §2, and let f : 2 — R such that

w(f)>0.If f(x) < c-mw(f) forall x € ), then

Var,(f)
m(f)

< 4¢® Ent,(f).

Note that ¢ > 1 and we always have the inequality Ent,(f) < Vi:%f()f)

We then show how to use these three lemmas to prove the first bound in Eq. (3.9).
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Proof of the first bound in Eq. (3.9). Let0 < k <n—2,7 € X(k)and f™ : X(n) — Rx
be arbitrary. Then applying, Lemma 3.4.7 to the link (X, w,) and using A\2(P;) < (i, we

have the inequality

Var, , (£)

Entﬂ-_r,Q(fT(z)) - 2Entﬂ'f,1 (f(l)) > —Ck (f(l))
TralJr

T

(3.10)

where the functions £ : X.(2) - Ryp and F X.(1) — Rsg are derived from £,

By Lemma 3.4.8, we have £ (i) < 5 L. ﬂTyl(ff(l)) for all i € X,(1). It follows by

(n—k)

Lemma 3.4.9 that

Vare () _ 4
Wr,l(fr(l)) ~ bi(n—k)

1
> Ent,, (f1). (3.11)
Hence, it follows by combining Eqgs. (3.10) and (3.11) that

4
Ent,,(f?) - 2Ent,, , (f) > - ok

> R o Pt ()

T

Rearranging, we obtain

at (@ M Vg (fO
E tﬂ'rﬁ(f‘r ) Z (1 + (1 b%(n_ k)g)) E tﬂ'q—,l(ff )

As this holds for all 7 € X(k) and all 0 < k& < n — 2, we obtain the first bound. O]

It remains to prove Lemmas 3.4.7 to 3.4.9. We note that these lemmas are logically

independent of each other.

Proof of Lemma 3.4.7. Observe that the desired inequality is scale invariant, and hence we
may assume without loss that mo(f) = 7 (f()) = 1. We shall write ij to represent

{i,j} € X(2) for simplicity. Let us rewrite 2 Ent,, (f()) in a form which is more conve-
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nient to compare with Ent., (). Observe that

Entr, (f) = > mi(i) M (i) log £ (3)

iex(1)
=Y m mUI) 10(ij) | g 00
1€X(1) JjEX(1 2361{ 1<Z>
- ”2(;” 7)) log F )
1€X(1) jex(1):ijeX(2)

5 > mli) - 1P o (VG ()).
j€X(2

)

ij

By the inequality alog § > a — b for any a > 0 and b > 0, we can get

Entr, (f?) = 2Ent,, (fV) = Y ma(ij) - f@(ij) (log 2 (i5) — log (fV (1) M (5)))

ijEX(2)
> > m(if) - (fP) - fO020)
1jEX(2)
= > m)fP6) - Y mi) M) M 0)
JEX(2) o iJEX(2)
o (f®)=1

=1 ()Wt

T2 é” ) whenever

where W € ]Ri(ol)xx(l) is the symmetric matrix with entries W (i, ) =

ij € X(2), and W (i, j) = 0 otherwise. Note that W = diag(m)F} since recall that P

T2 (ig)

3,y Whenever ij € X(2 ), and Py(i,j) = 0 otherwise. Now, we

has entries Py(7,j) =
analyze W spectrally assuming knowledge of the spectral gap of F. Observe that since

71 (fM) = 1, we have that

L= (fO)TWFD = [fO) =y [(FO)] + 71 [(F)2] = (FO) T diag(m) Py

g

—Varg, () iy (F)., )

= Epy (fN, fO) = Varg, (FV)
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> (1= ¢) - Varg, (fV) = Varg, ()
(Spectral Gap or Poincaré Inequality)

) Var,, (f(l))

(D) =
0 (m(f0) = 1)

and we are done. O]

Proof of Lemma 3.4.8. Without loss of generality, we may assume ,(f™) = 1, which
also implies that 7 (f*)) = 1 for all k. It follows that if we define v, = f®m, for 0 <

k < n, then v}, is a distribution on X(k). For intuition, note that v, = v, P} --- Pt. ., and

n k+1°

hence we can regard these distributions as from the weighted simplicial complex (X, v,).

We then have
1. , Vi1 (TU{i}) .
U0 fEOEUE) | em  vea()
1 k ™ TU{i "
IS L] B SET i
Trivially we have v, (i) < —=; see the proof of Claim 2.4.2 in Section 3.4.1 and the

remark after it. Furthermore, by assumption, we have 7,1 (i) > by. The claim follows. [

Proof of Lemma 3.4.9. Without loss of generality, we may assume that 7(f) = 1. Then,
f(z) < cforall z € Q. Let v = fm, so f is the relative density of v with respect to 7. We
need to show that

Var, (f) < 4c® Ent,(f).

Fact 2.2.2 implies that for every function g : {2 — R, we have

v(g) < Dxr(v || m) + logm(e?) = Ent,(f) + log m(e?).

Let g = ¢(f — 1) for some parameter ¢ > 0 to be determined. Then

v(g) =t (w(f) — 1) =t(n(f*) — 1) =t Var(f).
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Hence, we obtain that
1 1 t(f-1)
Var,.(f) < ;E)ntﬂ(f)—i—z logw(e )

This is known as the entropy inequality [100].

Notice that ¢ > 1 always and Ent,(f) < Var,(f) when 7(f) = 1 (see, e.g., [115]).

Consider first the case that 1 < ¢ < 2. We shall pick

_ [Ent.(f)
b= \/ Var,(f) s L

Thent(f —1) <c¢—1<1.Sincee® <1+ x + x*> when z < 1, we get

logm (¢!=1) <logm (1+t(f — 1) + £2(f — 1)?)
= log (1 4 t* Var(f))

< t? Var,(f).

It follows that

Var,(f) < %Entw(f) + t Var,(f).

For our choice of ¢, we obtain
Var,(f) < 4Ent,(f) < 4¢* Ent,(f).
Next, consider the case that ¢ > 2. This time we pick

L /Entﬂ(f).21n0<21nc.
Var.(f) ¢ — ¢

Then¢(f — 1) < 2Inc. Forall z < 2lngc, it holds that e” < 1 + x + (&

2lnc

64

)2x2. Hence, we



get

2lnc

= log (1 + 2 (%my\/arﬂ(f))

< (5 i

log 7 (/) < log <1 =0+ (5) 20 - 1)2)

‘We then deduce that
Vary (/) < 7 Bt () 11 (5 ) Varg (/)
b —t Hir 2Inc A
2
—  Var,(f) < (ﬁ) Ent, (f) < 4¢* Ent, (f).
This establishes the lemma. O]

Proof of the Second Bound

Here we prove the second bound in Eq. (3.9). We do this by reducing entropy contraction
to bounding the standard log-Sobolev constant. Since the marginals are bounded, a com-
parison inequality between the standard log-Sobolev constant and spectral gap then finishes
the proof.

We will show that for every (local) function f : X(2) — Rs, we have

Enty, (f*) > (14 ao) Ent,, (f), (3.12)
where
o 1-G
0= .
4+ 210g(—2b$b1)

This establishes the second bound for the case £ = 0 and 7 = (). For arbitrary 0 < k < n—2
and arbitrary 7 € X(k), we can just consider the link (X, w,) at 7 instead and achieve the

results.
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Recall that for a reversible Markov chain P with stationary distribution 7 on a finite

state space (), the standard logarithmic Sobolev constant is defined as

gP(\/Ta \/7

p(P):inf{ ot () ) ‘f:Q—HRZO, Ent,r(f);éo}.

We prove Eq. (3.12) by the following two lemmas. First we relate oy with the standard

log-Sobolev constant of the order-(2, 1) down-up walk P)’;.

Lemma 3.4.10. For every (local) function f? : X(2) — Rsg, we have

Entm(f(l)) < (1 - p(le)) Entﬂz(f@))'

The following lemma is equation (3.9) from [48] which compares the standard log-

Sobolev constant and the spectral gap.

Lemma 3.4.11 ([48]). For every reversible Markov chain P with stationary distribution

on a finite state space §2, we have the inequality

A(P)
PP) 2 5 og 1/

where ™ = mingcq ().
We are now ready to prove the second bound of Eq. (3.9).

Proof of the second bound in Eq. (3.9). From Lemma 3.4.10 we deduce that for every (lo-

cal) function @ : X(2) — R,

Ent,,(f®) > Entr, (f) > (14 p(Py,)) Enty, (fV). (3.13)

Meanwhile, Lemma 3.4.11 gives

2= 9 4 log(1/m3) ~ 4+ 2log(1/m3)’

(3.14)
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where the last inequality follows from

(1= 2a() 2 =5

1
/\(P2v,1) = )‘(Pl/?Q) =1- )\Q(P{?Q) = 5

Also, the marginal boundedness of (X, w) implies that for every {i, j} € X(2),

mo({i,5}) =2 m (i) - w1 (i) > 2boby. (3.15)

Combining Egs. (3.13) to (3.15), we get Eq. (3.12). The bounds on local entropy contrac-

tion rate for any 0 < k < n—2and 7 € X(k) follows by considering the link (X, w,). [

Let us now prove Lemma 3.4.10. We follow the proof of [104, Proposition 6], using

the following technical lemma.

Lemma 3.4.12 ([104, Lemma 5]). For real numbers t > 0 and s > —t, we have the

inequality
(t + s)log(t + ) > tlogt + s(1 +logt) + (vt + s — V)2

Proof of Lemima 3.4.10. For convenience, we write PT = P, Pt = P}, and PV = Py, =
Py Pl in the proof. Since m; (")) = my(f®) and the inequality is scale invariant, we may
assume these expectations are 1. Towards proving the desired contraction inequality, we

first prove the following intermediate inequality: for all i € X(1),

(PTf@log f2) (i) > (PTfP) (i) -log (PTf?) (i) + (PTf?) (i) — (PT\/ f(2)> (i)
(3.16)
Let us first see how to use this inequality to prove the desired contraction inequality. Ob-

serve from Eq. (3.16) that

Ent,, (f) = Ent,, (P"f®)
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= Y m) - (PTFP) (i) - log (PT1®) (i)

1€X(1)
gZUm(@)(Pff<2>logf<2))<z'>—2() m (i) ((P119) ()= (P1VI®) )

= (1,P'f@log f@)_—(1,PTf®) <pT\/ﬁ7 pT\/ﬁ>m
— (1, f® logf(2)> — (1, £y +<\/m7 Pv\/m>
— Ent,, (f?) — Epv <\/_ \/fW>

< (1= p(PY)) Entr, (/).

™2

All that remains is to prove Eq. (3.16). For every i € X(1), taking ¢t = (PTf®) (), we

deduce from Lemma 3.4.12 that

(pr(Q) log f(2)) (i)
= Z P'(i,0) o) log fP (o)

cEX(2)
= > Plio) (t+ (o)~ t)log (t + [P (o) — 1)
c€X(2)
> Z P'(i,0) (tlogt+(f(2)( ) —t)(1 +logt) + (\/ \/_) )
TEX(2)
:(PTf(Q)()log pr )+ ZPTZU(\/]”(Q \/PTf )())
ceXx(2) -~

Expand

= (PT/®) (i) 1og (PT/@) (i) + 2 (P'/®) (i) = 2/ (P /@) ()) - (P'V/[®) (3)

)

Let us now lower bound (x). We observe that

o= () @) - (PVT) ) = (Ve o - (V@) @) 20
Eq. (3.16) then follows and we are done. OJ
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CHAPTER 4
OTHER IMPLICATIONS OF SPECTRAL INDEPENDENCE

In this chapter, we show that spectral independence implies optimal mixing time bounds
for, in addition to the single-site Glauber dynamics, arbitrary heat-bath block dynamics
and (for ferromagnetic Ising/Potts models) the Swendsen-Wang dynamics. This chapter is

based on [23].

4.1 Introduction and OQur Results

Our results apply broadly to the general class of heat-bath block dynamics. Let B =
{By, ..., B} be any collection of sets (or blocks) such that V' = U; B; and let &« = (ap) pes
be a probability distribution on B. A step of the heat-bath block dynamics operates by
choosing a block B with probability ap and updating the configuration in B with a sam-
ple from the Gibbs distribution conditional on the configuration on V' \ B. Note that the
Glauber dynamics corresponds to setting the blocks to individual vertices with uniform
weights, and for a bipartite graph the even-odd chain (also known as the alternating scan
dynamics) corresponds to uniform weighting for two blocks corresponding to the two parts.
By extending the weight to ap = 0 if B ¢ B we think of « as a distribution over all subsets
of V' and speak of the a-weighted heat-bath block dynamics.

Given «, define the minimum “coverage probability” of a vertex by

9 = (o) = min ap. 4.1)

We say that the block dynamics have optimal mixing when there exists a constant C' such
that for all weights a the mixing time of the a-weighted heat-bath block dynamics is at

most C'd(a) ! logn. Similarly, we say that the block dynamics have optimal entropy decay
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if the modified log-Sobolev constant of the a-weighted heat-bath block dynamics is at least
d(a)/C. Note that the constant C' may depend on the parameters defining the spin system
and on the maximum degree A, but it does not depend on n and it is independent of the
choice of weights . In this generality, these bounds are optimal up to the value of the
constant C. Indeed, for the Glauber dynamics we have d(«) = 1/n and the mixing time
matches the €2(n logn) lower bound established by Hayes and Sinclair [71] for bounded-
degree graphs. Moreover, by restricting to test functions of a single spin it is not hard to
check that the spectral gap of the a-weighted block dynamics is always at most §(«), and
therefore the lower bound 6(«)/C' on the modified log-Sobolev constant of the block dy-
namics is optimal up to the multiplicative constant 1/C’; see e.g. [25] for standard relations
between spectral gap and modified log-Sobolev constant.

Our first result is a substantial extension of Theorem 1.2.1 to the block dynamics with

arbitrary weighted blocks.

Theorem 4.1.1. For an arbitrary spin system on a graph of maximum degree A, if the
system is n-spectrally independent and b-marginally bounded, then general block factor-
ization of entropy (see Definition 2.3.3) holds with constant C = C(b,n, A). Moreover, all

heat-bath block dynamics have optimal mixing and optimal entropy decay. The constant C'

satisfies C' = (%)O(A(%H)).

Recall, for the Glauber dynamics d(«) = 1/n and hence we recover Theorem 1.2.1 as
a special case of the above result, though with a worse constant. As another example, for
a bipartite graph Theorem 4.1.1 implies O(logn) mixing time of the even-odd dynamics
which updates the two parts of the bipartite graph alternatively.

Recent work of Blanca et al. [24] utilizes block factorization of entropy into the even
and odd sublattices of Z¢ to obtain tight mixing time bounds for the Swendsen-Wang dy-
namics on boxes of Z¢ in the high-temperature region. Following the approach presented
in [24], here we prove optimal mixing time of the Swendsen-Wang dynamics when spec-

tral independence holds on arbitrary bounded-degree graphs. This can be formalized in the
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following statement.

Theorem 4.1.2. For the ferromagnetic Ising and Potts models on a graph of maximum
degree A\, if the system is n-spectrally independent and b-marginally bounded, then there
exists a constant C' = C'(b,n, A) such that the mixing time of the Swendsen-Wang dynamics

is at most C'log n and the modified log-Sobolev constant is at least C~'. The constant C

satisfies C' = (%)O(A(H%)).

This chapter is organized as follows. In Section 4.2 we discuss our proof approach and
techniques. We summarize a few key properties of entropy in Section 4.3. In Section 4.4 we
deduce optimal mixing of the block dynamics with arbitrary weighted blocks from spectral
independence. In Section 4.5 we consider the Swendsen-Wang dynamics for ferromagnetic
Ising and Potts model. Finally, in Section 4.6 we present a direct proof of Theorem 3.2.4

without utilizing simplicial complexes.

4.2 Proof Approach and Discussions

The key step in the proof of Theorem 1.2.1 is the implication
Spectral Independence = Approximate Tensorization of Entropy. 4.2)

Recall that approximate tensorization of entropy says that there exists a constant C' > 1,

such that for any function f : 2 — R,

Ent(f) < CY  p[Enty(f)], (4.3)

ueV

where p[f] = > o (o) f(o) and Ent(f) = p[flog(f/plf])] denote the mean and en-

tropy of f with respect to the measure . In particular, Ent(f) is the relative entropy of

the probability measure fyu/pu[f] with respect to p, while p[Ent, f] = p[flog(f/muf])]

is the expected value according to p of the conditional entropy 7 — Ent(f|7) for 7 a
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spin configuration on V' \ {u}. To make some intuitive sense of approximate tensorization,
notice that if 4 is a product distribution over V' then Eq. (4.3) holds with C' = 1. In gen-
eral, approximate tensorization is easily seen to imply the desired bounds on the modified
log-Sobolev constant and the mixing time of the Glauber dynamics; see e.g. [36]. In the
setting of spin systems on the lattice Z?, approximate tensorization estimates are known to
hold under the so-called strong spatial mixing condition; this follows from the logarithmic
Sobolev inequalities established in [123, 99, 41].

We present an alternative proof of some of the key steps for the implication Eq. (4.2) in
Section 4.6; see Theorem 4.6.1. The analogous result Theorem 3.2.4 in Chapter 3 is proved
in the more general framework of simplicial complexes and generalizes the result of [47]
for homogeneous strongly log-concave distributions; see also [72] for related results. Our
proof is completely framed in the setting of spin systems and is devoid of any work on
simplicial complexes. This new approach may be conceptually simpler to some readers,
and it enables us to present a self-contained proof of our main results. As a byproduct we
also obtain an incremental improvement in the resulting mixing time bound improving the
exponent in the constant C' from O(1 + 7/b*) (see Theorem 1.9 in [45]) to O(1 + n/b) as
stated in Theorem 1.2.1.

One of our results in this chapter is the following substantial extension of Eq. (4.2):

Spectral Independence = General Block Factorization of Entropy. 4.4)

Caputo and Parisi [37] introduced the notion of general block factorization of entropy
which generalizes approximate tensorization, and is useful for analyzing more general
classes of Markov chains. Let « = (ap)pcy be an arbitrary probability distribution over

subsets of V, and set §(a) = min,ey Y .55, @B as in Eq. (4.1). General block factoriza-
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tion of entropy holds with constant C' if for all weights «, forall f : Q@ — R,:

d(a)Entf < C Z ap pEntgf], 4.5)

BCV

where p[Entpf] = u[flog(f/usf)] is the expected value of the conditional entropy
7 — Ent(f|7r) for 7 a spin configuration on V' \ B. Entropy tensorization Eq. (4.3) is
the special case when aup = 1/n for every block of size 1 and avp = 0 for larger blocks.
The choice of the constant §(«) in this inequality is motivated by the fact that when p
is a product measure then Eq. (4.5) holds with C' = 1, in which case it is known as the
Shearer inequality; see [36]. The block factorization of entropy is a statement concerning
the equilibrium distribution ;4 which has deep consequences for several natural sampling
algorithms. In particular, it implies optimal mixing and optimal entropy decay for arbitrary
block dynamics.

When the spin system satisfies Eq. (4.5) with « the uniform distribution over all subsets
of a given size ¢ we refer to this as (-uniform block factorization of entropy or (-UBF for
short. In Chapter 3, an important step in the proof of Theorem 1.2.1 is establishing /-UBF
with ¢ ~ On for some 6 € (0, 1). To prove Theorem 4.1.1 for arbitrary blocks we establish
that /-UBF implies general block factorization of entropy, see Theorem 4.4.2 for a detailed
statement.

We turn to a further interesting consequence of spectral independence:
Spectral Independence = Approximate Subadditivity of Entropy. (4.6)

We say that the approximate subadditivity of entropy holds with constant C' if

> Ent(f,) < CEnt(f), (4.7)

zeV

where, for any nonnegative function f, the functions f, are defined by f,(a) = u(f| o, =
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a). Notice that when p(f) = 1 then v = fu is a probability measure and, if y, denotes
the marginal of ;s on x, then f, ., gives the marginal of v on x. The inequality Eq. (4.7) is
known to be equivalent to a Brascamp-Lieb type inequality for the measure p [40, 39]. In

particular, it implies that for any collection of functions ¢, : [¢] — R, u € V, one has

p (H Sﬁu(au)) < IT 1 (lpule)€) (4.8)

ueV ueV

where (' is the same constant as above. For a general discussion of subadditivity of en-
tropy, Brascamp-Lieb type inequalities, and their applications, see for instance [8] and the
references therein. In Theorem 4.6.1 below we shall see that for an arbitrary spin system on
a graph of maximum degree A, if the system is n-spectrally independent and b-marginally
bounded, then Eq. (4.7) holds with C' = O(1 + n/b). The question of the validity of such
inequalities in the context of high temperature spin systems was raised in [36] but as far as

we know there are no prior results in this direction.

4.3 Basic Properties of Entropy

To compute the relative entropy with respect to a pinned measure £ it is convenient to use

the notation

Enta(f) = pa [flog (f/ualf])], (4.9)

with the understanding that if we evaluate the left hand side at a given pinning 7 on A =
V' \ A we then evaluate the expectations in the right hand side with respect to 3. To
emphasize the dependence on the pinning we sometimes write Ent (f). The expectation

w[Enty f] is obtained by averaging with respect to p over the pinning 7 on A¢, and satisfies

plEnta(f)] = Y ploae = 7) Enti(f) = p[flog (f/ualf)]- (4.10)

TeQAC
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The following lemma summarizes a standard decomposition of the relative entropy; see

e.g. [37, Lemma 3.1] for a proof.

Lemma 4.3.1. Forany A CV, forany f : Q) — R,

Ent(f) = p [Enta(f)] + Ent (ua[f]). (4.11)

More generally, forany A\ C Ay C--- C A, CV, forany f:Q — R,
> [Bnt (ua [F)] = s [Buta, o [£])] (4.12)
i=1
The following monotonicity property of the entropy functional is an immediate conse-

quence of the previous lemma.

Lemma 4.3.2. Forall AC BCV,

plEnt(f)] < p[Entp(f)]. (4.13)

Next, we recall the definition of general block factorization of entropy from Defini-
tion 2.3.3. The spin system is said to satisfy the general block factorization of entropy with

constant C' if for all f > 0, for all probability distribution v over subsets of V/,

d(a)Entf < C Z ap uEntgf], (4.14)

BCV

where 6(a) = mingey Y 5. g5, OB
We will often consider independent sets A of V/, that is sets of vertices whose induced
subgraph in GG has no edge; in those cases, 1, is a product measure iy = ®gepft, and the

following lemma will be useful.

Lemma 4.3.3. Fix A C V and suppose that i, is a product measure on jin = Qzepfly-

75



Then, for any distribution « over the subsets of A, and any f : Q) — R,

§(cr) Enta(f) <> appa[Entp(f)], (4.15)

BCA
that is iy satisfies the general block factorization of entropy with constant C' = 1.

The above statement is a consequence of the weighted Shearer inequality for the Shan-

non entropy; see Lemma 4.2 in [37]. The following properties will also be used.

Lemma 4.3.4. Let A = AU B and assume that .y is a product piy = pia @ . Then, for
all f > 0:

Enta(up(f)) = palEnta(us(f))], (4.16)

and forallU C B,

palEnta(up(f))] < palEnta(po(f))]- (4.17)

Proof. From the decomposition in Lemma 4.3.1 it follows that

Enta(1p(f)) = palEnta(us(f))] = Enta(paps(f)) = Enta(ua(f)) = 0.

This proves (Equation 4.16). To prove (Equation 4.17) notice that by definition

poa [Enta(ps(£))] = jua [u3<f> o (/5—({}»” |

For any U C B, ug(f) = puppu(f) and the product structure ppy = p1a4 ® pp implies the

commutation relation papppy = pppiapy. Therefore,

pa [Enta(up(f))] = pa [“B“U(f) log (MBM—U(JC))]

piiapu(f)
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— i [ tog (L2 )

= lp |:,UA {NU(f) log <M)H .

MAMB,LLU(f)

It remains to observe that

HA {MU(JC) log (%)] < Enta(pu(f))-

The latter estimate follows from the well known variational principle

Enta(g) = sup {pa(gh), pa(e") <1} (4.18)
valid for any A and any function g > 0; see, e.g. [85, Proposition 2.2]. [l

4.4 Optimal Mixing of Arbitrary Block Dynamics

A key step in the proof of Theorem 4.1.1 is the proof that uniform block factorization
(UBF) implies general block factorization (GBF).
We begin with the formal definition of UBF. For a positive integer £ < n, let (‘2) denote

the collection of all subsets of V of size /.

Definition 4.4.1 (Uniform Block Factorization (UBF)). We say that the spins system g

satisfies the (-uniform block factorization ((-UBF) of entropy with constant C\; if for all

fIQ—>R+

éEnt(f) < Conr - > plEnts(f)). (4.19)

Z) SG(V)

£

In this section, we establish the following theorem.

Theorem 4.4.2. For an arbitrary b-marginally bounded spin system on a graph of max-

p2(A+1)

imum degree A, if [0n]-UBF holds with constant Cygr and 0 < 0 < >~

then GBF
holds with constant Cpr = Clygr X O ((00%) ! log(1/b)A®).

77



In this section we prove Theorem 4.4.2 by establishing general block factorization of
entropy from uniform block factorization.

As it will become apparent in our proof of this theorem, there is a trade-off between
the upper bound for ¢ and the value we can deduce for Cggg; in particular, we could allow
for UBF to hold for larger # < 1 (i.e., with a better dependence on A) at the expense of an
additional factor depending on A in Cggp.

We turn to the proof of Theorem 4.4.2. Recall that a graph G of maximum degree
A is k-partite, with & < A + 1. Let {V4,...,V;} denote the independent sets V; C V'
corresponding to a k-partition of G. A key step in the proof of Theorem 4.4.2 is to establish

the following factorization statement.

Lemma 4.4.3. Suppose that for an arbitrary b-marginally bounded spin system on a graph

2(A+1)

of maximum degree A, [On]-UBF holds with constant Cyg and 0 < %T. Then,

k
Ent(f) < KCupr Y _ p[Enty, (f)], (4.20)

i=1
where the constant K satisfies K = O(A?(6 %)~ log(1/b)).

We refer to Eq. (4.20) as a k-partite factorization of entropy with constant ' Cgr. Once

we have Lemma 4.4.3, Theorem 4.4.2 is implied by the following lemma.

Lemma 4.4.4. Suppose that for an arbitrary spin system on a graph of maximum degree
A, k-partite factorization of entropy holds with constant C. Then, GBF holds with constant

Ck.

We provide next the proofs of Lemmas 4.4.3 and 4.4.4.

Proof of Lemma 4.4.4. Let & = (ap)pcy be a probability distribution over the subsets of
V. Observe that forall j = 1,....k and all 7 € Q(V \ V), py, is a product measure

on €2, . Therefore, we can apply Lemma 4.3.3 with A = Vj and & = (& )ucy;, where
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ay =w 'Y gy apl(ViNB=U)andw =Y 5, apl(V;N B # () . We get

§(&) Ent], (f) <> dy i, [Enty(f)] = w ™ Y ap i, [Enty,as(f)]. 4.21)
Ucy; BCV
Observe that
SO, N S
wo (@) ?élvrjl UCV;:Usz aw 1;%1\2 Bov:pas P = o(a),

and from Eq. (4.13) we have p[Enty,p(f)] < pu[Entg(f)]. Hence, taking expectation in

Eq. (4.21) with respect to 1 we obtain
6(cr) plEnty, ()] < ) ap p[Entp(f)):
BCV
Summing over 7 we have, forall f: Q2 — R,
k

§(a)ZuEntV ZZ ap uEntg(f)],

and since by assumption k-partite factorization of entropy holds with constant C', we have

d(a)Ent(f <CZZaBuEntB <CkZaB,u[EntB(f)].

j=1 BCV BCV
Hence, GBF holds with constant C'k. L]

The main idea behind the proof of Lemma 4.4.3 can be roughly explained as follows.
The ¢-UBF assumption with ¢ ~ 6n is the factorization statement Eq. (4.19). If the set
S in Eq. (4.19) were an independent set, then suitable applications of Lemma 4.3.1 and
Lemma 4.3.4 would yield the desired conclusion. Moreover, the same conclusion would
continue to hold if S were made of bounded connected components. The delicate part

of the argument consists in exploiting the fact that if  is sufficiently small then one can
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effectively reduce the problem to case of bounded connected components.

Proof of Lemma 4.4.3. Since [6n]-UBF holds by assumption, setting C' = Cly; one has

Ent(f) < = E [ [Ents(f)]], (4.22)

C
9
where S is a random set with uniform distribution over all subsets of V' of cardinality [0n],
and [E denotes the corresponding expectation.

Let S1,.59,,... denote the connected components of S in G (taken in some arbitrary
order) and for i > 1let S_; = U S Then ps_,., has the product structure ps_,,, =

®§:1 ps;- By Lemmas 4.3.1 and 4.3.4, one has the decomposition

ulEnts(F)] = 3 p [Ents, (s, ()] = S ulEnts, (us ()], (423)

i>1 i>1

where we have used Eq. (4.16) with A = S;and B = S_;. For7 € Q(V'\ S;), let ['(S;, 7)

be the optimal constant so that

-

Entg, (s, () <T(Si,m) 3w, [Entyns, (s, ()] -

1

J

Let I'(S;) = max.conns,) I'(S;, 7). Then,

1t [Ents(f)] <Zr Zu [Enty,ns, (s, (f))] -

We observe next that for all j = 1, ..., k one has

p [Enty,ns, (s, ()] < p [Enty,ns, (tv,ns., (f))] - (4.24)

To see this, we apply Lemma 4.3.4 with A = V; N S;, B = S, and U = V; N S,. Since

HS iy = ®§:1Msj the assumptions for that lemma are satisfied and we obtain Eq. (4.24)
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from Eq. (4.17).

Summarizing, we have obtained

C k
Ent(f EZE

J=1

> T(S)u [Entvjmsi(uvjms@(f))}] : (4.25)

i>1

We show next that forall j = 1,..., k

E | T(S) p [Enty,ns, (py, ms<l(f>>]] < C'p [Enty, (f)] (4.26)
i>1

with ¢’ = O (bgg#Az). Combined with Eq. (4.25), this concludes the proof of the
lemma.

Let us fix j and let vy, vq,... denote an ordering of the sites in V; N .S such that
U1, .o, Vjy;ns, | 18 an ordering of V;NSy, VV;n81]+15 -+ V|V;nS1 | +]V;NS,| 18 an ordering of V;NS,
and so on. Since, forall 7z > 1, Hv;ns; is a product measure, Lemmas 4.3.1 and 4.3.4 (as in
Eq. (4.23)) imply

[V;NS1 |44 V;NS;|

2 [EnthﬁSi (MVjﬁSQ’(f))} = Z % [Entvh (th (f))] ,

h=|VjNSy|4-+[V;NSi 1|41

where p,,, is the conditional distribution obtained from p by freezing the spins at all the
sites outside V, together with all the sites vy, Vpy1, - - -, Vg

Using this decomposition and rearranging one finds

E|> TS [Entvjmsi(uvjmsQ(f))}]

Li>1
V3181 4+ V58|

=E | Y 1(5) > pEnt, (po, (1))

2= h=|V;NS1|+-+|V;NS; _1]+1

—E Zu[Entvh@vh(f))]r(swh))] , (4.27)
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where S(vy,) denotes the (unique) connected component of S containing vy,. Notice that
for each realization of S, py;ns is a product measure and so one has from Lemmas 4.3.1

and 4.3.4 that

> p[Enty, (o, ()] = g [Enty,qs(f))] < p [Enty, (f)] ;

h
the inequality follows from Eq. (4.13).

Observe that each term p[Ent,, (p, (f))], as well as the sequence {vy, }, depends on the
realization S only through V; N S. Therefore,

E Z H [Entvh (pvh (f))] F(S<Uh)) =E

> #[Enty, (pu, (M EL(S(0a)) [ V; N ST

h

where E [I'(S(vs,)) | V; N S] is the conditional expectation of I'(S(v;,)) given the realization

V; N S. Therefore, Eq. (4.26) follows if we prove that

max max E[[(S(v))|V; NS =W] <" (4.28)

WCV; veW
Now, for a b marginally bounded spin system, it follows from Lemma 4.2 in [45] and
Eq. (4.13) that

[(S(v)) < ¢[S(v)[P=,

where ¢ = ((b) = 220" and » = 1/b2. Thus,

: — . 3,15()] : —
max max E [[(S(0)) | V; N5 = W] < ¢ max max B [|S()*=°0 | V;n§ =Ww].
(4.29)
To bound the expectation on the right-hand-side of Eq. (4.29), we consider the graph
G with vertex set V' and edge set £’ U F», where E is the edge set of G and Ej is the set of

all pairs of vertices with a common neighbor in G. Note that G, has maximum degree AZ.

Let A, (a) be the collection of subsets of vertices U C V such that |U| > a, v € U and the
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induced subgraph G, [U] of U in (G5 is connected.
Now, let us fix the set W = ;NS and the vertex v € W and let S, := (S(v)NV,;) C S,
where V; := J;,; Vi. We claim that when the event {|S(v)| = a} occurs for some

a € N, then S, € A,( Indeed, GG3[S,] is connected, since S(v) is connected in G

as1)-
and removing the vertices in V; \ {v} from S(v) will not disconnect S, in G5. Moreover,

A|S(v) N V| > |S(v) NV, and so

a = |S(v) NVj| +[5(v) N V| < (A+1)[S(v) NV,

which implies that [S;| = [S(v) N V| > a/(A + 1). Given S, let T5(v) denote the
connected component of .S in G5 containing v, and note that Sy C T5(v). Then, for any

W C V;,v € W and integer a > 1 we get

P(\S@)\—ayvjms—mgP(ﬂSQeAU (Ail);sggs)

IP’(|Tz( )| = A+1) (4.30)

Next we use Lemma 4.3 from [45], which implies that for any integer m > 1,

P (|Ty(v)] = m) < 5(2(3&0)“@—1. (4.31)

Indeed, the only difference with respect to Lemma 4.3 from [45] is that we have maximum

degree A? here instead of A. In particular, if 2eA%0 < 1/2, using ﬁ < 26,

P (]Tg(v)\ > Ai 1) < 40(2eA%0) a1 < A72(2eA20) a5, (4.32)
It follows that
E[|S@)PNVins =] =) d2" V)| =alV;NS=W)  (4.33)
a>1
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< AN T3 (2eA29AYERE)D < 01N (4.34)

a>1

for some absolute constant C provided that 2eA%0z2+1 < 1/2. This implies that

max max E US(U)PZ'S(”)' | V;NS=W] < A%

WCV; veW

Hence, Egs. (4.26) and (4.28) hold with C' = C;(A?, and so k-partite factorization holds
with constant CypC1 A% /6. O

4.5 Optimal Mixing of Swendsen-Wang Dynamics

In this section, we show that for ferromagnetic Potts models, the k-partite factorization of
entropy, as defined in Eq. (4.20), implies optimal mixing of the Swendsen-Wang (SW) dy-
namics. Since we have already established that, for any spin system, k-partite factorization
is implied by spectral independence, we then deduce Theorem 4.1.2 from the introduction.

We again take G = (V) F') to be an n-vertex graph of maximum degree A and y to be
the Potts distribution on G with configuration space 2 = [q]"". The SW dynamics takes
a spin configuration, transforms it into a “joint” spin-edge configuration, performs a step
in the joint space, and then drops the edges to obtain a new Potts configuration. Formally,
from a Potts configuration o; € [¢]V, a transition o; — 0, of the SW dynamics is defined

as follows:
1. Let M; = M (o) denote the set of monochromatic edges in 0.

2. Independently for each edge e € M, keep e with probability p = 1 — exp(—/3) and

remove e with probability 1 — p. Let A; C M, denote the resulting subset.

3. In the subgraph (V, A;), independently for each connected component C' (including
isolated vertices), choose a spin s¢ uniformly at random from [g] and assign to each

vertex in C' the spin s¢. This spin assignment defines 0.
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It will be useful for us to consider the “joint” Edwards-Sokal distribution for G with
parameters p € [0,1] and integer ¢ > 2. Let £, = Q x {0,1}¥ be the set of “joint”
spin-edge configurations (o, A) consisting of a spin assignment to the vertices o € (2 and
a subset of edges A C E. The Edwards-Sokal measure assigns to each (o, A) € ), a

probability given by

Vo, A) = Zi PAIL = p) Al (g~ 4), (4.35)

J

where 0 ~ A means that A C M(o) (i.e., every edge in A is monochromatic in o) and
Z, is the corresponding normalizing constant or partition function. When p = 1 — e~?,
the “spin marginal” of v is precisely the Potts distribution p and Zg = Z;, and the “edge
marginal” of v corresponds to the random-cluster measure; see, e.g., [56, 63] for extensive
background on these measures.

A key concept in our strategy to prove optimal mixing results for the SW dynamics
is the spin/edge factorization of entropy in the joint space €;. This spin/edge factorization
was shown in [24, Lemma 1.8] to imply O(log n) mixing of the SW dynamics on any graph.
Moreover, in [24] it was proved that for bipartite graphs, even/odd factorization of entropy
for 1 implies the desired spin/edge factorization of entropy in the joint space €2,. We will
generalize the argument from [24] to general graphs, and show that a k-partite factorization
of entropy for p implies spin/edge factorization of entropy in the joint space (2, and thus
combined with [24, Lemma 1.8] this will complete the proof of O(logn) mixing of the
SW dynamics. Note, this O(logn) bound is optimal as there are graphs of bounded degree
where the SW dynamics requires 2(log n) steps to mix.

Before stating our results, we stipulate some notation. For a function f : 2, — R,
we write Ent, (f) = v [ flog (ﬁ)} for the entropy of f with respect to v. For a fixed
configuration o € 2 and subset of edges A C F, Ent,(f | o) and Ent, (f | A) denote the

entropy of f with respect to the conditional measures v(-|o) and v(-| A), respectively.
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More precisely, for a given o € Q, v(-| o) is the measure v conditioned on the event that
the spin configuration is equal to o, and for a given A C FE, v(-| A) is the measure v
conditioned on the event that the edge configuration is equal to A. In this way, Ent, (f | o)
and Ent, (f | A) are functions of o and A, respectively, and v [Ent, (f | 0)], v [Ent,(f | A)]

denote the corresponding expectations with respect to v.

Theorem 4.5.1. Suppose i satisfies the k-partite factorization of entropy with constant
Char; see Eq. (4.20). Then, there exists a constant C' = C(Cpa, 5, A) such that for all
f: =Ry

Ent,(f) < C (v[Ent,(f|0o)] + v[Ent,(f | A)]). (4.36)

The constant C satisfies C = Cpay x O(BA%P2).

We call Eq. (4.36) the spin/edge factorization of entropy with constant C' for the joint
measure v. The main motivation for this inequality is the result established in [24, Lemma
1.8] that on any n-vertex graph, approximate spin/edge factorization with constant C' im-
plies that the SW dynamics has discrete time entropy decay with rate 6 = 1/C, and there-
fore, by Lemma 2.2.4, satisfies T ,i;x = O(logn). Theorem 4.1.2 from the introduction now

follows immediately.

Proof of Theorem 4.1.2. For the Potts model one has ¢#* = O(1/b). Therefore, the results

follows from Theorem 4.6.1, Lemma 4.4.3, Theorem 4.5.1 and [24, Lemma 1.8]. O]

Let {V4,..., Vi } be the k-partition of G, where k < A + 1, as in Section 4.4. For all
J € [k] let v(-|ay;, A) denote the measure v conditioned on oy, = {0, v ¢ V;} and
A C E. We use Ent,(f|y,,A) to denote the corresponding conditional entropy and
v [Ent, (f|ov;, A)] for its expectation with respect to v. Theorem 4.5.1 will follow from

the following lemmas.
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Lemma 4.5.2. Forall f : Q, — R, and all j € [k] we have
v [Ent,(f | A)] > v [Ent,(f |5y, A)] .

Lemma 4.5.3. There exists a constant 6; > 0 such that, for all f : Q; — Ry and all

J € [k,
v [Ent,(f|0o)] + v [Ent,(f |5v;, A)] > 61 v [Ent,(f |5v;)] .

The constant 6, satisfies 1/6; = O(BAePR).

Lemma 4.5.4. If 1 satisfies the k-partite factorization with constant Cly,, then for all

[ =Ry,

v [Ent,(f|ov;)] > 6:Ent,(f),

J=1

1
Cpar ’

where 0y =

Proof of Theorem 4.5.1. By combining the bounds from Lemmas 4.5.2 to 4.5.4 we get

v Bty (£ 7) + Bnty (7] 4)] > 2Bt (1), @37)

and so, using also k£ < A + 1, the spin/edge factorization holds with constant

C Char X O(BA%PR). O

:m:

We briefly discuss next the proof of Lemmas 4.5.2 to 4.5.4, which are the respective

counterparts of Lemmas 4.3, 4.4 and 4.5 in [24] for the bipartite setting.

Proof of Lemma 4.5.2. This is an instance of the same monotonicity that has already been

seen in Lemma 4.3.2. In this particular case, it follows from the argument in the proof of
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Lemma 4.3 in [24] by simply substituting oo with 7y in that proof. O

Proof of Lemma 4.5.3. Let us fix j € [k]. To simplify the notation, we shall use xy to
denote the edge {z,y}, and view the edge configuration A as a vector in {0, 1}¥. For any

fixed configuration 7y, of spins, the conditional probability v(- | 7y,) is a product measure.

That is,
v(-|7v;) = @ val- |77, (4.38)
z€Vj
where, for each z € Vj, v,(-|7y;) is the probability measure on {1,...,q} x {0, 1}

with deg(z) denoting the degree of x. The distribution v, (- | 7y;) can be described s fol-
lows: pick the spin of site x according to the Potts measure on = conditioned on the spin of
its neighbors in V' \ Vj; then, independently for every edge xy € E incident to the vertex
z, if o, = o, set A, = 1 with probability p and set A,, = 0 otherwise; if o, # 0, set
Ay = 0.

The measure v(- |7y, A), obtained by further conditioning on a valid configuration of

all edge variables A compatible with the fixed spins oy, is again a product measure:

v(-1av,, A) = Q) va(- |77, A), (4.39)
zeV;
where v, (- |ov;, A) is the probability measure on {1,...,¢} that is uniform if = has no

incident edges in A, and is concentrated on the unique admissible value given &y, and A
otherwise.

Next, we note that v(- | o) is a product of Bernoulli(p) random variables over the set of
all monochromatic edges in o, while it is concentrated on A. = 0 on all remaining edges.

Therefore we may write

v(-|o) =R val- o), (4.40)



where v, (- | o) is the probability measure on {0, 1}9°¢(*) which is given by the product of
Bernoulli(p) variables on all edges xy incident to x such that o, = o, and is concentrated
on A,, =0ifo, # o,.

We write Ent,(- | ov,), Ent,(- | ov;, A), Ent,(- | o) for the entropies with respect to the
distributions v, (- |ov;), v.(-|ov;, A), vu(-| o) respectively. The first observation is that,
for every site x, there is a local factorization of entropies in the following sense. There
exists a constant d; > 0 such that 1/5; = O(B8AeP?), and such that for all functions f > 0

and all z € V,
vy [Ent(f |0) |ov;] + va [Ente(f |ov,, A) | ov;] > 6 Ent,(f |7v;); (4.41)

this follows from a direct generalization of Lemma 4.7 from [24] for bipartite graphs; the
proof of such generalization to the k-partite setting is the same as that of Lemma 4.7 and is
thus omitted.

Next, we want to lift Eq. (4.41) to the product measure v(- |5v,) = ®zev;Va(- | V).
Let x = 1,...,n denote an arbitrary ordering of the sites z € V;. Let A, € {0, 1}deg($)
be the random variable corresponding to the state of the edges incident to z. We write

& = (04, Ay) for the pair of variables corresponding to x. We first observe that

n

Ent, (f|ov,) = Y v [Ente(ga—115v,) |57, , (4.42)

=1

where g, = v [f|0_vj,fx+1,...,5n], go = fand g, = v [f]a_vj] This identity is an
instance of the decomposition in Lemma 4.3.1.

Putting together Eq. (4.41) and Eq. (4.42) yields

01Ent,(f |5v,) <Y v Vs [Bnty(go-1 | 0) | 5;] + v [Enta(g.—1 |57, A) | 77;] |57,

r=1

= v [Enty(ge_1 | 0) + Enty(g.—1 |57, A) | 57, - (4.43)
r=1
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Proceeding as in the proof of Lemma 4.8 from [24], we obtain the following two inequali-
ties:

S v [Bute(gei [0) | 0%] < v [Entu(f]0) |o%]

r=1
n

> v [Enty(ges |57, A) |5v;) < v [Ent,(f |5V, A) |7v;] -

r=1

These two inequalities combined with Eq. (4.43) yields that
o Ent, (f|ov,) < v [Ent,(f|o)|ov,| + v [Ent,(f |ov,, A) |Fv,] - (4.44)

The results follows by taking expectations with respect to v in Eq. (4.44). [

Proof of Lemma 4.5.4. From the definition of conditional entropy as well as the fact that

v(-|ov,,ov,) = v(-| o) we get
Ent,(f|ov,) = Ent, (v[f|o] |5v;) + v [Ent,(f |0) |5v;] - (4.45)

(see eq. (4.5), (4.6) from Lemma 4.5 in [24]). Now, since the function v [f | o] depends

only on the spin configuration o, one has the identity

k

> v [Bnt, (1S o) [77)] = D [Ent(vlf o] 57,)] (4.46)

j=1 j=1
where the entropy in the right hand side is with respect to 1 and not with respect to v. Since
k-partite factorization holds by assumption,
k
> p[Ent(v[f]o]|v,)] = 6 Ent (v[f|a]), (4.47)

Jj=1

where d; = 1/C,;. By taking functions depending only on oy, for a single V; one easily

sees that (', must be at least 1. Then, taking expectation and summing over j in Eq. (4.45),
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and combining with Eq. (4.46) and Eq. (4.47), we get

Z v [Ent,(f|5v;)] > 02 Ent, (v[f |o]) + kv [Ent,(f|0)].
Using the simple decomposition Ent, (f) = Ent, (v [f |o]) + v [Ent,(f | 0)], and the fact

that 95 < 1 < k, we conclude that

>_v [Enty(f777)] = 6 Enty (f). O

Jj=1

4.6 Uniform Block Factorization via Spectral Independence: A Direct Approach

In this section, we present a more direct proof of Theorem 3.2.4 which can be interesting
to certain groups. The proof in this section uses a recursive arguments of approximate ten-
sorization and subadditivity of entropy and does not utilize abstract simplicial complexes.

The goal of this section is to reformulate in the setting of spin systems some of the
key facts that were derived in Section 3.4 and the references therein in the more general
framework of simplicial complexes. This specialization yields some minor simplification in
the main proofs, and may be of use for later reference. The approach consists in exploiting a
recursive scheme which allows one to derive a global contraction estimate by analysing the
spectral norm of a local operator. This is reminiscent of the recursive approach developed
in [38, 35, 34], where similar ideas were used to derive spectral gap estimates for a class
of conservative spin systems. The argument here is more robust and, unlike the one in [38,
35, 34], it does not rely on symmetries of the underlying measures.

We first introduce some notation. Let f be a function of the full spin configuration o,
and U C V = [n] a subset of vertices. We use the notation ¥ = ju ;s for the conditional
distribution given the spins in U, and write Av|;;—, for the uniform average over all sets
U C [n] with £ vertices. We are going to prove the following result which is a reformulation

of Theorem 3.2.4.
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Theorem 4.6.1. If the spin system is n-spectrally independent and b-marginally bounded
then there exists a constant C' = O(1 + ) such that for any { = {1,...,n — 1} and for all
f=>0:

n

7 AV Ent(u” f) < CEntf. (4.48)

o(

I

Moreover, for any 6 € (0, 1], there exists C' = (%) ) such that for { = [On]:

é Entf <C AV|A|:g p [Enty f] . (4.49)

We remark that Eq. (4.48) is an approximate subadditivity statement, which coincides
with Eq. (4.7) when ¢ = 1. On the other hand Eq. (4.49) is the uniform block factorization
statement (-UBF with ¢ = [fOn]|; see Definition 4.4.1. We articulate the proof in two
steps. The first is a recursive scheme which allows one to go from a local inequality to
a global one; see Lemma 4.6.3. The second step is a control of the local inequality; see

Lemma 4.6.4.

4.6.1 Setting up the Recursion

If U C V, and 7 = 7y a configuration of spins on U, recall that we use notation " =
(- | 7) for the conditional distribution ;¥ when the spins on U are given by 7. Moreover,
we write 4™ = pu(-| 7 U o,) if we additionally condition on the spin o, at vertex ¢ U
and similarly for p™*Y = pu(-|7 U o, Uoy) for z,y ¢ U, so that e.g. the expression

p” [Ent,-= f] indicates the entropy of f with respect to (- |7 U o, U gy),

Ent,ra f = p""Y[ f log(f/p™"¥(f))]
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averaged over the two spins o,, 0, sampled according to u”. Define the constants «y,

k=0,...,n — 2, as the largest numbers such that the inequalities

(1 + o) Avygy Entyr (1™7(f)) < Avyyeo Enty- (™Y (f)) (4.50)

hold forall k = 0,...,n — 2, for all U C [n] with |U| = k, for all configurations 7 on U
and for all functions f > 0. The symbol Av,¢;; denotes the uniform average over all n — &
vertices # ¢ U, and Av, ¢y stands for the uniform average over all (n—k)(n—k—1) pairs
(x,y) with z,y ¢ U and x # y. We refer to Eq. (4.50) as the local inequality, since for
each choice of z, y, the distributions involved are concerned with the spins at two vertices

only.

Remark 4.6.2. Fix z,y ¢ U. Using p™*f = pu™"p>%Y f, from Lemma 4.3.1 we have the

decomposition

Enty,- (u7"(f)) = Entyr (u™(f)) + p” [Entyre (u™Y(f)] -

In particular, Ent,,-(u™"¥(f)) > Ent,-(x™*(f)) and therefore Eq. (4.50) is always true
with oy = 0. If p is a product measure then the subadditivity of entropy for product

measures gives

Enty- (u™(f)) = Ent,r (1™ (f)) + Ent,r (1™ (f)),

which implies the validity of Eq. (4.50) with o, = 1 forall £ =0,...,n — 2.

The recursion is based on the following statement, which rephrases [45, Theorem 5.4].

Lemma 4.6.3. Let oy, k = 0,...,n — 2, be defined by Eq. (4.50). Then, for all functions
f=0,
AvipiEnt(u” f) < (1= m)Ent(f),  j=1,...,n—1, (4.51)
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where

n—1 i—1
mj:;l+7 FZ':llOék, Fozl
Zi:o L k=0

Proof. The claim Eq. (4.51) follows from the fact that forallk =1,...,n — 1:

k—1
5, — 20 L (4.52)

Z?:o L ’

AV|y=k Ent(MUf> < O AV|U|=k41 Ent(,uUf) ,

since Av|yj—, Ent(uY f) = Ent(f), and §;0;41 - - - 6,-1 = (1 — ;).

To prove Eq. (4.52), note that it holds for k = 1 with 6; = 1/(1 + ag) = T /(T'o + I'y)
by the assumption Eq. (4.50) at 7 = (). Next, we suppose it holds for0 < k—1 < n—1 and
show it for k. Forany |U| = k+1and U’ C U with |U’| = k—1, setting {z,y} = U\U’ and

letting 7 = 7y be the configuration on U’, as in Lemma 4.3.1 we have the decomposition

Ent(u” f) = Ent(u(u” f | 700)) + p [Ent(u” f | 707)]

= Ent(u” f) + o [Ent,- (1™ f) | 717] (4.53)
Averaging we obtain

AVipj=ps1 Ent(p” f) = Avigop 1 Ent(u” f) (4.54)
+ AV =k—1 AV yeur o [Ent - (0758 ) | 7o) (4.55)

In the same way
AviyEnt(u” f) = Aviprjop Ent (17 f) (4.56)
+ AV |=k—1 AV o [Enty- (07" f) | To0] - (4.57)

From Eq. (4.50),
Avijk Ent (1Y ) — Avjg i Ent(p” ) (4.58)
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> (14 ap—1) Avjyrj—k—1 Avagpr it [Ent - (1™ f) | 707 (4.59)

= (14 ag_1) [AV‘U|:kEnt(,uUf) — AV|U/|:k_1Ent(uU,f) . (4.60)
Therefore,

AV‘U‘:;CHEnt(,uUf) > (1+ ozk_l)Av‘m:kEnt(,uUf) — ak_lAv‘Uq:k,lEnt(uU/f).

(4.61)
By the inductive assumption Eq. (4.52) at £ — 1 we have
AVipj—p Ent (1Y f) > (14 opy — ap_16p—1) Aviy—eEnt (17 f)
= 6, ' Aviy=xEnt(uY f). O

4.6.2 Estimating Local Coefficients

The next step is an estimate on the coefficients o, appearing in Eq. (4.50).

Lemma 4.6.4. If the spin system is n-spectrally independent and b-marginally bounded
then the local inequality Eq. (4.50) holds with

2

Proof. Fix U C V,|U| = k <n—2and 7 = 7y. We may assume p”(f) = 1, which
implies p" (u™*¥(f)) = p (u™*(f)) = L forall z,y ¢ U. For simplicity, we write Av, ,

and Av,, for the averages Av, y¢rr and Av ¢y Observe that

Avyy Entyr (79 (f)) = 2Av, Enty- (1™*(f))

= Avyy u” ("0 (f)log pm Y (f) — uh (f) log u™ (f) — u™(f) log u™ ()]
(4.63)
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prmY(f)

= Avg, 17 | _E ) .
i (Y (f) log e D (]) (4.64)
Using alog(a/b) > a —bforall a,b > 0,
Avgy Entyr (7Y (f)) — 2Av, Enty- (175(f))
> 1= Avgy p” [ (f)u™ (f)]
= —Avgy p” (W™ (f) = (™ (f) = 1] (4.65)
We may rewrite
Avgy u” [(u"*(f) = (™ (f) — 1)]
- 3 e el o), (4.66)

(z,0)EP

where

plz,a) = p'(flow = a) = 1= [u"*(f)l(a) - 1,

P is the set of all pairs (x,a) where x € V' \ U (if U is the set where 7 = 7 is specified)

and a € [q], v denotes the probability measure on P obtained by setting

1
v(z,a) = m;ﬂ(am =a),

and J™ : P x P — R denotes the influence matrix from Definition 2.1.4. Note that in the

derivation of Eq. (4.66) we have used the fact that for each fixed y ¢ U one has

> vy, d)elya) = ﬁ pr(prr(f) 1) =0.

a’€lq]
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Observe that J7 is self-adjoint in L*(P, v):

v(z,a)J (x,a;y,0) = v(y,a)J " (y,d’; z, a).

(4.67)

In particular, its eigenvalues are real. Let 7 > 0 denote its largest eigenvalue (the eigenvalue

zero always exists since all row sums of .J7 vanish). Letting (-, -) denote the scalar product

in L2(P,v) we have (¢, J) < n(y, ) for all v € L*(P,v). Therefore,

Avgy w” [(W70(f) = D (™ (f) = 1)]

1 U
= — T <—
e s le)
Ui 2 Ui
:—A o T —]_ :—A T

Recalling Eq. (4.65) we have shown

Avgy Ent, (u™(f)) = 2Av, Ent,r (17(f))

77 T,
> A '
> T Av, Va5 ()

Next, observe that for every fixed x ¢ U, setting h™(0,) = [u™"(f)](02):
Var,- (1™ (f)) = ZMT(U =a)(h"(a) — 1)’

<3 (Zu Wl (e >—1|>

1), (4.68)

(4.69)

where b = min,¢y min, p" (0, = a), as in Definition 2.1.1, with the minimum over a

restricted to spin values that are allowed at z, that is such that u" (o, =

have used Y, a? < (>_, a;)? for all a; > 0. Pinsker’s inequality shows that

D7 (n = (@) = 1) < /2Bty ()
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It follows that

2
Var,-(u"*(f)) < 5 Ent,- (™" (f)). (4.70)
Inserting Eq. (4.70) into Eq. (4.69) concludes the proof. U

4.6.3 Proof of Theorem 4.6.1

From Lemma 4.6.3, we see that Eq. (4.48) holds with C' = %(1 — x;). From Lemma 4.6.4

if follows that

ap > max{l — R/(n—k—1),0}, R = [2n/b].

Using this bound in the definition of the coefficients «, and rearranging, see Section 2.2 of

[45], it is not hard to see that forany 1 < ¢ < n — 1:

(n—¢—-1)---(n—{¢—R)

S P gy = 4.71)

Ry

In particular,

~| 3

. n(,  (n=(-1)---(n—(—R)
a-m < §(1- O )

Remarkably, the expression in the right hand side above is decreasing with ¢, and therefore
it is always less than R + 1, its value at £ = 1. This shows that Eq. (4.48) holds with
C<R+1=0(1+1).

To prove Eq. (4.49), we start with the decomposition

Av|pj=¢ pt [Enta f] = Ent(f) — Avjyj=n—¢ Ent [MUf] )

which follows from Lemma 4.3.1. Therefore Lemma 4.6.3 implies that Eq. (4.49) holds
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with C = —“—. Using Eq. (4.71) we see that

Nkp—g"

l (n—1)---(n—R)
nr S (=) ((—R)

In particular, if £ = [6n] with 6 € (0, 1] fixed, then for all sufficiently large n one has

— — < (). This ends the proof of Theorem 4.6.1.
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CHAPTER §
SPECTRAL INDEPENDENCE VIA STRONG SPATTAL MIXING APPROACH:
2-SPIN SYSTEMS

In this chapter, we establish spectral independence for general 2-spin systems. For the
antiferromagnetic case we show that spectral independence holds when the parameters lie
in the so-called tree uniqueness region; this matches the parameter regime of the strong

spatial mixing properties. This chapter is based on [44].

5.1 Optimal Mixing Results for 2-Spin Systems

Given an n-vertex graph G = (V, E), configurations of the 2-spin model are the 2" assign-
ments of spins 0, 1 to the vertices. A 2-spin system is defined by three parameters: edge
weights 3,7 > 0 and a vertex weight A > 0. Edge parameter 3 controls the (relative)
strength of interaction between neighboring 1-spins, 7y corresponds to neighboring 0-spins,
and A is the external field applied to vertices with 1-spins.

Every spin configuration o € {0, 1}V is assigned a weight
we(a) = By @)

where, for spin s € {0,1}, my(0) = #{w € FE : 0, = 0, = s} is the number of
monochromatic edges with spin s, and ny(0) = #{v € V : g, = 1} is the number
of vertices with spin 1 (as is standard, the parameters are normalized so we can avoid
two additional parameters). The Gibbs distribution over spin configurations is given by
pc(o) = Z;“;”(C’B—%, where Zg (8,7, A) = X co1yv Bmal@)ymo(@) \n1(e) g the partition
function.

There are two examples of particular interest: the hardcore model and the Ising model.
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When 8 = 0 and v = 1 then the only configurations with non-zero weight are independent
sets of G and the weight of an independent set o is w(c) = Al°; this example is known as
the hardcore model where the parameter A corresponds to the fugacity.

In the case # = -y then the important quantity is the total number of monochromatic
edges m(c) = mgy(c) 4+ my (o) and the weight of a configuration o is w(o) = ™)\ (),
this is the classical Ising model where the parameter 3 corresponds to the inverse temper-
ature and ) is the external field (A = 1 means no external field). Note, when 5 > 1 then
the model is ferromagnetic as neighboring vertices prefer to have the same spin, and 5 < 1
is the antiferromagnetic Ising model. In the general 2-spin system, the model is ferromag-
netic when v > 1 and antiferromagnetic when Sy < 1. (When vy = 1 we get a trivial
product distribution.)

It was long conjectured that the simple Glauber dynamics is rapidly mixing in the tree
uniqueness region. This was recently proved by Anari, Liu, and Oveis Gharan [4] for
the hardcore model; they proved, for all § € (0, 1), the mixing time is n©©®(1/9) when-
ever A < (1 — d)A.(A) where A\.(A) = % is the tree uniqueness/non-uniqueness
phase transition threshold. We improve this result and establish optimal mixing time of the

Glauber dynamics in the uniqueness region.

Theorem 1.1.1 (Hard-core Model). Let A > 3 be an integer and let 6 € (0, 1) be a real.
For every n-vertex graph G of maximum degree A and every 0 < A < (1 — §)A.(A), the
mixing time of the Glauber dynamics for the hardcore model on G with fugacity \ is at

most Cnlogn where C' = C(A, ) is a constant independent of n.

The spectral independence bound we obtain here is better than the previous result [4].
Our improved result follows from a simpler, cleaner proof approach which enables us to
extend our result to a wide variety of 2-spin models, matching the key results for the corre-
lation decay algorithm with vastly improved running times.

Our proof approach unifies the three major algorithmic tools for approximate counting:

correlation decay, polynomial interpolation, and MCMC. Most known results for both cor-
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relation decay and polynomial interpolation approach are proved by showing contraction
of a suitably defined potential function on the so-called tree recursions; the tree recursions
arise as a result of Weitz’s self-avoiding walk tree that we will describe in more detail later
in this chapter. A recent work of Shao and Sun [118] unifies these two approaches by show-
ing that the contraction which is normally used to prove efficiency of the correlation decay
algorithm, also implies (under some additional analytic conditions) that the polynomial
interpolation approach is efficient.

Here we prove that this same contraction of a potential function also implies optimal
mixing time of the Glauber dynamics; see Definition 5.2.1 and Theorem 5.2.2 for a detailed
statement. Our proof utilizes several new tools concerning Weitz’s self-avoiding walk tree,
which are detailed in Section 5.4. In particular, we show that the partition function of a
graph G divides the partition function of Weitz’s self-avoiding walk tree; see Lemma 5.4.1.
This result is potentially of independent interest for establishing absence of zeros for the
partition function with complex parameters, as it enables one to consider the self-avoiding
walk tree. This result also yields a new, useful equivalence for bounding the influence in a
graph in terms of the self-avoiding tree, which strengthens the previously known connection
by Weitz [127]; see Lemma 5.4.1 for details.

As an easy consequence we obtain rapid mixing for the Glauber dynamics for the an-

tiferromagnetic Ising model in the tree uniqueness region. In terms of the edge activity,

. ps . . A-2
the two critical points for the Ising model on the A-regular tree are at 3.(A) = == and
B(A) = m = 2, the first lies in the antiferromagnetic regime, while the second lies

in the ferromagnetic regime. If 3.(A) < 8 < B.(A), then uniqueness holds for all external
field A on the A-regular tree.

As mentioned earlier, for the ferromagnetic Ising model, an FPRAS was known for
general graphs [77]. Furthermore, Mossel and Sly [106] proved O(n logn) mixing time of
the Glauber dynamics for the ferromagnetic Ising model when 1 < 8 < 3.(A). However,

rapid mixing for the antiferromagnetic Ising model in the tree uniqueness region was not
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known.
We provide the following optimal mixing result for the case 5 > [.(A). Note, when
B < [, there is an additional uniqueness region for certain values of the external field A;

this region is covered by Theorem 1.1.3.

Theorem 1.1.2 (Ising model). Let A > 3 be an integer and let § € (0,1) be a real. For

A-2+5 _A-6
A—6 7 A-240

every n-vertex graph G of maximum degree \, every [ € | |, and every \ > 0,
the mixing time of the Glauber dynamics for the Ising model on G with edge activity 3 and

external field \ is at most Cnlogn where C' = C(A, ) is a constant independent of n.

Our results for the hardcore and Ising models fit within a larger framework of general
antiferromagnetic 2-spin systems. Recall that the antiferromagnetic case is when gy < 1.

For general 2-spin systems the appropriate tree phase transition is more complicated
as there are models where the tree uniqueness threshold is not monotone in A. Hence the
appropriate notion is “up-to-A uniqueness” as considered by [89]. Roughly speaking, we
say uniqueness with gap d € (0, 1) holds on the d-regular tree if for every integer ¢ > 1, all
vertices at distance ¢ from the root have total “influence” < (1 — )¢ on the marginal of the
root. We say up-to-A uniqueness with gap ¢ holds if uniqueness with gap o holds on the
d-regular tree for all 1 < d < A; see Section 5.3 for the precise definition.

Both Theorems 1.1.1 and 1.1.2 are corollaries of the following general optimal mixing
result which holds for general antiferromagnetic 2-spin systems in the entire tree unique-

ness region.

Theorem 1.1.3 (Antiferromagnetic 2-Spin Systems). Let A > 3 be an integer and let
d € (0,1) be areal. Let (3,7, \) with0 < 5 <~,v >0, 8y < 1and \ > 0 be parameters
specifying an antiferromagnetic 2-spin system which is up-to-/A\ unique with gap 6. For
every n-vertex graph G of maximum degree A, the mixing time of the Glauber dynamics
for the antiferromagnetic 2-spin system on G with parameters (3,7, \) is at most Cnlogn

where C = C(A, 4, 5,7, \) is a constant independent of n.
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We also match existing correlation decay results [67, 118] for ferromagnetic 2-spin

models; see Section 5.10 for results and proofs.

5.2 Establishing Spectral Independence by the Potential Method

The tree recursion is very useful in the study of approximating counting. Consider a tree
rooted at r. Suppose that r has d children, denoted by vy,...,v5. For 1 < ¢ < A; we

define 7,, to be the subtree of 7" rooted at v; that contains all descendant of v;. Let R, =

HTy, (le' =1) f

pr(o, = 1)/ur(o, = 0) denote the marginal ratio of the root, and R,, = it (00, =0) 10T
each subtree. The tree recursion is a formula that computes R, given R,,, ..., R,,, due to
the independence of T;,’s. More specifically, we can write R, = Fy(R,,, ..., R,,) where
Fy: [0, 4+00]? — [0, +00] is a multivariate function such that for (xy, ..., z4) € [0, 00,

d
Fd(xlw"axd) :)\H

=1

In this chapter, however, we pay particular interest in the log of marginal ratios. The
reason is that we will carefully study the pairwise influence matrix W of the Gibbs distri-

bution pg, introduced in [4] and defined as for every r,v € V
Ye(r = v) =peloy =10, =1) = pg(o, = 1[0, =0).

One crucial observation we make in this chapter is that the influence Vg (r — v) of r
on v can be viewed as the derivative of log R, with respect to the log external field at v
(see Lemma 5.5.3). Thus, it is more convenient for us to work with the log ratios. To
this end, we rewrite the tree recursion as log R, = Hy(logR,,,...,log R,,) where H :

[—00, +00]¢ — [—00, +-00] is a function such that for (v, ..., yq4) € [—00, +00]%,

d
Hy(yr, . ya) =log A+ > log [ ) |
a1+ ya) = log Jr;og<eyi+7
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Observe that H = log oF’ o exp. Moreover, we define

(1 —pBy)e?
(Bev +1)(ev + 7)

hy) = —

for y € [—o0, +00], so that 8%Hd(yl, ..., ya) = h(y;) for each i.

To prove our main results, we use the potential method, which has been widely used
to establish the decay of correlation. By choosing a suitable potential function for the log
ratios, we show that the total influence from a given vertex decays exponentially with the
distance, and thus establish rapid mixing of the Glauber dynamics. Let us first specify
our requirements on the potential. For every integer d > 0, we define a bounded interval
Jq which contains all log ratios at a vertex of degree d. More specifically, we let J; =
[log(AB%),log(A/7")] when 8y < 1, and Jy; = [log(A/7?),log(AB%)] when By > 1.
Furthermore, define J = dA;()l J4 to be the interval containing all log ratios with degree

less than A.

Definition 5.2.1 ((«, ¢)-Potential function). Let A > 3 be an integer. Let 3,7y, A be reals
suchthat 0 < 8 < 74,7 > 0and A > 0. Let = : [—00,+00] — (—o0,+00) be a
differentiable and increasing function with image S = =[—o00, +00] and derivative ) = Z'.
For any o € (0,1) and ¢ > 0, we say = is an («, ¢)-potential function with respect to A

and (3,7, \) if it satisfies the following conditions:

1. (Contraction) For every integer d such that 1 < d < A and every (7, ..., %) € S¢,

we have

d
HVH5@17-~,%)H1:Z ) h(yi)] <1—-a

v
— ¥ (vi)
where Hf = =0 Hyjo =71 y; = 27 1(g;) for 1 <i < d,and y = Hy(y1, - - -, Ya)-

2. (Boundedness) For every 1, v, € J, we have




In the definition of («, c)-potential, one should think of y as the log marginal ratio at
a vertex and the potential function is of log R. The following theorem establishes rapid

mixing of the Glauber dynamics given an («, c)-potential function.

Theorem 5.2.2. Let A > 3 be an integer. Let 3,7, \ be reals such that 0 < [ < #,
v > 0and X > 0. Suppose that there is an («, ¢)-potential with respect to A and (3,7, \)
for some o € (0,1) and ¢ > 0. Then for every n-vertex graph G of maximum degree
A, the Gibbs distribution of the 2-spin system on G with parameters (3,7, \) is spectrally

independent with constant
c
n= o

We outline our proofs in Section 5.4. Note that in both Definition 5.2.1 and Theo-
rem 5.2.2, the constant c is allowed to depend on the maximum degree A and parameters
(8,7, ) in general. For example, a straightforward black-box application of the potential
in [89] would give ¢ = O(A) for the Boundedness condition. However, this is undesirable
for graphs with potentially unbounded degrees. One of our contributions is that we show
the Boundedness condition holds for a universal constant ¢ independent of A and (3,7, A).

In Section 5.8, we give a slightly more general definition of («, ¢)-potentials, which
relaxes the Boundedness condition, and is necessary for our analysis of antiferromagnetic
2-spin systems with 0 < § < 1 < «. Theorem 5.2.2 still holds for this larger class of
potentials.

We remark that in all previous works of the potential method, results and proofs are
always presented in terms of F;, the tree recursion of R, and ¢, a potential function of R.
In fact, our results can also be translated into the language of (Fj, ®). To see this, since
H, = log oFoexp, it is straightforward to check that H5 = Zo Hyjo="! = ®oFjod~! =
F? if we pick ® = = o log, and thereby VHT = VE?. This implies that the Contraction
condition in Definition 5.2.1 holds for (Hy, Z) if and only if the corresponding contraction

condition holds for (F}, ®). The Boundedness condition can also be stated equivalently for

106



(Fy, ®). Nevertheless, in this chapter we choose to work with (Hy, =) for the following two
reasons. First, as mentioned earlier, the fact that W (r — v) is a derivative of log R, makes
it natural to consider the tree recursion for the log ratios. Indeed, it is easier and cleaner
to present our results and proofs using (Hy, =) directly rather than switching to (Fy, ®).
Second, the potential function = we will use is obtained from the exact potential ¢ in [89],
by the transformation = = ® o exp. (To be more precise, we also multiply a constant
factor which only simplifies our calculation and does not matter much; also notice that [89]
denotes the potential function by ¢ and its derivative by ® = ¢’.) It is intriguing to notice
that the derivative of this potential is simply ¢ = \/m . Then the Contraction condition has
a nice form: Zle \/W < 1 — «; and the Boundedness condition only involves an
upper bound on A(y). This seems to shed some light on the mysterious potential function
® from [89], and also indicates that H; is a meaningful variant of the tree recursion to
consider. To add one more evidence, for a lot of cases (e.g., % < By < ﬁ) where
the potential & = log is picked, that just means we can pick = to be the identity function

and H, itself is contracting without any nontrivial potential.

5.3 Preliminaries for 2-Spin Systems

Here we give relevant definitions for 2-spin systems that are used in this chapter.

Uniqueness Let A > 3 be aninteger or A = oo. Let 3,7, Abereals such that 0 < 3 <,

v>0,8y<land A > 0. For1 <d < A, define

ﬁR+1)d

fd(R):)\(R+’y

and denote the unique fixed point of f; by Rj. For 6 € (0,1), we say the parameters

(8,7, A) are up-to-A unique with gap 6 if | f}(R})| <1—oforall1 <d < A.
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Ratio and Influence Consider the 2-spin system on a graph G = (V, F). Let A C V and

op € {0,1}2. For all v € V\ A, we define the marginal ratio at v to be

/’LG(U’U =1 | UA)

RZMv) = .
¢ W) = e =0 ow)

For all u,v € V\A, recall that we define the (pairwise) influence of u on v by

UM (u—=v) =pgloy =10, =1, 0p) — pg(oy = 1] 0, =0, o4).

Write W7 for the (pairwise) influence matrix whose entries are given by W7 (u — v).

Weitz’s Self-Avoiding Walk Tree Let G = (V, E)) be a connected graph and » € V' be a
vertex of G. The self-avoiding walk (SAW) tree is defined as follows. Suppose that there is a
total ordering of the vertex set V. A self-avoiding walk from r is a pathr = vg—vi—- - -—vy
such that v; # v; forall 0 < i < j < (. The SAW tree T, (G, r) is a tree rooted at r,
consisting of all self-avoiding walks r = vy — v; — - -+ — vy with deg(v,) = 1, and those
appended with one more vertex that closes the cycle (i.e., r = vog — vy — -+ — vy — v; for
some 0 < i < ¢ — 2 such that {v,,v;} € E). Note that a vertex of G might have many
copies in the SAW tree, and the degrees of vertices are preserved except for leaves. See
Fig. 5.1 for an example.

We can define a 2-spin system on T,y (G, r) with the same parameters (5,7, A), in
which some of the leaves are fixed to a particular spin. More specifically, for a self-avoiding
walk r = vg—v; — - - - — vy appended with v;, we fix v; to be spin 1 if v;;1 < vy with respect
to the total ordering on V/, and spin 0 if v;; > v,. For each v € V' we denote the set of
all free (unfixed) copies of v in T,y (G, 7) by C,. For A C V and a partial configuration
op € {0,1}", we define the SAW tree with conditioning o, by assigning the spin o, to
every copy v of v from C, and removing all descendants of 0, for each v € A. Note that in

general, different copies of v from C, can receive different spin assignments. Finally, in the
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Figure 5.1: A graph G and the self-avoiding walk tree T,y (G, ) rooted at r. Vertices with
the same label in T, (G, 1) are copies of the same vertex from G. (@/O: fixed to spin
1/0.)

case that every vertex v has a distinct field \,, all copies of v from C, will have the same

field )\, in the SAW tree.

5.4 Proof Outline

In this section, we give an overview of our proof approach.

Self-Avoiding Walk Trees Preserve Influences From standard linear algebra, we know
that the maximum eigenvalue of W/ is upper bounded by both the 1-norm [|[W7||, =
max,ey Y,y | Y& (v — 7)|, which corresponds to total influences on a vertex r, and the
infinity-norm ||W7A || = max,ev Y oy |YE (1 — v)], corresponding to total influences
of . In [4] the authors use || U{! ||, as an upper bound on Ayax (V). Roughly speaking,
they show that the sum of absolute influences on a fixed vertex r, is upper bounded by
the maximum absolute influences on r in the self-avoiding walk tree rooted at r, over all
boundary conditions. Here in this chapter, we will use ||W{* || to upper bound Apax (W)

instead. In fact, much more is true if we look at the influences from r in the self-avoiding
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tree. We show that for every vertex v € V, the influence U (r — v) in G is preserved
in the self-avoiding walk tree T' = T, (G, 1) rooted at 7, in the form of sum of influences
WA (r — 0) over all copies v of v.

The way we establish this fact is by viewing the partition function as a polynomial in
A. In fact, it will be useful to consider the more general case with an arbitrary external
field A\, for every v € V. Let A = {\, : v € V} denote the fields. For A C V and
or € {0,1}", the weight of ¢ € {0,1}V\* conditional on 7, is defined to be wg(o |
op) = Bmleloa)ymolalon) [Toevna AS" where m;(- [ oa) is the number of i-i edges with at
least one endpoint in V\A for ¢ = 0, 1. Furthermore, ZZ* = >/ jyvia we(o | on) is
the partition function conditioned on o,. We shall view [ and v as some fixed constants
and think of X as n = |V/| variables. In this sense, we regard the weights wg (o | o,)
as monomials in A and the partition function Z7* as a polynomial in A. Moreover, the
marginal ratios R} (v) and the influences W7 (r — v) for r,v € V are all functions in
A. Our main result is that the partition function of G divides that of T,y (G, ) for each
r € V. From that, we show that the SAW tree preserves influences of the root, as well as

re-establishing Weitz’s celebrated result [127], see Lemma 5.5.4.

Lemma 54.1. Let G = (V, E) be a connected graph, v € V be a vertex and A C V\{r}
such that G\A is connected. Let T = T\ (G,r) be the self-avoiding walk tree of G

rooted at r. Then for every op € {0,1}, ZZ divides Z7*. More precisely, there exists a

polynomial Pg)\. = PZ,.(X) independent of \, such that
Zh = 77N - PgAT (5.1
As a corollary, for each vertexv € V,

T (r — v) = Z oM (r — D), (5.2)
0€ECy

where C, is the set of all free (unfixed) copies of v in T
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Remark 5.4.2. We emphasize that for the purposes of bounding the total influence of a ver-
tex in GG, only Eq. (5.2) of Lemma 5.4.1 is needed, which can be proved in a purely combi-
natorial fashion. However, we believe the divisibility property Eq. (5.1) of the multivariate

partition function of GG and its self-avoiding walk tree may be of independent interest.

We note that a univariate version of the divisibility statement Eq. (5.1) has already
appeared in [20] for the hardcore model and [93] for the zero-field Ising model in the study

of complex roots of the partition function. From Lemma 5.4.1, we can get

DGR = o) < Y WP (r = v))

veV veVr

for any fixed . That means, we only need to upper bound the sum of all influences for

trees, in order to get an upper bound on A, (VZ).

Decay of Influences Given a Good Potential The tree recursion provides us a great tool
for computing the (log) ratios of vertices recursively for trees. As we show in Lemma 5.5.3,
the influence W (r — v) is in fact a version of derivative of the log marginal ratio at 7.
Thus, the tree recursion can be used naturally to relate these influences. We then apply
the potential method, which has been widely used in literature to establish the decay of
correlations (strong spatial mixing). The following lemma shows that the sum of absolute
influences to distance & has exponential decay with £k, which can be thought of as the decay

of pairwise influences.

Lemma 5.4.3. [f there exists an («, ¢)-potential function = with respect to A and (3,7, \)
where o € (0,1) and ¢ > 0, then for every A C Vp\{r}, on € {0,1}* and all integers

k>1,

Y= <c-(1-a)f!

veLy (k)

where L, (k) denote the set of all free vertices at distance k away from r.
Theorem 5.2.2 is then proved by combining Lemma 5.4.1 and Lemma 5.4.3. We leave
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its proof to Section 5.11.

Find a Good Potential As our final step, we need to find an («, ¢)-potential function as
defined in Definition 5.2.1. The potential = we choose is exactly the one from [89], adapted
to the log marginal ratios and the tree recursion H (see Section 5.7 for more details). We
show that if the parameters (3,7, \) are up-to-A unique with gap § € (0,1) and either

VB7 > 252 ory < 1, then = is an («, c)-potential.

Lemma 5.4.4. Let A > 3 be an integer. Let 3,~, X be reals such that 0 < < ~, v > 0,
By < 1land A > 0. Assume that (3,7, \) is up-to-A unique with gap § € (0, 1). Define the

function = implicitly by

= () — _ (1 —Bv)ev _ =/
E(y) =v(y) = \/(ﬁey e ) h(y)|,  Z(0)=0. (5.3)

If VBy > 252, then E is an («, c)-potential function with o« > §/2 and ¢ < 1.5. If
VY < % and vy < 1, then = is an («, ¢)-potential with o > §/2 and ¢ < 18; we can

further take ¢ < 4 if 5 = 0.

We deduce Theorem 1.1.3 for the case /57 > % or v < 1 from Theorem 5.2.2 and
Lemma 5.4.4. The proof of it can be found in Section 5.11. The case that \/fy < %
and y > 1 is trickier. As discussed in Section 5 of [89], when /37 < % and v > 1, for
some A > 0 the spin system lies in the uniqueness region for arbitrary graphs, even with
unbounded degrees (i.e., up-to-oo unique). Thus, in this case the total influences of a vertex

can be as large as ©(A/6), resulting in n®4/9)

mixing time. To deal with this, we consider
a suitably weighted sum of absolute influences of a fixed vertex, which also upper bounds
the maximum eigenvalue of the influence matrix. Definition 5.2.1 and Theorem 5.2.2 are
then modified to a slightly stronger version. The statements and proofs for this case are

presented in Section 5.8.

The rest of the chapter is organized as follows. In Section 5.5 we prove Lemma 5.4.1
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about properties of the SAW tree. In Section 5.6 we establish Lemma 5.4.3 regarding
the decay of influences by the potential method. We verify the Contraction condition in
Section 5.7 for our choice of potential. Section 5.8 is devoted to the case that /3y < %
and v > 1, where a more general version of Definition 5.2.1 and Theorem 5.2.2 is required.
In Section 5.9 we verify the Boundedness condition and its generalization for our potential
in all cases. We consider ferromagnetic spin systems in Section 5.10. Finally, we prove all

of our main results in Section 5.11.

5.5 Preservation of Influences for Self-Avoiding Walk Trees

In this section we show that the self-avoiding walk (SAW) tree, introduced in [127] (see
also [117]), maintains all the influence of the root, and thus establishes Lemma 5.4.1. To
do this, we show that the partition function of Gz, viewed as a polynomial of the external
fields A, divides that of the SAW tree. From there we prove that the influence of the root
vertex r on another vertex v in (, is exactly equal to that on all copies of v in the SAW
tree. Using our proof approach, we show that the marginal of the root is maintained in the
SAW tree, re-establishing Weitz’s celebrated result [127], and also all pairwise covariances

concerned with v are preserved.

Theorem 5.5.1. Let G = (V, E) be a connected graph, r € V be a vertex and A C V\{r}
such that G\A is connected. Let T = Tguw(G,r) be the self-avoiding walk tree of G

rooted at r. Then for every op € {0,1}, ZZ divides Z7*. More precisely, there exists a

polynomial Pg)\, = PZ\.(X) such that

OA __ OA OA
ZT — ZG ° PG,’I"'

Moreover, the polynomial Pg’) is independent of \,.

Remark 5.5.2. The proof of Theorem 5.5.1 can be adapted to give a purely combinatorial

proof of Eq. (5.2) in Lemma 5.4.1. Like in the proof of [127, Theorem 3.1], one can
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proceed via vertex splitting and telescoping, where instead of telescoping a product of

marginal ratios, one instead telescopes a sum of single-vertex influences.

We remark that [20] proved a univariate version of Theorem 5.5.1 for the hardcore
model, and [93] showed a similar result for the zero-field Ising model with a uniform edge
weight. Our result holds for all 2-spin systems and arbitrary fields for each vertex. We can
also generalize it to arbitrary edge weights for each edge in a straightforward fashion. It
is crucial that the quotient polynomial ng;n is independent of the field A, at the root, from
which we can deduce the preservation of marginal and influences of the root immediately.

Before proving Theorem 5.5.1, we first give a few consequences of it. For all u,v €
V\A, we define the marginal at v as M* (v) = pa(v =1 | o) (henceforth we write v = i

for the event o, = ¢ for convenience), and the covariance of u and v as
K& u,0) = pa(u=v = 1] 0x) = pig(u = 1| oa)pg(v = 1| ).
The following lemma relates the quantities we are interested in with appropriate derivatives

of the (log) partition function. Parts 1 and 2 of the lemma are folklore.

Lemma 5.5.3. For every graph G = (V,E), A C V and o5 € {0,1}*, the following
holds:

1. Forallv eV,

a g g
(Av a)\v) log Z;* = MGA(U)Q

2. Forallu,v eV,

0 0 0
= T NV og 22 = [ A2 ) M2 (u) = K2 (u, v):;
()\va)\v> ()\ua)\u> og (A“aAJ o () cMu,v);

3. Forallu,v €V,

0 oA oA
()\v{?)\v> log RZM (u) = Wi (u — v).



Proof. The first two parts are standard. We include the proofs of these two facts for com-

pleteness. To see the first equality, we compute directly and get

0 on _ 1 0 or
( aA>1°gZ 7 <A8A>Z

o X () (e e

G sefo,1}v\a wev

G oe{o1pv\a wev

- Z oy pg(o | op) = Mgt (v).

se{0,1}V\A

For Part 2, using the result above, we can also get

0 0 o
()\va)\v) ()\ua)\u) log Z/
ACAYE! O\ o
= (van) (7 (M) 72)
B 1 0 0 on 1 0 on 0 or
=77 (A“fm) (A f»)z 72 (A aA>Z (A aA)Z

1 8 m1a mo Ow OA OA
() | Z o (e T ) ) -

06{071}‘/\1\ wevV
1 a m m (o) o UA TA
~Zo Y. o A on @@ [T A | = Mg (w) - MG (v)
G UE{O,].}V\A weV
1
_ ZGA Z Oy Oy </Bm1 o') mo H )\O’qu) MO'A ) . MgA (U)
G UE{O,l}V\A weV
= Y ou-oy-pe(o | on) = MZ(u) - MZM(v)
UE{O,l}V\A
— K% (u,0). =
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For Part 3, we deduce from Part 2 that

(Ava%v) log RE (u) = (Av ai) log (%)

() M2
~ MZMw) (1= Mg (W)
_ K&

u,v)

It remains to show that

UM (u —v) =

which actually holds for any two binary random variables. To see this, we first compute

KZM(u,u) - W (u — v) by definition:

KZM(u,u) - U (u — v)
=pc(u=1|0on) - pclu=0]0n) [uclv=1[u=1 0x) —pclv="1]u=0,04)]
=pcu=1v=1[0pr) pe(u=0|0x) = pclu=1[04) - pe(u=0,v=1][0,)
=puglu=1v=1|0p) peglu=0,v=0|0,)

—pelu=1Lv=0]|0p) pc(u=0,0v=1]0,).

Meanwhile, the covariance can be written as

KZMu,v) = pe(u=1v=1]0pr) —pc(u=1|0p) - pa(v =11 o)
=ucglu=1v=1|0p) pelu=0,0=0|0y)

—peglu=1Lv=0|0p) pc(u=0,0v=1]0,).

This shows that U (u — v) = K" (u,v)/KZ*(u, u) and thus establishes Part 3.

We deduce Lemma 5.4.1 from Theorem 5.5.1 and the second item of the following

lemma. The proof of Theorem 5.5.1 will be presented soon.
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Lemma 5.54. Let G = (V, E) be a connected graph, v € V be a vertex and A C V\{r}
such that G\ is connected. Let T = T,y (G, 1) be the self-avoiding walk tree of G rooted

at r. Then for every o5 € {0, 1}* we have:

1. ([127, Theorem 3.1]) Preservation of marginal of the root r:

Meh(r) = Mz"(r)  and  Rg(r) = R (r);

2. Preservation of covariances and influences of r: for everyv € V,

Ko (ro)= S K (ro)  and  WR(r—v)= > WP (r — 0).

DEC, DECy

where C, is the set of all free (unfixed) copies of vin'T.

Proof. By Theorem 5.5.1, there exists a polynomial P, = PZA.(A) such that Z7* =

Ze - Pgh and PG/, is independent of \,. Then it follows from Lemma 5.5.3 that

o 0 oA
M7*(r) = < N >10gZ

= < ai > (log ZZ* + log PgAT)

0 on
( N )1ogZ

= Mgh(r),
and therefore R7*(r) = R/ (r). For the second item, again from Lemma 5.5.3 we get

K0 = (Mg ) ME0) = (Mg ) 2170

Recall that for the spin system on the SAW tree T, every free copy v of v from C, has the

same external field A\; = \,. Then, by the chain rule of derivatives and Lemma 5.5.3, we
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deduce that

Finally, we have

WM — v) = ( ai >1ogR"A( ) = (A ai )1ogR"A =) VP (r—b

VECy

where the last equality follows as above. 0

We finish this section with the proof of Theorem 5.5.1. Before presenting our proof, let
us first review the notations and definitions introduced earlier. Denote the set of fields at all
vertices by A = {\, : v € V}. For A C V and oy € {0,1}%, the weight of o € {0,1}"\A

conditional on o, is given by

welo | aa) = groionlymoeion) TT Az,

veEV\A
where fori = 0, 1, m;(- | o05) denotes the number of edges such that both endpoints receive
the spin 7 and at least one of them is in '\ A. The partition function conditional on o, is
defined as Z¢* = 3 g 13v\a we(o | o). For the SAW tree, we define the conditional
weights and partition function in the same way. In particular, recall that when we fix a
conditioning o, on the SAW tree, we also remove all descendants of v € C, for each
veA.

For every v € V\A and i € {0,1}, we shall write v = i to represent the set of
configurations such that o, = i (i.e., {0 € {0,1}V\ : ¢, = i}) and let ZZ* (v = i) be
sum of weights of all configurations with v = 7. We further extend this notation and write
ZMU = oy) forevery U C V\A and oy € {0, 1}V. For the SAW tree we adopt the same

notations as well.
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Proof of Theorem 5.5.1. We will show that there exists a polynomial F¢/. = FZ).(A), in-

dependent of )\, such that

ZP(r=1)=Z%(r=1)- P& and ZP(r=0)=Z%(r=0)-P&. (54

The high-level proof idea of Eq. (5.4) is similar to the corresponding result in [127, The-
orem 3.1]. Let m be the number of edges with at least one endpoint in V\A. We use
induction on m. When m = 0 the statement is trivial since 7' = . Assume that Eq. (5.4)
holds for all graphs and all conditioning with less than m edges. Suppose that the root r
has d neighbors vy, ..., v,. Define G’ to be the graph obtained by replacing the vertex r
with d vertices rq, . . ., rq and then connecting {r;, d;} for 1 <i < d.

Consider first the case where (G'\{r})\A is still connected. For each i, let G; = G’ —r;.
Define the 2-spin system on G; with the same parameters (3,7, A), plus an additional
conditioning that the vertices ry,...,r;_; are fixed to spin 0 while r;,4,...,ry are fixed
to spin 1; we denote this conditioning by oy, with U; = {vy,...,v4}\{v;}. Then, T' =
Tsaw (G, ) can be generated by the following recursive procedure. Also see Fig. 5.2 for an

illustration.

Algorithm: T, (G, )
1. For each i, let T; = Taw (G, v;) plus the conditioning oy, ;
2. Let T' = Tsuw (G, ) be the union of r and 71, . .., T, by connecting {r,v;} for 1 <

1 < d; output 7.

For the purpose of proof, we also consider the 2-spin system on G’ with the same
parameters (3,7, A), with an exception that we let the vertices rq, ..., r, have no fields

(i.e., setting \,, = 1 for 1 <7 < d instead of \,). We then observe that

ZgA(’[":1>:)\r-Zg§\(’r1 = 1,...,Td:1),

119



Figure 5.2: A recursive construction of the self-avoiding walk (SAW) tree. Here 7; is the
SAW tree of GG; rooted at v; fori = 1,2, 3. (@/O: fixed to spin 1/0.)

and the same holds with spin 1 replaced by 0. For 1 < i < d, let o5, denote the union of

the conditioning o, and oy;,, where A; = A U U;. Then for every 1 < i < d we have
Z(ri=0,...,ri=0r=1,...,rq=1)= B Z5 (v;=1)+ Z;* (v; = 0).

Notice that both sides are independent of the field \,: for the left side, all r;’s do not
have a field for the spin system on G’; for the right side, recall that we do not count the

weight of fixed vertices for the conditional partition function for each ;. Now define

¢ = Qi (A) by
d
g}r = HZ(CT;//X(T} = 0,...,7”1'_1 :O,Ti = ]_,...,’T’d = 1),
=2
which is independent of \,. Then we get
d
ZGgrr=1)-Q% = -[[ 2501 =0, rici =0 =1,...,rg=1)

i=1
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d
= AL (B- 280 (i =1) + 25 (0, = 0)) .

=1

Using a similar argument, we also have

d
ZgA(T:O)' g}r:HZgl,\(’f’l:O,...,T’Z’ZO,’T’H_l:1,...,7“d:1)
:H Zo0 1)+ Zg (v =0)).

Since we assume that (G\{r})\A is connected, the graph G;\A is also connected for each
1. Then, by the induction hypothesis, for each ¢ there exists a polynomial ngm = ngm (A)

such that

these polynomials are independent of )\, since the conditional partition functions for G;’s

do not involve A,. Now if we let

OA __ )OA OA;
PG,T - WG PGi,vi’
=1

then it follows from the tree recursion that

Zgrr=1) =X\ [[ (8- 27" (vi = 1) + 27 (v = 0))

=1
d
=\ [ (8- 25 (i = 1) - BEY, + 2 (v = 0) - PEY)
d
=ZG0r=1)-Q%, - [[ Por,
= ZZMr=1)- Pg\.

The other equality Z7* (r = 0) = ZZ*(r = 0) - P¢), is established in the same way. This
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completes the proof for the case that (G\{r})\A is connected.

If (G\{r})\A has two or more connected components, we can construct Ts,y (G, 1) by
the SAW tree of each component. Recall that G’ is defined by splitting the vertex r into d
copies in the graph GG. Suppose that G"\ A has k connected component for an integer k& > 2.
Let G’(l), ceey G’( k) be the subgraphs induced by each component, along with vertices from
A that are adjacent to it. For each j, let G(;) be the graph obtained from G’( 7 by contracting
all copies of r into one vertex r(;, and let T(;) = TSAW(GQ i) r(j)). Observe that once we
contract the roots r(y), ..., 7u) of T(1, ..., T(x), the resulting tree is Ts,w (G, 7).

We define the 2-spin system on each G(;) with the same parameters (3,7, X), except

that the vertex r(;) does not have a field (i.e., A, ., = 1 instead of \,). For 1 < j < k, let

()
Ay =ANV(G(;) and 0, be the configuration o restricted on A;). Then G(;)\A;) is
connected for every j and, since k > 2, each G (jy With conditioning O has fewer than m

edges. Thus, we can apply the induction hypothesis; namely, for 1 < 5 < k there exists a

o . (o3 .
polynomial PG?;” ;(_) = PG?EJ ;(,) (A), which is independent of \,., such that
TA ) _ 1 770 _ o
Z,, (rgy =1) = Za, (rgy=1)- LT

and

oa ) S _ TAG)
Ty (rgy =0) = Zay, (r) =0)- Pegray”

We define the polynomial FZ/, = P/ () to be

on _ TAG)
P = SORON
j=1
It is then easy to check that
k k
TN (1) — TAG) — 1) — TAG) _ TAG)
Zpt(r=1) =X 1_[1 Zryy (rgy =1) = A 1_[1 (ZG(j)J (rgy =1)- PG(J';’”@»)
Jj= Jj=
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TAG)

=Zg (r=1)- GGy

Jj=1

= Z3(r=1)- P,

and similarly Z7* (r = 0) = ZZ*(r = 0) - P¢/\.. The theorem then follows. O

5.6 Influence Bounds for Trees

In this section, we study the influences of the root on other vertices in a tree. We give an
upper bound on the total influences of the root on all vertices at a fixed distance away. To
do this, we apply the potential method, which has been used to establish the correlation
decay property (see, e.g., [88, 89, 67]). Given an arbitrary potential function =, our upper
bound is in terms of properties of =, involving bounds on ||VH§||1 and |¢| where ¢ = Z'.
We then deduce Lemma 5.4.3 in the case that = an («, ¢)-potential.

Assume that 7" = (V, E) is a tree rooted at 7 of maximum degree at most A. Let
A C V\{r} and oy € {0,1}" be arbitrary and fixed. Consider the 2-spin system on T’
with parameters (3, ~y, A), conditioned on o,. We need to bound the influence W7 (r — v)
from the root r to another vertex v € V. Notice that if v is disconnected from » when A
is removed, then U7 (r — v) = 0 by the Markov property of spin systems. Therefore, we
may assume that, by removing all such vertices, A contains only leaves of 7.

For a vertex v € Vp, let T, = (V,, Er,) be the subtree of T" rooted at v that contains
all descendant of v; note that 7,, = T". We will write L, (k) C Vr\A for the set of all free
vertices at distance k& away from v in 7T},. We pay particular interest in the marginal ratio at
v in the subtree T, and write R, = R7"(v) for simplicity. The log R,’s are related by the
tree recursion H. If a vertex v has d children, denoted by uy, . . . , ug4, then the tree recursion
is given by

log R, = Hy(log Ry, ... ,log R,,),
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where for 1 < d < Aand (y1,...,yq) € [—00, 004,

pedt + 1)

d
Hy(ys, .- . ya) =10gA+Zlog<eyi+,y

=1

Also recall that for y € [—o0, +00], we define

(1 —pBy)e?
(Bev +1)(ev + )

hy) = —

and %Hd(yl, ooy Ya) = h(y;) forall 1 <i <d < A.
The following lemma allows us to bound the sum of all influences from the root to

distance k, using an arbitrary potential function.

Lemma 5.6.1. Let = : [—00, +00] — (—00,+00) be a differentiable and increasing (po-
tential) function with image S = Z[—00, +00| and derivative 1) = Z'. Denote the degree

of the root r by A,. Then for every integer k > 1,

k-1
Z |Z72(r — v)| < A, A=Bs= <max sup HVH;@)‘M)

1<d<A +_-ad
veLy (k) yes

where

|h(log Ry)|

Az = max { } and Bz = max {¢(logR,)}.

’UELT( )

Before proving Lemma 5.6.1, we first present two useful properties of the influences
on trees. Firstly, it was shown in [4] that the influences satisty the following form of chain

rule on trees.

Lemma 5.6.2 ([4, Lemma B.2]). Suppose that u,v,w € Vp are three distinct vertices such

that u is on the unique path from v to w. Then

VA (v = w) = VA (v = u) - VM (u — w).
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Secondly, for two adjacent vertices on a tree, the influence from one to the other is given

by the function A.

Lemma 5.6.3. Let v € Vi and u be a child of v in the subtree T,,. Then
UZA (v — u) = h(log R,).

Proof. The lemma can be proved through an explicit computation of the influence. Here
we present a more delicate proof utilizing Lemma 5.5.3, which gives some insights into
the relation between the influence and the function h. We assume that v has d children in
the subtree 7,,, denoted by u; = u and us, . . ., ug respectively. We also assume, as a more
general setting than uniform fields, that each vertex w is attached to a field \,, of its own.
Then Lemma 5.5.3 and the tree recursion imply that

Uit (v —u) =93 (v — u) = <)\u%> log R,

0
= ()\ua—)\u) Hd(log Rum c. ,log Rud)

0 )

= — H,(1 ool . — )1 ,
;(Mong d( OgRup 7OgRud) <>\ua)\u) OgRul
d

= h(logR,,) - U3 (u; = u) = h(log R,),

i=1
where the last equality is because W7* (u; — u) = 0 for u; # wand V7 (u — u) = 1. [
We are now ready to prove Lemma 5.6.1.

Proof of Lemma 5.6.1. For a vertex v € Vp, denote the number of its children by d,; note
that d. = A,. Let uy, ..., ua, be the children of the root . We may assume that all these

children of r are free, since if u; is fixed then ¥7*(r — u;) = 0 by definition. Then by
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Lemma 5.6.2 and Lemma 5.6.3, we get

MD

> 1R =)

vELr(k)

I\If“(r sl Y P (= )]

1 VE Ly, (k—1)

<.
Il

e

T

hlog Ru)| Y 195 (ui — v)|

1 VE Ly, (k—1)

<.
I

|h(10gRu)| g
—_— log R,,,) |7 (u; :
o)X Vo) 9 o)

MD

i

Hence, we obtain that

>R = 0) <A, - max {M}

veLolh) 1<i<A | ¢(log Ry,)

) onf
ZiEA, > w(log Ry [W5 (u; > )| p . (5.5)
o VE Ly, (k—1)
Next, we show by induction that for every vertex u € Vy\{r} and every integer £ > 0

we have

k
> Ylog R[5 (u—v)| < max {¢(log R,)} (max sup || VH, ( >||1)
UELu(k) eVr, ~€Sd
vELy (k)
(5.6)
Observe that once we establish Eq. (5.6), the lemma follows immediately by plugging
Eq. (5.6) into Eq. (5.5). We will use induction on k to prove Eq. (5.6). When k = 0, if

u € A is fixed then L, (0) = () and there is nothing to show; otherwise, Eq. (5.6) becomes
¥(log Ry) 7" (u — w)| < 9(log Ry),

which holds with equality since W7*(u — u) = 1. Now suppose that Eq. (5.6) holds for
some integer £ — 1 > 0 (and for every vertex u € Vp\{r}). Let u € Vp\{r} be arbitrary

and denote the children of u by wy, ..., wg, where 1 < d < A (if d = 0 then L, (k) = )
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and Eq. (5.6) holds trivially). Again by Lemma 5.6.2 and Lemma 5.6.3 we have

S (log Ru) W5 (u = v)

vE Ly (k)
d
= Zw(IOgRu) WP (= w)| D W (w; = o)
i=1 vELwi(k—l)
logR
Z 10 R 1 sz) Z w(log sz) \Ij (wZ - v)l
=1 VE Ly, (k—1)
Using the induction hypothesis, we get
Y w(log R,) Wit (u — v)|
vELu(k)
(log R,)
< (1 . 1
< Z¢ o 7y 1Mo Rl - {u(log )}
k—1
: VHZ
(wgﬂgﬁ suwp [[VHE (@) )
k—1
< max log R, max sup ||VHZ
< max {y(log )} ( ) s [[VHE, >Hl>
d
Y (log Ry,)
h(l .
Z Dllog Ry 10108 Fu)
k
< max {y(logFt,)}- (mg;; s IV HE,( )Hl) :

where the last inequality follows from that

d

log R,)
h(log Ry,)| =
o RM) (log Ry,)| ;

0 _
=5~ Ha (20 L2
(og i) a (Elog Ru), .., Z(log Fuy))

M&

i=1

= ||VHZ (E(log R, ), . .., E(log Ru,))||, -

This establishes Eq. (5.6), and thus completes the proof of the lemma.

We then derive Lemma 5.4.3 as a corollary.
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Proof of Lemma 5.4.3. Since Z is an (a, ¢)-potential, the Contraction condition implies
that

max, Susg |IVHZ( )Hl <l-oa.

Meanwhile, since the degree of a vertex v € Vp\{r} in the subtree T, is less than A, we
have log R, € J. Then the Boundedness condition implies that for all w € L,(1) and

v € L.(k),
Y (log R,)

w(og R) [h(log Ry,)| <

<<
A’

Therefore, we get

|h(log R,,)|
= D= — T = < ‘ <
A A=B= = A, urerizix { D(log Ry) vgﬁé) {Y(log R,)} < c.

The lemma then follows immediately from Lemma 5.6.1. [

5.7 Verifying a Good Potential: Contraction

In this section, we make a first step for proving Lemma 5.4.4. Let A > 3 be an integer. Let

B,v,Abereals suchthat 0 < 8 < v,y > 0, fv < 1 and A > 0. Recall that define our

potential function = : [—o0, +00] — (—00, +00) through its derivative by
— (1 - ﬁV)ey —_
= = = , =(0) =0. 5.7
(y) = ¥(y) \/(5ey (e £ ) (0) (5.7)

The following lemma implies that the potential = given by Eq. (5.3) is well-defined.

Lemma 5.7.1. For all 5,~ > 0 such that By < 1, we have

+oo 1 _ Y
/ By)e < 4o,
ﬂey +1)(e¥ + )
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Proof. For the +o0 side we have

+o0 1_ y +0oo 1— o g
[ e S
Bev +1)(e¥ + ) Bev +ye v+ By+1  Jo pey

Similarly, for the —oo side we have

(1— y 0 1
/ Bye < / < 400. O]
pev +1)(e¥ +7)  J oo Ve

If (5,7, ) is up-to-A unique with gap 6 € (0, 1), then we show that = satisfies the

Contraction condition for o« = ¢/2. This holds for all parameters (3, v, A) in the uniqueness
region, without requiring that v < 1. Later in Section 5.9, we establish the Boundedness
condition for = when v < 1, completing the proof of Lemma 5.4.4. The case of v > 1 is
more complicated and is left to Section 5.8.

Before giving our proof, we first point out that the potential function = is essentially
the same potential function ® used in [89] (notice that [89] uses ¢ as the notation of the
potential function and & = ¢’ for its derivative). Recall that the tree recursion for the
marginal ratios is given by the function F}; : [0, +00]? — [0, +-00] where 1 < d < A such

that for all (x,...,14) € [0, +00]<,

Fd(xl,..., —)\Hﬁxz

X

The potential function ® : [0, +oo] — (—o0, +00) from [89] is defined implicitly via its

derivative as
1

Y =) = e

o(1) = 0.

The follows lemma explains how we obtain our potential = from .

Lemma 5.7.2. We have = = /1 — 3v - (® o exp); namely, Z(y) = /1 — By - ®(e¥) for

all y € [—o0, +o0).

129



Proof. 1t is straightforward to check that

1—5'yey

Bev +1)(e¥ +7)
VTR e ¢ -
= /1= Bv-e’p(e

1
ev +1)(e? +7)

Therefore,

=) = [ vt = VT=5r- [ eolear
=\/1—67-/16 p(s)ds = /1= By- O(e). O

Combining the results of Lemmas 12, 13 and 14 from [89], we get that the potential
function ® satisfies the following gradient bound when (3, 7, \) is in the uniqueness region.

Note that this can be regarded as the Contraction condition but for ® and Fj.

Theorem 5.7.3 ([89]). Let S¢ = ®[0, +00| be the image of ®. If the parameters (3,7, \)
are up-to-A unique with gap § € (0,1), then for every integer d such that 1 < d < A and

every (I1,...,14) € S4,
IVER ... 20)||, < VI—6

where FY = ® o Fyo d~1,

Recall our definition from Section 5.2. The tree recursion, in terms of the log marginal
ratios, is described by the function Hy : [—o00, +00]¢ — [—00,+oc] where 1 < d < A

such that for every (y1,...,%4) € [—00, +00]4,

d
H = log A 1 )
d(yh 7yd) 0og +; 0og ( Vi +’}/
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Observe that H; = logoF; o exp, since we move from ratios to log ratios. We are now

ready to establish the Contraction condition for =.

Lemma 5.7.4. Let Sz = Z[—00, +00] be the image of =. If the parameters (f,7, \) are
up-to-A unique with gap 6 € (0,1), then for every integer d such that 1 < d < A and

every (1, ..., 7q) € SE,
IVHF (1, .., 5a)||, < VI=0

where H? = Z0 Hyo =

Proof. Define the linear function a : R — R to be a(z) = /1 — v - x for z € R. Then
Lemma 5.7.2 gives = = a o ® o exp, and thereby = o log = a o . It follows that for every

1<d< A,

Hj:EoHdoEfl:EologoFdoeXpoEfl:aoq)oFdocbflocfl:aoFfocfl.

That means, for every (71, ..., %) € S& we have

Hdg@la---;?]@: 1_57Ff($%1,,§j‘d)

where &; = §;/+/1 — B for 1 < i < d. Then, for each 1,

0 - - 0 ~ _ . da 0 N .
a—giH;(yl,...,yd):\/1—B7'a—jiFf(x1,...,md)~dgi :FFf(xl,...,xd).

This implies that VHZ (41, ..., 94) = VEL(Z1,...,34) for all (§i,...,74) € SZ, and the

lemma then follows from Theorem 5.7.3. O]
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5.8 Remaining Antiferromagnetic Cases

In this section, we discuss the case where /37 < % and v > 1. As studied in [89], in
this case the uniqueness region is more complicated. For example, there exists a critical
A% > 0 such that the 2-spin system with A < A’ is in the uniqueness region for arbitrary
graphs; namely, (3,7, A) is up-to-co unique. To deal with large degrees, we need to relax
the Boundedness condition in Definition 5.2.1 and define a more general version of (a, ¢)-
potentials. We shall see that Theorem 5.2.2 still holds for this general («, ¢)-potential. The
reason behind it is that in order to bound the maximum eigenvalue of the influence matrix,
it suffices to consider a vertex-weighted sum of absolute influences of a vertex with large

degree.

Remark 5.8.1. We give more background on the uniqueness region in Section 5.9.1. Note
that in a recent revision of [89], the authors updated the descriptions of the uniqueness
region for the case /3y < % and v > 1, fixing a small error in the previous version.
Statements and proofs in this section and Section 5.9 of this thesis are also adjusted accord-

ingly based on the new version of [89].

Recall that our goal is to bound the maximum eigenvalue of the matrix W{*. We can
do this by upper bounding the absolute row sum ;.\, [V (r — v)| for fixed r, thereby
giving us a valid upper bound on A, (V). However, this approach does not work when
VBy < % and v > 1. In this case, the potential = fails to be an («, c¢)-potential for a
universal constant ¢ independent of A. In fact, no such («, ¢)-potentials exist as the absolute
row sum 3 i, [Pt (r — v)| can be as large as ©(A). Especially, if the parameters
(8,7, ) are up-to-oo unique, which means the spin system has uniqueness for arbitrary
graphs, then the absolute row sum i\, [V (r — v)| can be ©(n) where n = |V|. We

give a specific example where this is the case.

Example 5.8.2. Consider the antiferromagnetic 2-spin system specified by parameters 3 =

0,y > 1 and A > 0 on the star graph centered at  with A leaves. A simple calculation
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reveals that |Zg(r — v)| = ﬁ for any leaf vertex v # r. Hence, >_, . |Za(r — v)| =

A - /\—j\w Now, since v > 1, we have
dt1 7d
_ R S
Ae =Ael7, A) = min, gy = O,
forcing >_, ., [Za(r — v)| = ©,(A) even when A < A lies in the uniqueness region.

However, we still have Apax (V) = O(1) since 3, [V (v — )| = O(1).

To solve this issue, one might want to consider the absolute column sum, involving the
sum of absolute influences on a fixed vertex. However, this will not allow us to use the
beautiful connection between graphs and SAW trees as showed in Lemma 5.4.1. Instead,
we consider here a vertex-weighted version of the absolute row sum of W7, which also

upper bounds the maximum eigenvalue.

Lemma 5.8.3. Let p : V. — R be a positive weight function of vertices. If there is a

constant £ > 0 such that for every r € V we have

> o R =) <€, (5.8)
veEV\A

then Apax(VEY) < &

Proof. Let P = diag{p, : v € V\A}. The assumption is equivalent to [P~ UZ' P||,, < &.
It follows that Apax (PE) = Apax(PTUEP) < E. ]

We then modify our definition of («, ¢)-potentials from Definition 5.2.1 which allows
a weaker Boundedness condition. We remark that the only two differences between Defi-
nition 5.8.4 and Definition 5.2.1 is that: we allow A = oco; and the Boundedness condition

is relaxed to what we call General Boundedness. Recall that for every 0 < d < A, we let

Ja = [log(AB%),log(A/7?)] when 87 < 1, and J; = [log(A/7%),log(A3?)] when 87 > 1.
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Definition 5.8.4 (General («, ¢)-potential function). Let A > 3 be an integer or A = oc.
Let 3,7, be reals such that 0 < 8 < v,y > 0and A > 0. Let = : [—o0,+00] —
(—o0, +00) be a differentiable and increasing function with image S = Z[—o0, +00] and
derivative ¢» = =Z'. For any o € (0,1) and ¢ > 0, we say = is a general («, c)-potential

function with respect to A and (3, v, A) if it satisfies the following conditions:

1. (Contraction) For every integer d such that 1 < d < A and every (7, . ..,%4) € S¢,

we have

U(y)
V(i)

where Hf = =0 Hyjo =74y, = Z71(g;) for 1 <i < d,and y = Hy(y1,- .-, Ya)-

d
IVHE G- G0, = h(y)| <1—a
=1

2. (General Boundedness) For all integers d, dy such that 0 < d,ds < A, and all reals

Y1 € Ja,,y2 € Ja,, we have

@D(yQ) 2c
-|h < —-.
‘ (y1>|_d1+d2—|—2

Notice that General Boundedness is a weaker condition than Boundedness. To see this,
if a potential function = satisfies Boundedness with parameter ¢, then forevery 0 < d; < A

and every y; € Jg, where ¢ = 1,2 we have

c < 2c
AT dy+dy+2

|h(y)| <

The following theorem generalizes Theorem 5.2.2 and shows that a general («, ¢)-potential

function is sufficient to establish rapid mixing of the Glauber dynamics.

Theorem 5.8.5. Let A > 3 be an integer or A = +oo. Let 3,7, \ be reals such that
0< B <7 v>0and X\ > 0. Suppose that there is a general («, c)-potential with respect
to A and (3,7, \) for some a € (0,1) and ¢ > 0. Then for every n-vertex graph G of

maximum degree A\, the Gibbs distribution i of the 2-spin system on G with parameters
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(8,7, A) is spectrally independent with constant

We then give a counterpart of Lemma 5.4.4, showing that = is a general («, ¢)-potential
when /[y < % and v > 1. Theorem 1.1.3 for this case is then obtained from Theo-

rem 5.8.5 and Lemma 5.8.6.

Lemma 5.8.6. Let A > 3 be an integer. Let 3,7, \ be reals such that 0 < < 1 < v
and /By < %. Assume that (8,7, \) is up-to-A unique with gap § € (0,1). Then
the function = defined implicitly by Eq. (5.3) is a general («, c)-potential function with

a > §/2 and c < 18; we can further take ¢ < 4 if f = 0.

For Lemma 5.8.6, the Contraction condition of = follows from Lemma 5.7.4, and Gen-
eral Boundedness is proved in Section 5.9 together with all other cases.

In the rest of this section, we prove Theorem 5.8.5 in the same way of Theorem 5.2.2,
as outlined in Section 5.4. The major difference here is that we consider a weighted sum
of absolute influences i\ po - [VG (1 — v)| where p : V' — R is a weight function.
This is sufficient for us to bound the eigenvalue of the influence matrix, as indicated by
Lemma 5.8.3. We will choose the weight of a vertex v to be p, = A,, the degree of v. The
following lemma provides us an upper bound on the weighted sum of absolute influences

to distance k, given a general («, ¢)-potential. In particular, it generalizes Lemma 5.4.3.

Lemma 5.8.7. If there exists a general (o, ¢)-potential function = with respect to A and
(8,7, \) where a € (0,1) and ¢ > 0, then for every A C Vy\{r}, ox € {0,1}* and all
integers k > 1,

Y OA P (r =) <2 (1-a) A,
vELr (k)

where L. (k) denote the set of all free vertices at distance k away from r.

To prove Lemma 5.8.7, we first state the following generalization of Lemma 5.6.1 for
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any weight function p. The proof of Lemma 5.8.8 is identical to Lemma 5.6.1 and we omit

here.

Lemma 5.8.8. Let = : [—00, +00] — (—00, +00) be a differentiable and increasing (po-
tential) function with image S = Z[—00, +00| and derivative 1) = Z'. Denote the degree

of the root r by /\,. Then for every integer k > 1,

k—1
Z pu - |27 (r = v)| < A, A=BE ( max sup HVH;(Q)’M)

1<d<A - _-cd
vE Ly (k) Yes
where

|h(log R.,)|

Az = max { } and BE = max {p, Y(logR,)}.

veL,(k)

We then prove Lemma 5.8.7 and Theorem 5.8.5.

Proof of Lemma 5.8.7. Denote the degree of a vertex v € Vy\{r} by A,, and the degree
of v in the subtree T, by d, = A, — 1. Pick the weights of vertices to be p, = A, for all

v € V. Since Z is a general («, c)-potential, the Contraction condition implies that

g sup [VHE@)|, <1 -

Since log R, € J,, by the definition of J;, the General Boundedness condition implies that

forallu € L.(1)and v € L,(k),

V(log Ry) 2c
= 2 . |h(] L] < —.
Slog Ry " Mog Full = =1

Therefore, we get

|h(10gRu)|
= £ — . _ . . < . .
A AzBE = A, ugﬁ%{l) { (o R, Ulerizrigi) {A,-v(og R,)} <2c- A,
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The lemma then follows immediately from Lemma 5.8.8. [l

Proof of Theorem 5.8.5. The proof of Theorem 5.8.5 is almost identical to Theorem 5.2.2.
We point out that the only difference here is that we consider the weighted sum of absolute
influences of a given vertex. Since the SAW tree preserve degrees of vertices, we can still
apply Lemma 5.4.1. Then, combining Lemmas 5.4.1, 5.8.3 and 5.8.7, we complete the

proof of the theorem. ]

5.9 Verifying a Good Potential: Boundedness

In this subsection, we show the Boundedness or General Boundedness condition for our
potential function = defined by Eq. (5.3) in different ranges of parameters. Combining
Lemma 5.7.4, we complete the proofs of Lemma 5.4.4 and Lemma 5.8.6.

In Section 5.9.1 we give background on the uniqueness region of parameters (3,7, A),
based on the work of [89]. We then show Boundedness and General Boundedness in Sec-

tion 5.9.2. Proofs of technical lemmas are left to Section 5.9.3.

5.9.1 Preliminaries for the Uniqueness Region

In this section we give a brief description of the uniqueness region of parameters (3,7, \).
All the results here, and also their proofs, can be found in Lemma 21 from the latest version
of [89].

Let A > 3 be an integer and 3, , A be reals. We assume that 0 < § < ~, v > 0,

By <land A > 0. For 1 < d < A define

6R+1)d

fd(R):)\(RJr7

and denote the unique fixed point of f; by R. Recall that the parameters (5,7, \) are

up-to-A unique with gap 6 € (0,1) if |f}(R})] <1 —dforall 1 <d < A.
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When 8 = 0, the spin system is called a hard-constraint model. In this case, there
exists a critical threshold for the external field defined as
A+ gd

de= A8 = min, (5 e

such that the parameters (0,y, \) are up-to-A unique if and only if A < A.. In particular,

when v < 1 the critical field is given by

A = )‘C(% A) =

When § > 0, the spin system is called a soft-constraint model. 1If \/(5~ > ’2 , then
(8,7, A) is up-to-A unique for all A > 0. If \/fvy < T_ the uniqueness region is more

complicated which we now describe. Let

x_1tvh
1=vBy

so that for every 1 < d < A we have d - 1+\‘P < 1, and for every d > A we have

d-1YB1 > 1. Forevery A < d < A, we define 21 (d) < x5(d) to be the two positive roots

1+F
of the quadratic equation

d(l—py)z
Br+D@+7)

More specifically, z1(d) and x5(d) are given by

0(d) — \/0(d)? — 467 0(d) +

21(d) = and  xo(d) = bd) — 46

where

0(d) =d(1 — Bv) — (14 B7).
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Notice that 6(d) > 2+/F7 forall d > A. Fori = 1,2 we let

mi(d)Jr”Y)d'

Aild) = zi(d) ( Bri(d) + 1

Then, the parameters (3, v, \) are up-to-A unique if and only if A belongs to the following
regime

A= () [©OX(@)Ue(d),00)]. (5.9)
A<d<A

In particular, when v < 1 there are two critical thresholds 0 < A\, < A such that the
parameters (3,7, \) are up-to-A unique if and only if A\ < A.or A > X, (ie., A =
(0, Ae) U (Ae, 00)), where

Ae = Ae(B,7,A) = _min Ay (d)
A<d<A

and

Ae = Ae(B,7,A) = max Ay(d) = Ag(A —1).

A<d<A

The following bounds on the critical fields are helpful for our proofs later.

Lemma 5.9.1. [. If 8 = 0, then for every integer d such that 1 < d < A we have

4,yd+l

A\, < :
~d-1

2. If 8> 0and /vy < %, then for every integer d such that A < d < A we have

182H! 6(d)
3(d) and Ao(d) >

Mi(d) < = 18p3d+1

where 0(d) = d(1 — 8v) — (1 + 57).

The proof of Lemma 5.9.1 is postponed to Section 5.9.3.
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5.9.2 Proofs of Boundedness

In this section we complete the proofs of Lemma 5.4.4 and Lemma 5.8.6 by establishing
Boundedness and General Boundedness in the corresponding range of parameters.
Let A > 3 be an integer. Let 3,7, A be reals such that 0 < < v,~v > 0, v < 1 and

A > 0. Recall that the potential function = is defined by

E’(y)zw(y)z\/( A= frjer h(y)|,  Z(0)=0. (1)

Ber+ 1)(er +)

It is surprising to find out that ¢ = \/W , as the potential = is exactly the one from [89]
as indicated by Lemma 5.7.2. This seems not to be a coincidence, and it provides some
intuition why the potential from [89] works. More importantly, the fact that ¢» = +/|h| is
helpful in our proof of Boundedness and General Boundedness. Recall that for 0 < d < A
and By < 1 we let J; = [log(A3?),log(A/7%)] to be the range of log marginal ratios of a

vertex with d children. Then for every 0 < d; < A and y; € J,, where i = 1, 2, we have

¢(y2)
lb(yl)

|h(y)| = V[R(y)] - [h(y2)]. (5.10)

The following lemma gives upper bounds on \/|i(y1)| - |A(y2)|, from which and Eq. (5.10)
we deduce Boundedness and General Boundedness immediately. The brackets in the

lemma indicate which lemma the bound is applied to.

Lemma 5.9.2. Let A > 3 be an integer. Let 3,7, X be reals such that 0 < < ~, v > 0,
By < 1 and A\ > 0. Assume that the parameters (3,7, \) are up-to-A unique with gap
d € (0,1). Then for all integers dy,dy such that 0 < dy,dy < A, and all reals y; € Jy,

where 1 = 1,2, the following holds:

H. Hard-constraint models: 3 = 0 and X\ < \..
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H.1. (Lemma 5.4.4) If v < 1, then

h(y1)] <

] =

H.2. (Lemma 5.8.6) If v > 1, then

h( 2
VIRl ()l < gmps.
S. Soft-constraint models: 3 > 0 and X € A.
S.1. (Lemma 5.4.4) If \/ B~y > 822 then
1.5
h < —.
hn)l < %

S.2. (Lemma 5.4.4) If \/ By < % and v < 1, then
18
h < —.

b)) < 2

S.3. (Lemma 5.8.6) If \/By < A2 and7 > 1, then

36
h( 7
\/| ?Jl )|_d1+d2+2

The following lemma, whose proof can be found in Section 5.9.3, is helpful.

Lemma 5.9.3. For every y € [—00, +00] we have

[L=Pyler L= VH|

"= G e = TV

We present here the proof of Lemma 5.9.2.

Proof of Lemma 5.9.2. We use notations and results from Section 5.9.1.

141



H. Hard-constraint models: 3 = 0 and A < ).
HI ~v<1

For every y; € Jy, we deduce from Lemma 5.9.1 that

ey1<i§ Ac < it} .
YT AT A2

Hence,
Y1 Ay 4 4
)| = ——— < 22 <+
e+ T 54y TAT2 A
H2. v>1

Lety = % and d = %. Then we get

eyl ey2 1 1
VIGT TR =\ = S
eyt + evz + ~y \/(14_/}/@ vi)(1 4 yev2) 1+~e ¥

where the last inequality follows from the AM—GM inequality by
(I+ve ) (1+7e ™) = 1+vy(e " +e ) +7%e 2 > 1+2ve Y +y%e 2 = (1+ve ¥)2
Since y; € Jy, fori = 1,2, we have

eV =en ey < (| — . — =

If d > 2, then we deduce from Lemma 5.9.1 and v > 1 that

Ae < 4~
yld = |d] -1

e¥ <

142



It follows that

< PR S B 8
_1+ve*?_1+tfﬂ4—1_LJJ+3_d1—I—d2+2'

VIh(yo)] - [h(y2)

If d < 2, then it is easy to see that

<—8 .
T dy+dy+2

VIR - [h(y2)] <1

S. Soft-constraint models: 3 > 0 and A € A.

A—
S.1. AV 6’}/ > T2

For every y; € J we deduce from Lemma 5.9.3 that

S.2. /By < % and v < 1.

In this case, we have either A < A\, or A\ > ). where )., \. are the two critical fields.

Consider first A > \.. For every y; € Jg, we deduce from Lemma 5.9.1 and 3 < 1 that

n 2 apt 2 Rt 2 B2
where 6(d) = d(1 — 8v) — (1 + B7). Hence,
|h< )| — (1_ﬁ7)€y1 _ 1_67
= Ben 1 1)(en +7) ~ Bew tye v+ (1+ )
1-py 18(1 = 87) 8
TR L (14 8y) (A-DA =) +1T(1+5y) T A

Next we consider A < A.. For every y; € J;, we deduce from Lemma 5.9.1 and v < 1
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that

A
€y1<—§
YTy

Hence,
1— By < 1 — By

h(y1)| = <3
YL= Ben 1 ye=w + (1+ B7) WD (1+py) A

S.3. /By < A2 and7>1

Lety = &ie = 4td g, — |d|, and dgr = [d]. We first consider some trivial

cases. If d < 2 then it is easy to see that

6

h( <l< —
\/| yl Z/Q)l - d1+d2+2

If d > 2 and d;, < A, then we deduce from Lemma 5.9.3 that

ﬂ’y_l< 2 6

— < .
iy |— 1+vVB A di+dy—2 " dy+dy+2

\/|h yl

Hence, in the following we may assume that d > 2 and d;, > A.
Since the parameters (3,7, A) are up-to-A unique, we have A € A where the regime A

is given by Eq. (5.9). Observe that

A C (0, M(dr)) U (Ma(dr), 00) U (Aa(dr), Ai(dR))

where the last interval is nonempty only when Ay(d;) < A;(dg). This means that X is
contained in at least one of the three intervals. We establish the bound by considering these
three cases separately.

Case 1: X\ < \i(dy). By the Cauchy-Schwarz inequality, we have

VIRGT - ()] = =57 ~ L— by
pevt +ye v + (1 + ) | Bevz +yev2 + (1 4 B7)
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1 —py

< . (5.11)
v (Bevt + yemu)(Bevz + ye=v2) + (1 + By)

Therefore, we get

1 - By
ve U + (1+ By)

VIR - [h(y2)] <

Since y; € Jy, fort = 1,2 and v > 1, we deduce from Lemma 5.9.1 that

where 0(dy) = dp(1 — By) — (1 + B). It follows that

1- By 1— By 36
\/| (1) 2|_7e_y+(1+57)_0(%3+(1+5’7)_d1+d2+2

Case 2: X\ > Xy(dg). Similarly, we obtain from Eq. (5.11) that

)l < 1—pBy
T Bt +(1+87y)

\/|h y1

Since y; € Jy, for7 = 1,2 and § < 1, we deduce from Lemma 5.9.1 that

0(dr)

7] d dr
e’ > A3 > Ay(dR) B > ——~ 185

where 0(dgr) = dr(1 — 5v) — (1 + ). It follows that

< 1— By < 1— By < 36
T BeV+ (14 By) T MR (14 By) T ditdp+2

V()] - [h(y2)

Case 3: \y(dr) < A < A\i(dg). We may assume that d; > ds. By Eq. (5.11), we obtain

1 — By
h(ya)| - 1h(y2)| < v2—u1 :
VI TR < et
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Since y; € Jg, fort =1,2and 5 < 1 <+, we have

Y21 > de,yth > ﬁdL’YdR.

Meanwhile, we deduce from Lemma 5.9.1 that

0(d.) 18y4n+!
< <
186dL+1 _)\2(dL)<)\<)\1(dR)_ O(dR) R

which implies

\/5—76312;41 > \/W > \/Q(dié)gﬁ(dg,) > Q(dL)

- 18

It follows that

1— By 1 — By 36
h - |h < < < .
\/’ (yl)‘ ’ (yQ)‘ = \/meyzgm N (1 ‘1‘6’}/) = 9(1018L) + (1 _i_ﬁfy) T dy+dy+2

5.9.3 Proofs of Technical Lemmas

Proof of Lemma 5.9.1. 1. For every 1 < d < A we have

N 7d+1daz B 7az+1 d d<47d+1
‘T d-1)* d-1\d-1) —d-1’

where the last inequality follows from that (d%‘ll)d < 4 for all integer d > 1.

2. Forevery A < d < A we have

2 2
1(d) = il <1
0(d) + \/0(d)2 — 45~ ~ 6(d)
Observe that the function ;;fl is monotone increasing in x when v < 1, and thus we

146



deduce that

nd+y @ty 24di=fy) = (4py) _ d+l
Baa(d)+1 = 2811 267 +d(1 — Bv) — (1 + 57) d—1

Therefore,

$1(d)+7)d< 2y d (d+1)d< 18-4H

Ai(d) = z1(d) (ﬁxl(d) +1 0(d) d—1 0(d)

where the last inequality follows from that (£1)? < 9 for all integer d > 1.

The second part can be proved similarly. For every A < d < A we have

6(d) + VO(d)* —4B7 _ 0(d)

D= 26 28"

and hence,

o(d
w(d)+y JBE Y1 d(l-py) - (1) +26y _ 1 d-1

Bua(d)+1 = 8@ 11 B d1-By)—-(1+pY)+2 B d+

2

—_

‘We then conclude that

:Uz(d)+’y)d>9(d) 1 (d—1>d> 6(d)

Az(d):wQ(d)(ﬁxQ(d)—i—l =28 pi \d+1) = 18pd+

where the last inequality again follows from that (%)d < 9 for all integer d > 1.

Proof of Lemma 5.9.3. We deduce from the AM—GM inequality that

Bev+ye ¥ +1+6 = 2/By+14+8 1+By’

as claimed.
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5.10 Ferromagnetic Cases

In the ferromagnetic case, the best known correlation decay results are given in [67, 118].
Using the potential functions in [67] and [118], we show the following two results, which
match the known correlation decay results. In fact, the potential function from [118] turns

out to be an (a, ¢)-potential function for constants v = ©(d) and ¢ < O(1).

Theorem 5.10.1. Fix an integer A > 3, positive real numbers 3,v, A and 0 < § < 1, and

assume (3,7, \) satisfies one of the following three conditions:

>

1.

;E+5 <By < AA_E_‘SHS, and \ is arbitrary;

(=2}

A .
2. V 6’)/ Z A—2 and \ S (1 - 5> max{l,ﬁA_l}ty((Afm,B’Y*A)’

A 1 (A=2)By—A

Then the identity function Z(y) = y (based on the potential given in [118]) is an («, c)-
potential function for « = ©(6) and ¢ = O(1). Furthermore, for every n-vertex graph G
of maximum degree [\, the mixing time of the Glauber dynamics for the 2-spin system on

G with parameters (5,7, \) is O(nlogn).

Remark 5.10.2. Condition 1 includes both the ferromagnetic case 1 < /fy < !{—gjé

and the antiferromagnetic case % < /By < 1. Note that in both cases (3,7, A) is
up-to-A unique with gap J. For the antiferromagnetic case, the identity function = is an
(v, ¢)-potential with ¢ < 1.5 and a better contraction rate o > §, compared with the bound

a > §/2 of the potential = given by Eq. (5.3) in Lemma 5.4.4. For the ferromagnetic case

with § = v > 1 (Ising model), O(n log n) mixing was previously known in [106].

The potential function from [67] is indeed an («, ¢)-potential, but ¢ must, unfortunately,
depend on A. We have the following result, which is weaker than the correlation decay

algorithm in [67] for unbounded-degree graphs.
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Theorem 5.10.3. Fix an integer A > 3, and nonnegative real numbers (3,7, \ satisfying
By

B <1< v By > ﬁ, and \ < <%> v Then for every n-vertex graph G with

maximum degree A\, the mixing time of the Glauber dynamics for the ferromagnetic 2-spin

system on G with parameters (3,7, \) is O(nlogn).
Proofs of these theorems are provided below.

Proof of Theorem 5.10.1. Throughout, we use the “trivial” potential function Z(y) = .
Note that then, 1/(y) = 1 is a constant function. Now, we prove Contraction and Bounded-
ness. The mixing result then follows from Theorem 5.2.2 and Theorem 1.2.1. We split into

the three cases.

1. We first prove the Contraction part. By Lemma 5.9.3, for all y € [—o0, +00] we have

- VBl _1-6

) < T < 5=

Now let us prove the Boundedness condition. From the above inequality we have

1 1.5
< =z
A—-17 A

h(y)| <

for A > 3.

2. For the Contraction part, by log(A max{1,1/y27!}) < ; < log(Amax{1, 41}),

we have

_ py—1 o Bt
L+ By +rye7 + fevi = 14 By 4 yev:

fy—1

B 1+ﬂ’7+mi

= [ (i)l

0H,(y)
y;

it follows that we have the

Since we assumed A < (1 — 0) o —rsaTr(a 25 Ay
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upper bound

py—1 —(1-9) py—1
1+ By + 8202 (A=1-0)8y—(A—1+96)
o By—1
B IS T
1— 1
< A——1—5 < (1_@(5))H-

t

.. . . )
Now, we prove the Boundedness condition. Since A < LA T (A=2)F A |

follows that y < log(Amax{1,327'}) < log ((

W). A simple calculation

reveals that m < \/g and so by Lemma 5.9.3, we have

_ el m=om=a)
. e v >)‘ (By—1e
Ih(y)] < ‘ (Og((A—Q)Bv—A = ¢os(m=25=x) +

1 _ By —1
1+ (A=2)3y—-A (A-=2)(By—1)—1 <O(1/4),

=(By-1)

3. For the Contraction part, by log(A max{1,1/y271}) < y; < log(Amax{1, 321}),

we have

dy; 1+ By +ye¥ + Bevi = 1+ By + Pev
By—1

< .
= T+ By + AAmax{L, 1/75 1}

(A-2)By—A

: 1
Since we assumed A 2 15~ W,

it follows that we have the upper bound

By—1
1+ﬁ7+@#

which is again is upper bounded by (1 — ©(8)) x5 as we calculated in case 2 above.

_(A=2)By—A
Bmin{1,1/y2-2"

follows that y > log(Amin{1,1/y271} > log (M#) A simple calculation

Now, we prove the Boundedness condition. Note that since A > it
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reveals that M# > \/g and so by Lemma 5.9.3, we have

A—2 — A
o = (s (C272) )| < 0705y
py—1

S G o1 oW -

Next, we use results from [67] to prove Theorem 5.10.3. Their potential function is

implicitly defined by its derivative for the marginal ratios as

®'(R) = ¢(R) = min { il _Alﬂ L }

owlogm7 Rlog%

for a constant 0 < « < 1 depending only on 3, v, A (see [67] for a precise definition). In

our context, the corresponding potential for the log ratios is

=(y) = v(y) = ¢'é(e’) = min { e }
avylog BAle log 5
and is bounded by constants depending on 3, v, \, A for log(A/7271) <y < log \.

One of the main technical results in [67] is showing that the tree recursion is contracting
with the potential function ®, and the derivative ¢ is bounded in the sense that there exist
positive constants C, Cy depending only on 5,~, A such that C; < ¢(R) < C, for all
0 < R < . [67] refer to such a function as a universal potential function.

In our context, we get that = is an («, ¢)-potential function which satisfies Defini-

tion 5.2.1, but with a constant ¢ that depends on =, A. Indeed, in the worst case, we have

)\M——;
A (1) > Y(log \) _ aylog 57 _ ﬁyA—l'
vz P(y1) — w(log(A/yA71)) e S

alog BNTT Y

More precisely, we have the following result from [67], stated in terms of the log marginal

ratios.
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Theorem 5.10.4. Assume (3,7, \ are nonnegative real numbers satisfying f < 1 < ~,
VBy

VBYy > 1, and A < (%) VPN Then the function Z is an («, ¢)-potential function for a

constant 0 < o < 1 depending on 3,, A\, and a constant ¢ > 0 depending on (3,7, A, A.

Combined with Theorem 5.2.2 and Theorem 1.2.1, this gives C'nlogn mixing with a
constant C' depending only on /3, v, A\, A. We note this is weaker than the correlation decay

result in [67] when the maximum degree A is unbounded.

5.11 Proofs of Mixing Results

In this section we give the proofs of Theorem 1.1.1, Theorem 1.1.2, Theorem 1.1.3 and

Theorem 5.2.2.

Proof of Theorem 5.2.2. 1t suffices to bound } i\, [Z¢" (r — v)| for all graphs G =

(V, E) with n = |V| vertices and all boundary conditions o, on a subset A of i vertices.

We deduce that
SRl Y IR - ) (Lemma 5.4.1; T = Ty (G, 7))
veV\{r} veVr\{r}
— Z Z | (r — v)] (split the sum by levels)
k=1 veL,(k)
<cd) (1—a)! (Lemma 5.4.3)
k=1
o
=
The theorem then follows. [

Proof of Theorem 1.1.3. We leverage Theorem 5.2.2 and Theorem 5.8.5, which shows =-
spectral independence as long as there is an («, c¢)-potential, or %—spectral independence
if there is a general («, ¢)-potential. We use the potential given by Eq. (5.3), which is an

adaptation of the potential function in [89] to the log marginal ratios. When (3,7, \) is
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up-to-A unique with gap 0 € (0, 1), it is an («, c¢)-potential or a general («, ¢)-potential by
Lemma 5.4.4 and Lemma 5.8.6, with « > 0/2 and ¢ a universal constant specified by the

range of parameters. The theorem then follows from Theorem 1.2.1. [

Proof of Theorem 1.1.1. By Claim 5.11.1 given below, A < (1 — 0)A.(A) implies up-to-A
uniqueness with gap > §/4. Since v < 1, we can again appeal to Lemma 5.4.4 to obtain
an («, c¢)-potential with o« > §/8 and ¢ < 4. Theorem 1.1.1 then follows by Theorem 5.2.2

with %—spectral independence and Theorem 1.2.1. 0

Proof of Theorem 1.1.2. By Claim 5.11.2 given below, 8 > (.(A) +6(1 — S.(A)) implies
up-to-A uniqueness with gap 6. Again, appealing to Lemma 5.4.4, we obtain an («, ¢)-
potential with > 6/2 and ¢ < 1.5. Theorem 1.1.2 then follows by Theorem 5.2.2 with
%—spectral independence and Theorem 1.2.1.

Though we technically get % by using the [89] potential, we can improve it to 175—
spectral independence by using the trivial identity function as the potential. See the first

case of Theorem 5.10.1 and Remark 5.10.2. O]

We next state and prove Claim 5.11.1 and Claim 5.11.2, which relate the parameter

gaps with the uniqueness gaps.

Claim 5.11.1 (Hardcore Model; Lemma C.1 from [4]). Fix an integer A > 3,0 < 6 < 1,
and B = 0,7 > 0. If A\ < (1 =) A(7,A), then (8,7, A) is up-to-A unique with gap 6 /4.

Claim 5.11.2 (Large \/(57). Fix an integer A > 3, and 0 < 6 < 1. If \/py > % +

§(1-22) = Afzgf‘s), then (8,7, \) is up-to-A unique with gap 0 < 6 < 1 for all \.

Note if B = =, this is precisely the condition 5 > B.(A) 4+ 0(1 — B.(A)).

Proof. Consider the univariate recursion for the marginal ratios with d < A children

d
fa(R) =\ (’6;3:; 1) . Differentiating, we have

6R+1>d_1'< 3 5R+1)

R+~ B

fé(R)ZdA( R4+~  (R+7)?
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BR+1
—d(1 =By (R+7) ﬁR+1R+w
fa(R)
~ =) R DR )

At the unique fixed point R}, we have f,;(R}) = R} so

it

[fa(RY) = d(1 = B) (BR; + 1)(R; +7)°

By Lemma 5.9.3, we have the upper bound

-8y _, 1—+/By

i < - e =

. A—2(1-6) .
Since we assumed /vy > =—A—, We obtain

VB, A—(A—-20-08)  1-9 o
(ﬁ1+V@§§d'A+(A—2u—5»_d'A—1+6—(1 Va7

As this is at most 1 — ¢ for all d < A, we have up-to-A uniqueness with gap .
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CHAPTER 6
SPECTRAL INDEPENDENCE VIA STRONG SPATTAL MIXING APPROACH:
MATCHINGS AND COLORINGS

In this chapter we establish spectral independence for the monomer-dimer model on ar-
bitrary bounded-degree graphs and for random colorings on bounded-degree triangle-free
graphs. By Theorem 1.2.1 we obtain optimal mixing times of the Glauber dynamics for
these models. Our results match the current best known parameter regimes for strong spa-
tial mixing. We consider the monomer-dimer model for matchings in Section 6.1, which is

based on [45]. Section 6.2, based on [43], is devoted to colorings on triangle-free graphs.

6.1 Optimal Mixing Results for Monomer-Dimer Model

We prove optimal mixing time bounds for the monomer-dimer model on all matchings of
a graph with constant maximum degree. Given a graph G = (V, ) and a fugacity A > 0,
the Gibbs distribution p for the monomer-dimer model is defined on the collection M of
all matchings of G where (M) = w(M)/Z for w(M) = MM, The Glauber dynamics
for the monomer-dimer model adds or deletes a random edge in each step. In particular,
from X; € M, choose an edge e uniformly at random from F and let X’ = X; @ e. If
X' € M then let X;,; = X' with probability w(X")/(w(X’) + w(X;)) and otherwise let
X1 = Xe

We prove O(nlogn) mixing time for the Glauber dynamics for sampling matchings
on bounded-degree graphs with n vertices. A classical result of Jerrum and Sinclair [76]
yields rapid mixing of the Glauber dynamics for any graph even with unbounded degrees,

but the best mixing time bound was O(n?m log n) [75] where m is the number of edges.

Theorem 1.1.5 (Monomer-Dimer Model). Let A > 3 be an integer and let X\ > 0 be a
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real. For every n-vertex graph G of maximum degree A, the mixing time of the Glauber
dynamics for the monomer-dimer model on G with fugacity \ is at most Cnlogn where

C = C(A, \) is a constant independent of n.

For the monomer-dimer model, spectral independence was not known previously. Fol-
lowing the proof strategy of Chapter 5 and utilizing the two-step recursion from [19], we

show the following.

Theorem 6.1.1. Let A > 3 be an integer and X > 0 be a real. Then for every graph

G = (V,E) of maximum degree at most A with m = |E|, the Gibbs distribution

of the monomer-dimer model on G with fugacity \ is n-spectrally independent for n =

min {2AA, 21+ XA}

Our goal in the rest of this section is to obtain spectral independence bounds for the
monomer-dimer model; in particular, we prove Theorem 6.1.1. Fix a graph G = (V;, E¢)
and a positive real number A > 0. We define the monomer-dimer model on G to be
the distribution ji on 25 supported on all matchings of G, where p(M) oc MM We
note this model may be identified with the hardcore model on the line graph L(G) with
parameter A, and hence, may also be viewed as a 2-spin system with spins in {0,1}. As
above, we also think of the states as being assignments o : £ — {0, 1} such that {e € E':
o(e) = 0} is a matching.

Recall that we define the pairwise influence as

Uele—= f)=pclof=0|0.=0,00=7) —pglof=0|0.=1,00 =7)

for every A C Eg, every feasible boundary condition 7 : A — {0, 1}, and every pair of
distinct edges e, f ¢ A. We say the Gibbs distribution y of the monomer-dimer model
is n-spectrally independent if A\, (V7)) < n for all A C F and all feasible 7 : A — {0, 1},
where U is the associated matrix of pairwise influences. We note this notion of spectral

independence is equivalent to Definition 2.1.4; see [4].
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We prove the following. Note that Theorem 6.1.1 is a consequence of it as the maximum

eigenvalue of a matrix is upper bounded by the maximum absolute row sum.

Theorem 6.1.2. Fix an integer A > 3, and a positive real number \ > 0. Then for
every graph G = (Vig, E¢) of maximum degree at most A with |E| = m, every A C Eg,
and every feasible boundary condition 7 : A — {0, 1}, the Gibbs distribution 1 of the

monomer-dimer model on G with fugacity \ satisfies the inequality

S [ Wh(e = )] < min {ZAA, 2v/1+ )\A}

fEEG: f#e,fEA

for all edges e € Eg. In particular, the Gibbs distribution ¢ is n-spectrally independent

for
7 = min {QAA, QM} )

Remark 6.1.3. We note [3] independently gave an O(1)-spectral independence bound for

vertex-to-vertex influences using Hurwitz stability which is incomparable to our result here.

Our proof follows the strategy used in Chapter 5. Specifically, we prove Theorem 6.1.2
in two steps. In the first step, we prove a reduction for bounding the total influence of an
edge in G to the total influence of an edge in the associated tree of self-avoiding walks
in G. To do this, we extend known results [60] on the univariate matching polynomial,
following a similar but simpler argument used in [44]. In the second step, we bound the
total influence of an edge in any tree of maximum degree at most A by leveraging the

associated tree recursions. We formalize these in the following two intermediate theorems.

Theorem 6.1.4 (Reduction from Graphs to Trees). Fix a graph G = (Vg, Eg), r € Vg,

e ~ rincidenttor, f € Eg, and A\ > 0. Then there exists a tree T = Tsaw(G,r) =
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(Vr, Er) such that the following inequality holds:

S [Wele = NI < 3 [Wale = g)].

f€Eg gebEr

Theorem 6.1.5 (Total Edge Influence in Trees). Let T' = (Vr, Er) be any tree of maximum

degree < A, e € Er be any edge, and fix A > 0. Then we have the bound

S [Wre = )l < min{2/\A,2\/1+>\A}.

feEr:f#e

Remark 6.1.6. We note that this bound on the total influence of an edge is tight for the
infinite A-regular tree. However, it turns out that bounding the maximum eigenvalue of the
influence matrix using the total influence of an edge is not tight for the infinite A-regular

tree.

Assuming the truth of these two theorems, we now give a straightforward proof of

Theorem 6.1.2.

Proof of Theorem 6.1.2. Fix G, A C Egand 7 : A — {0,1}. Let H = (Vy, Ey) be the
graph obtained from G by deleting all edges ¢ € A such that 7(e) = 1, and deleting all
edges f € A along with edges incident to them such that 7(f) = 0. Observe that H is a
subgraph of G with maximum degree at most A, and crucially, the conditional distribution

i 1s precisely . By Theorems 6.1.4 and 6.1.5, we have the bound

As G, A, T were arbitrary, the claim follows. O

All that remains is to prove Theorems 6.1.4 and 6.1.5. We do this in Sections 6.1.1
and 6.1.2, respectively, noting that the arguments are completely independent of one an-

other.
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6.1.1 Reducing Influences in Graphs to Influences in Trees: Proof of Theorem 6.1.4

Fix a graph G = (Vg, Eg) with maximum degree < A, and a vertex r € Vg. Let
Tsaw (G, r) denote the self-avoiding walk tree in G rooted at r; in the context of matchings,
this is known as the “path tree” [60], and we refer to Section 5.3 and [60] for formal defi-
nitions. Note that we do not impose any boundary conditions on Tsaw (G, ) like in [127].
For every vertex u € Vi, we write C'(u) to be the set of copies of w in 7. Similarly, for
every edge e € E¢, we write C(e) to be the set of copies of e in T'.

We prove the following more fine-grained relationship between pairwise influences in

G and pairwise influences in 7' = Tgaw (G, 7).

Proposition 6.1.7 (Influence in G to Influence in Tsaw(G,r)). For every graph G =
(Va, Eg), r € Vg, e ~ 1, [ € Eg, and edge activities x, > 0, if we let T = Tsaw (G, 1) =

(Vir, E7), then we have the identity

Vgle— f) = Z Ur(e = f).
frec(f)

We note that by the Triangle Inequality, Proposition 6.1.7 immediately implies The-
orem 6.1.4. Hence, it suffices to prove Proposition 6.1.7, which we do by generalizing
properties of the univariate matching polynomial.

Define the following multivariate edge-matching polynomial.

Mg(z, e € Er) = Z H Te.

M CFE matching ee M

M is also the partition function of the monomer-dimer model on GG with edge activities

x. > 0. Furthermore, if r € V; is arbitrary, and we denote 7' = Tsaw (G, ), then define

MT(Ie e e Eg) def MT(ff f e ET)
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where Ty = z,. for all f € C(e) and all e € E;. We note that while M is always
multiaffine, My is not. Furthermore, M is not homogeneous. Finally, note that the
degree of any edge e ~ r incident to r is 1 in My since no self-avoiding walk can reuse e

after using e to leave r. We will crucially need the following decomposition of M.

Lemma 6.1.8. For every graph G = (V5, E¢) and any vertex v € Vi, we have the identity
MG(?L’) = MG—T (fL’) + Z Ly MG—T—U(x)'

Proof. Group the matchings for which r is not saturated in the term Mq_,(x). Simi-
larly, group the matchings for which a fixed edge e = {r, v} incident to r is selected in

Mea_r—y(). O]
We prove the following, a univariate analog of which was already proved in [60].

Lemma 6.1.9. For every graph G = (Vg, E¢) and r € Vg, taking T = Tsaw (G, 1), we

have the identity

Molz) _ My(a)
Mop_

Me—(x) ()

Furthermore, we may write Mrp(x) = Mg(z) - q(x) for some polynomial q which does

not depend on x. for any e ~ r.
First, let us see how to use Lemma 6.1.9 to prove Proposition 6.1.7.

Proof of Proposition 6.1.7. Fix r € Vi, and write T' = Tsaw (G, 7). By Lemma 6.1.9, we
have that M(x) = Mg(z) - q(x) for a polynomial ¢ which does not depend on . for all

e ~ r. It follows that if e ~ r, then

pr(0e = 0) = (1.0,, log Mrp)(1) = (1.0,, log Mg)(z) = pg(oe. = 0).
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It then also follows that for any e ~ r and any edge f € FE¢, we have the identity

(xfxe : 8113f8l’e 10ng)(ZE) = (l‘fiEe ) aﬂ’/’fafCe IOgMG)(:E)'

Now, let us understand the left-hand and right-hand sides separately as influences. For the

right-hand side, we have that

(T2e - 0p;Op, log M) () = Ty - 8$f%
oy (Pl M) 0, M) 0 M)
TN Me(w) M ()

= pg(oe = 0,07 =0) — pe(oe = 0) - pg(op = 0)
= pa(oe =0) - (na(oy =0 o = 0) — pel(oy =0))

= pc(oe =0) - pa(oe = 1) - Ygle = f).

For the left-hand side, we have by the Chain Rule that

(l’f@'e ’ aatfaxe IOgMT)(Z‘) =Tyl 8$f%

- 5 e, (0n, M) (z)

pecs - Ma(@) -
= Z pir(oe = 0) - pp(oe = 1) - Upe — f1).
'eC(f)

Since pg(oe = 0) = pr(o. = 0) and pug(o. = 1) = pr(o. = 1), the claim follows. O
All that remains is to prove Lemma 6.1.9.

Proof of Lemma 6.1.9. We go by induction on the graph. First, we note that the claim is

trivial in the case where G itself is a tree, since then 7' = G and My = My (ie. ¢ is
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identically 1). This forms our base case. Now, by Lemma 6.1.8 we may write
MG(I) = MG—T’ (I) + Z Ly MG—T—?J (ZE)

where we note the polynomials Mq_,(z), Mg_,—,(x) do not depend on any z. for e ~ 7.

Therefore, we deduce that

./\/lg($) . T .MG_T_U(QS)
Gt S

m —7r,v)—v .
=1+ Z PO L\ Cam) (z) (Induction)
M1y (G=rw) (@)

./V r)—r—uv
— 1 + Z'TT'U . TSAW(Gv ) (l’)

MTSAW(G’T)*T CU)
(Tsaw (G — r,v) = subtree of Tsaw (G, r) rooted at v)
_ mTSAW(Gﬂ")*T(x) + var xrvaSAW(G»T)*T*U (.CL")
MTSAW(G»T)*T'CU)

_ HTSAW(GW) (J})
MTSAW(Gvr)_T(I)

This proves the first claim. For the second claim, we go by induction again. The base case

where (G is a tree is again immediate. For the inductive step, we have

] MTSAW(GvT)_T (JJ)
Me_.(2)

HUNU mTSAW (G—r,) (x)
M (2)

(Deleting r in Tsaw (G, r) disconnects the subtrees Tsaw (G — 7,v).)

MTSAW(G:T) (LE) = MG($)

= MG(x)
— Mo(a) - q(x).

(Induction: M¢_,(z) divides M aw (G—rw) () for any v)

This shows the lemma. O]
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6.1.2 The Total Influence in a Tree: Proof of Theorem 6.1.5

At this point, we can forget self-avoiding walk trees, and just focus on the special case
where G itself is a tree 7. Throughout, we assume our tree 7" has maximum degree at
most A. If e € T with endpoints 71, 5, then we may view T as two trees T'(r1),T(r2) on
disjoint sets of vertices which are connected by the edge e, with 7'(r;) being rooted at 4
and T'(r9) being rooted at 7. If v is a vertex in T'(ry) (resp. T'(rz)), we write T'(v) for the
subtree of T'(r1) (resp. T'(r3)) rooted at v. We also write L, (k) for the set of descendants
of v (in T'(v)) at distance exactly & from v. We will let pi1(r) to denote the probability that
the vertex » € Vr is saturated in a random matching drawn from the Gibbs distribution.
Similarly, we will write p7(7) = 1 — pup(r).

We now prove several intermediate technical results which we will use to deduce The-
orem 6.1.5. To state them, we will need the following recursion for the probabilities 11 (7)

in the monomer-dimer model on G with fugacity A > 0:

_ 1 def _
wa(r) = — = F\(ug_r(v) 1 v ~r).
TS S R
We note this is immediate from Lemma 6.1.8 and using that ug(7) = M/j;(’g) where we

take x = 1.

Proposition 6.1.10. Fix a tree T and an edge e € Er with endpoints r1, 1. Then we have

the bound

> V(e =)
feBr fe
k

<2 Z max {H () (1)
=1

= =1

up € e, ui+1ELui(l),Vizl,...,k—l}

where we write e = ey, Uy, €2, Us, ..., Uk, €1 = [ for the unique path from e to [ such

that edge e; connects vertices u;_1 and u;.
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Proposition 6.1.11. Consider the potential function ®(z) = log x with derivative p(z) =

1 ; _
<. Then for every tree T' rooted at r and every sequence of vertices 1 = uy, ..., ug, we

have the inequality

. A\ [+/2]
up)(U;) < mi , V(®o F?od™t
g/m o (us) mm{(Hm) sng (®o Fy?0d ") (y)]; }

for every k.

Given Proposition 6.1.11, we will also need a bound on the gradient norm. Conve-

niently, this gradient norm was already analyzed in [19] to establish the correlation decay
property.
Lemma 6.1.12 ([19, Lemma 3.3]). Consider the potential function ®(x) = logx. Then

we have the following bound on the norm of the gradient for the two-step log-marginal

recursion.

2

PoF2od? <l— ——
SEPHV( o FY? 0 @ (y)||, < VIt A+ 1

We now show how to use intermediate technical results to prove Theorem 6.1.5. Im-

mediately following, we will prove Propositions 6.1.10 and 6.1.11.

Proof of Theorem 6.1.5. By combining Propositions 6.1.10 and 6.1.11 and Lemma 6.1.12,

we have the following two bounds

> 5 [k/2]
Uple = )] <2) (1 - ———
U (R

fGET:f7£e
oo 9 k
=-2+4 [ —
S (- oa)
=2V1+ AA;
> A\ A 1
> |\IIT(e—>f)|§22( ) =2 : = 2)\A.
fEEp:f+e k=1 L+ AA L+ AA 1_1+,\A
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This proves the theorem. O

Proof of Proposition 6.1.10

The crux of the proof rests on the following factorization of the pairwise influence in trees,

which was already observed in prior work [4, 44] in the context of vertex-spin systems.

Lemma 6.1.13 (Factorization of Pairwise Influence in Trees). Fix two edges ¢, f € Er.
Let e = ey, uy,ea,Us, ..., U, €1 = f be the unique path in T from e to f, where edge e;

connects vertices u;_1 and u;. Then we have

k
\I/T(€ — f) = H\I/T(ei — 6i+1).

=1

Proof of Lemma 6.1.13. 1t suffices to show that if ¢ is any edge on the unique path from e
to f,then Ur(e — f) = Yr(e = g)-Yr(g — f); the full claim then follows by induction.
This simpler identity follows immediately from the fact that conditioning on g disconnects

e from f so that they become independent. 0

Now, we finish the proof of Proposition 6.1.10. Observe that

k

Z + Z H|\I’T(€i_>€i+1)|

FEET(r) fE€ET(ry) i=1
dist(e,f)=k  dist(e,f)=k

k
Z + Z HMT—%‘ (g€i+1 = 0)

F€ED(y) FE€ED(ry)
dist(e,f)=k  dist(e,f)=k

) k
<2 @2}2 > Ilwr-elo., =0

k=1 fEET(T) =1
dist(e,f)=k

WE

Y (e ) =

fEEr:f#e

B
Il
—

WE

B
Il
—

and hence, to prove the claim, it suffices to show that for each r € e = {ry,r,} and each
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positive integer k, we have

Z H MT—ei(aei+l =0)

dist(e,f)=k

k
< max {H BT (uy) (uz)

=1

Uy =7, u,-+1ELui(l),Vizl,...,k—l}.

To show this, we prove the following more general inequality

k
Z HMT—W(UQH = O) <

dist(e,f)=k

J
Z HMT(“U(U{%MH} =0)- max { H I () (Wi }

X u;j+1€L (1
ui41€Ly, (1) =1 ;’j+1<1£<k i=j+1
V1<i<j -

for all j, by induction. The desired inequality is the special case j = 0 and the base case

J = k holds trivially with equality. Assume the inequality holds for some 7 + 1 < k. We

now prove that it holds for j. This follows by:

Z H MT—ei(U€i+1 - O)

f€ETy =1
dist(e,f)=k

Jj+1
< Z HMT(ui)(U{ui,ui+1} - 0 max { H ,U/T(ul) U }

! U; +1€L
Ui41€Ly, (1) i=1 \;j+2<7;<k i=j+2
V1<i<jt1
= E H MT 'U«z O-{Uz:uz+1} 0)
u1+1€Lu ( )
V1<z<]

X Z MT(“j+1)<0{uj+lauj+2} =0) max { H HT (uy) ul }

’U,,L+1€Lu (1)
wj2€Lu; (1) Vito<i<k \It2

< D Hum e

Uip1€Luy, (1) 1=
V1<1<]
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max { H :uT(uz) Ui } Z “T(uj+1)<a{uj+1,uj+2} = 0)

uz+1 ELu
Vj+1<z<k i=j+2 Ujr2€Lu; 4 (1)

-~

=HT(uj g ) (Ug41)

— Z HMT (ui) J{u“uzﬂ} =0) max { H 1) (Ui }

U1 ELu
u1+16Lu1(1) ‘v’]+1<7,<k: i=j+1
V1<i<j

This completes the proof of the proposition.

Proof of Proposition 6.1.11

We first prove the upper bound of ( )k as it is simpler and does not require the use of

1+AA

the potential function ®. To see this, observe that

1 1
>
1 + )\ var MG_”‘(E) a 1 + )\A

pa(T) =

and hence pq(r) < 1 j:fA It follows that

H A \F
() (U3) 1+ M\A

for any path uq, ..., u; in T starting from the root. Applying Proposition 6.1.10, we have

that the total influence is upper bounded by

=0 A N\ 2 1
2 ( ) —2\A.
; 1+2A L+AA 1 24

It turns out, one may view this simple analysis as a “one-step” version of the proof of
Proposition 6.1.11.

Composing with the recursion £ yields the following recursion for the log-marginals
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=logp; = ®(pi):

(o F\od ') (y) = —log (1 + )\Zexp(yi)> :

(®oFy2od (y) = 10g<1+)\21—|—/\z — ))

Differentiating and applying the Inverse Function Theorem, we obtain that

(O F)(p) = — A — AR

(1 +A Z;‘l:1 pj>2

and
(@0 Fro v () = T2 (5, 1))
Pi
R ARG = X B
and

0y, (P 0 F* 0 071 (y) (D<pij) Oy, FX7) ()
b O L1 A
Fe2(p) (G, 1) 0 FX)(p) - (9p: F3) (p)
= oy (AFC BB - (ABE))

With this, we now write

k
H MT(Ui)(ui)
i=1

k
- H Z A MT(ui)(u_i) ) MT(WH)(UZ'-I-I)

i=1 u;11€Ly, (1)
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Lk/2]

= H Z A ’uT(u%—l)(uQi—l) * T (v) (5)
=1 VE€Luy, (1)
Z A () (W2i) () (W)
WE Ly, (1)
[k/2]
=11 > 2 N (@) () - (A i (0) - ) ()

i=1 \w€Luyy, ;(1) weLy(1)

< sup ||V(<I> o F/‘\’2 o <I>_1)(y)||y€/2J ,
y
as claimed.

6.2 Optimal Mixing Results for Colorings on Triangle-free Graphs

Let o ~ 1.763 be the solution to exp(1/z) = z; this threshold has appeared in several
related results for colorings, though obtaining corresponding algorithms has been challeng-
ing. For example, for « > «*, Gamarnik, Katz, and Misra [59] proved SSM on triangle-free
graphs when ¢ > oA + [ for some constant 3 = [(«a); see also [61] for a related result
on amenable graphs. It was not until recently that the SSM result of [59] was converted
to an algorithm for triangle-free graphs by Liu, Sinclair, and Srivastava [92] utilizing the
complex zeros approach; however, just as for 2-spin systems, the polynomial exponent in
the running time depends exponentially on A and the distance of « from a*.

Our main contribution is to develop the spectral independence approach for colorings,
and analyze Glauber dynamics in the regime ¢ > oA + 1 for all & > o* on triangle-free
graphs. Our result applies for all A and we show that the bound on spectral indepen-
dence does not depend on A and ¢, yielding substantially faster randomized algorithms for
sampling/counting colorings than the previous deterministic ones (at the expense of using

randomness). The following result shows the second part of Theorem 1.1.4.

Theorem 6.2.1 (Colorings of Triangle-Free Graphs). Let a* ~ 1.763 denote the solution

to exp(1l/x) = z. For all « > o, for any triangle-free graph G = (V, E) with maximum
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degree A > 3 and any integer q > oA + 1, the mixing time of the Glauber dynamics on G

with q colors is at most Cnlogn, where C = C(«, A) is a constant independent of n.

We remark that the constant C' is a function of the gap o — o* and is independent of q.

6.2.1 Preliminaries for Colorings and List-Colorings

Let ¢ > 3 be an integer and denote by [¢] :== {1,...,¢}. To apply Theorem 1.2.1, we need

to establish the following theorem; Theorem 6.2.1 then follows immediately.

Theorem 6.2.2. Let o ~ 1.763 denote the solution to exp(1l/x) = x. For all o« > o,
there exists 1 = n(«) > 0 such that, for any triangle-free graph G = (V, E') with maximum
degree A and any integer ¢ > aA+1, the uniform distribution . over all proper q-colorings

of G is n-spectrally independent.

To establish spectral independence for colorings we also need the more general notion
of list-colorings. A list-coloring instance is a pair (G, L) where G = (V, F) is a graph and
L = {L(v)}yeyv prescribes a list L(v) C [q] of available colors for each v € V; it will also
be convenient to assume that the vertices of G are ordered by some relation < (the ordering
itself does not matter). A proper list-coloring for the instance (G, L) is an assignment
o : V — [q] such that o, € L(v) for each v € V and o, # o,, for each {v,w} € E. The
instance is satisfiable iff such a proper list-coloring exists. Note, g-colorings corresponds
to the special case where L(v) = [¢] for each v € V. For a satisfiable list-coloring instance
(G, L), we will denote by Ug 1, the set {(v,7) | v € V,i € L(v)}, by Q¢ 1 the set of all
proper list-colorings, and by P ;, the uniform distribution over {2 r; we will omit G from
notations when it is clear from context. We typically use o to denote a random list-coloring
that is distributed according to Pg 1.

We will be interested in analyzing the Glauber dynamics on (¢ 1. This is a Markov
chain (Z;);>¢ of list-colorings which starts from an arbitrary Z, € €, and at each time

t > 0 updates the current list-coloring Z; to Z; 1 by selecting a vertex v € V u.a.r. and
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setting Z;1(v) = ¢, where ¢ is a color chosen u.a.r. from the set L(v)\Z;(Ng(v)); for a
vertex w # v, the color of w is unchanged, i.e., Z; 1 (w) = Z;(w). The transition matrix of
the Glauber dynamics will be denoted by P = P¢ 1.

To ensure satisfiability of (G, L) as well as ergodicity of the Glauber dynamics, we will
henceforth assume the well-known condition that | L(v)| > Ag(v) +2 forall v € V, where
Ag(v) = |Ng(v)| and Ng(v) is the set of neighbors of v in G. Then, Glauber dynamics

converges to the uniform distribution over ¢ 1.

Remark 6.2.3. To ensure satisfiability, it suffices to have the assumption |L(v)| > Ag(v)+1
for all v € V; in fact, for every v € V and i € L(v) there exists a list-coloring o of (G, L)
with o, = 4. The slightly stronger condition |L(v)| > Ag(v) + 2 for every v € V
ensures that any two list-colorings o, 7 are “connected” by a sequence of list-colorings
where consecutive list-colorings differ at the color of a single vertex. (A clique with ¢ + 1

vertices gives a counterexample to this latter property for g-colorings).

For the spectral independence approach, we will need to consider conditional distribu-
tions of P ;, given a partial list-coloring on a subset of vertices. For a partial list-coloring
7 on a subset S C V, let (G, L;) be the list-coloring instance on the induced subgraph
G[V'\S] with lists obtained from L by removing the unavailable colors that have been as-
signed by 7 for each vertex in V'\ S, i.e., L; = {L;(v)},ev\s where for v € V\\S we have
L,(v) = L(v)\7(Ng(v) N S).

To capture those instances of list-colorings obtained from an instance of g-colorings by
assigning fixed colors to a subset of vertices, the following notion of (A, ¢)-list-colorings

will be useful.

Definition 6.2.4. Let A, ¢ be positive integers with A > 3 and ¢ > A + 2. We say that
(G, L)isa (A, q)-list-coloring instance if G = (V, E') has maximum degree A and for each

v € Vitholds that L(v) C [¢] and |L(v)| > g — A + Ag(v).

In our proofs henceforth, it will be convenient to define the following slightly more

accurate form of the region of (A, ¢) where our results apply to.
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Definition 6.2.5 (Parameter Region A.). Let o* ~ 1.763 denote the solution to exp(1/x) =
x. Fore > 0, define A, = {(A,q) e N> | A >3, ¢ > aA + 3} where a = (1 + ¢)a* and

B=2—a+ g8 < 0.655.

The core of our argument behind the proof of Theorem 6.2.2 is to establish the following

bound on \; (V) by studying the list-coloring distribution.

Theorem 6.2.6. Let ¢ > 0 be arbitrary, and suppose that (G, L) is a (A, q)-list-coloring
instance with ¢ > (1+¢)a*A+1and G a triangle-free graph. Then, \(¥) < 8 (L + 1) %

where V = V¢, 1, is the influence matrix.

Theorem 6.2.2 is a consequence of Theorem 6.2.6 by definitions of spectral indepen-

dence.

6.2.2 Establishing Spectral Independence: Proof of Theorem 6.2.6

Let (G, L) be a (A, ¢)-list-coloring instance as in Theorem 6.2.6. Let ¥ = U ; be the
square matrix with indices from the set U 1, where the entry indexed by (v, i), (w, k) €

Ugris0if v = w, and

U((v,4), (w, k) =Pgrlow=k| o, =1) —Pgrlon =k), ifv#w.

Our goal is to bound the spectral radius of the influence matrix W, ;. In this section, we
will show that for &« > a* there exists a constant C' = C'(«) such that whenever ¢ > aA+1
it holds that A\ (V¢ 1) < CA/q.

Henceforth, it will be convenient to extend U 5, by setting V¢ 1 ((v,7), (w,k)) = 0
when k& ¢ L(w) ori ¢ L(v). It is well-known that, for any square matrix the spectral
radius is bounded by the maximum of the L;-norms of the rows. In our setting, the bound

on A (V¢ 1) will therefore be obtained by showing that, for an arbitrary vertex v of G and

172



acolori € L(v), it holds that
A
> e ((v.i), ( wk)\<8< ) (6.1)
weV\{v} k€lq] q

To bound the sum in Eq. (6.1), we introduce the maximum influence, which describes the

maximum difference of the marginal probability at w under all color choices of v.

Definition 6.2.7 (Maximum Influences). Let (G, L) be a (A, g)-list-coloring instance. Let

v, w be two vertices of (G. The maximum influence of v on w is defined to be

Ve p[v = w] = max max ‘IP’G L(oweQ | o, =1) —Pgr(0weQ | o, = ])|
i,7€L(v) QCld]

Lemma 6.2.8. For all distinct v,w € V and i € L(v) we have

D W n((v,d), (w, k)| <2 Vg o — w).

kelq]

Proof. Let m € R? such that 7(k) = Pg (0, = k) for each k € [q]. Fori € L(v),
let 7; € R? such that m;(k) = Pg (0w = k | 0, = i) for each k € [g]. Finally, let

v(i) = Pg (0, = 1) for each i € L(v). It then follows that

D 1an((v,d), (w, k) =) [mi(k) —w(k)] = [lmi — 7],

kelq] kelq]

Meanwhile, by the law of total probability we have w(k) = > ., v(j)m;(k) for all

k € [q]. Hence, m = 3", ) v(j)m;. We then deduce from the triangle inequality that

| — 7|, = Z v()(m —m)|| < Z J) i — 7T]H1— max || — [, .

JEL(v)
jEL(v) 1 JEL(v)
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Notice that

1 ) .
—||m — 7|, = drv(m, 7;) = max ‘IP’GJ;(UU,EQ | oy =1) —Por(owe@ | oy, = j)|
2 QCld]
The lemma then follows immediately. 0
Hence, to bound the sum in Eq. (6.1), it suffices to bound the sum Zwev\ (v} Ve, v —

w] instead. Our ultimate goal is to write a recursion for this latter sum, bounding by an
analogous sum for the neighbors of v (in the graph where v is deleted). To get on the right

track, we start by writing a recursion for influences.

Definition 6.2.9. Let (G, L) be a list-coloring instance where G = (V, E) is a graph and
L = {L(v)},ev is a collection of color lists. Let v € V. For u € Ng(v) and colors
i,j € L(v) with i # j, we denote by (G,, L) the list-coloring instance with G, = G \ v

and lists L = {L% (w) },yev\ fv} Obtained from L by:
e removing the color i from the lists L(u') for v’ € Ng(v) with v’ < u,
e removing the color j from the lists L(u') for v’ € Ng(v) with v/ > u, and
e keeping the remaining lists unchanged.

The following lemma will be crucial in our recursive approach to bound influences, and

follows by adapting suitably ideas from [59]. The proof of it can be found in Section 6.2.3.

Lemma 6.2.10. Ler (G, L) be a (A, q)-list-coloring instance with G = (V, E) and L =
{L(v)}vev. Then, forv € V and arbitrary colorsi,j € L(v)withi # j, forallw € V\{v}

and k € [g], we have

Ploy,=k|o,=1) —Plo, =k |0, =) =

—sz(au:ﬁ-\lﬂj u,7), (w,k)) —
PO e RGO

W G ((u,d), (w, k
P v (), (0.4,
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where P := P 1, and, for u € Ng(v), PY := Pg, i and U = e, L

Recall that we set W ((u,c), (w,k)) = 0 for ¢ ¢ L¥(u). To apply Lemma 6.2.10
recursively, it will be helpful to consider multiple list-coloring instances on the same graph
G. For a collection of lists £ = {Ly,...,L;}, where each L. € L is a set of lists of
all vertices for G, we use (G, L) to denote the collection of |£| list-coloring instances
{(G,Ly),...,(G, L;)}. When considering the pair (G, £) or (G, L), we usually omit the

graph GG when it is clear from the context.

Definition 6.2.11. Let (G, £) be a collection of list-colorings instances with G = (V, E)
and a collection of lists £ on GG. For v € V, we define £, to be the collection of lists for

G, = G\ v obtained from L by setting
L,={LJ|LeL uecNg),ije Lv)withi#j}.

Note that (G, £,) consists of [L,| = >, .. Ag(v) - |L(v)| - (|L(v)| — 1) list-coloring

instances.

Lemma 6.2.12. If (G, L) is a collection of (A, q)-list-coloring instances, then for every

vertex v of G, (G, L,) is also a collection of (A, q)-list-coloring instances.

Proof. Let L, € L, be arbitrary, so that L, is obtained from some L. € L. Then, by
definition, for u ¢ Ng(v) we have |L,(u)| = |L(u)| and Ag\o(u) = Ag(u), while for
u € Ng(v) we have |L,(u)| > |L(u)| — 1 and Ag, (u) = Ag(u) — 1. This implies that £,
is (A, ¢)-induced. O

Definition 6.2.13. Let (G, £) be a collection of (A, g)-list-coloring instances with G =
(V,E). Fix a vertex v € V and let w € V\{v}. The maximum influence of v on w with
respect to (G, £) is defined to be

Ve ol — w] = max Ve n[v — w).
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The total maximum influence of v with respect to (G, £) is defined to be 0 if Ag(v) = 0,

and
1

‘I’Z,L(U) = m

> Varl—w] ifAg(v) > 1.
weV\{v}

The following lemma gives a recursive bound on the total maximum influence.

Lemma 6.2.14. Let (G, L) be a collection of list-coloring instances and v be a vertex of G

with Ag(v) > 1. Then, with G.,, L, as in Definition 6.2.11,

Vo o) < max {Ro,e,(w)(Bc, (u) - WG, ¢, () + 1) }.

u€Ng(v)

P =
where Rg, ¢, (1) = MaXrer, MaXeer(u) %for u € Ng(v).

Proof. Suppose that G = (V, E). For convenience, we will drop the subscripts G, £ from
influences and use the subscript v as a shorthand for the subscripts GG, £,, of influences and

the quantity R. We will soon show that for every w € V' \ {v}, we have

U —w] < D Ryu) - Uyfu— wl. (6.2)

u€ENg(v)

Assuming Eq. (6.2) for the moment, we have that

Z Z U, [u — w]

a(v) weV\fv} wEV\{v}uENG v)
1

=X Z R,(u) - ( Z \Pv[u—>w}+\11v[u—>u])
() Ao weV\{v,u}

< RU A . \IJ* 1 )

< max {Ru(u) (Ag,(u) - Wi(w) +1) |

which is precisely the desired inequality (observe that ¥, [u — u] = 1 by definition). To
prove Eq. (6.2), consider L € L, i,j € L(v) withi # j, and @ C [g]. For simplicity, let

P := Pg 1 and, foru € Ng(v), Py =P, 4, Wi := U, i, and W) = W, . Letalso

PZZQ = P(UwGQ | Oy = Z) _P(UwEQ | Oy = ]) and \I]Zj((uvl%(w?Q)) = ]P)Zj(o-wEQ |
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o, =1) — P¥(0,cQ), so that from Lemma 6.2.10 we have

Plo= Y w-%j((u,j),(w,Q))—W-\Ifﬁj((u,i),(w,Q)). (6.3)

)
uENg(v) PU (Ju 7£ ]) IEDU (Uu 7& Z)

By the law of total probability, we have

S P(o, = o) W ((u,0), (w,Q))

ceL¥ (u)

= Z Py (0w = C)<sz(0w€Q | ow=1c)— PjﬂaweQ))
ceLy(u)

so we conclude that

my(Q) == min ¥ ((u,i),(w,Q)) <0, and

i €Ly (u)
M@= ?L%}(()\Ij](( i), (w,Q)) > 0. (6.4)
j u

Observe further that

Uy — w] = max max |IP’”(<7weQ |0y =1i") =P (0,eQ" | 0, :j/)|
i '€ LY (u) Q' Clal
> MU(Q) - m¥(Q) 65)

Combining Egs. (6.3) to (6.5) we obtain that

Plo< Y. R(w)(MI(Q) -mi(@Q)
u€ENg(v)
< Z Wy — w)
UGNG
< Z olu — w).
’MGNG )
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Since V¢ p[v = w| = max; jer(w) Maxgc( P;J;Q, by taking maximum over i,j € L(v)
and () C [q] of the left-hand side, we obtain the same upper for V¢ ;[v — w]. We then

obtain Eq. (6.2) by taking maximum over . € £, and thus finish the proof. [

For the bound in Lemma 6.2.14 to be useful, we need to show that the ratio R(u)
defined there is strictly less than 1/Ag(u). The following lemma does this for (A, q) € A,

building on ideas from [61, 59].

Lemma 6.2.15. Let ¢ > 0 and (A,q) € A.. Let (G, L) be a (A, q)-list-coloring instance
with G a triangle-free graph. Then for every vertex u of G with degree at most A — 1 and

every color ¢ € L(u), we have

CHET P S N1
Por(ow#c) (1+e)Ac(u)’ q

Remark 6.2.16. We remark that our region A, is slightly smaller than that of [61], where

similar bounds are shown for ¢ > aA — v for 7 ~ 0.4703. The difference is that the

arguments in [61] upper-bound P/ (0, = ¢) instead of the ratio Py (o, = ¢)/Pr(0, # c)

which is relevant here, and which is clearly larger than P, (o, = ¢). See also the discussion

before the upcoming Lemma 6.2.19.

Note that when Ag(u) is small, the bound 1/Ag(u) is poor and we shall apply the
simpler crude bound 4/q. The proof of Lemma 6.2.15 can be found in Section 6.2.3.

Combining Lemmas 6.2.14 and 6.2.15, we can now bound the total influence.

Theorem 6.2.17. Let ¢ > 0 and (A, q) € A.. Suppose that (G, L) is a collection of (A, q)-
list-coloring instances where G is a triangle-free graph. Then for every vertex v of G we

have Vg, .(v) < 3(% +1).

Proof. Let vy = v, G° = G and L° = L. For ¢ > 0, we will define inductively a sequence
of (A, q)-list-coloring instances (G*, L) and a vertex v, in G* as follows. Let G**! be the

graph obtained from G by deleting vy, i.e., G'*' = G"\vy and L = L . Note that all
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neighbors of v, in G, have degree at most A — 1 in G**!. Moreover, since by induction
(G*, L) is a set of (A, ¢)-list-coloring instances, by Lemma 6.2.12 so is (G**!, £F1).

Since ¢ > (1 + €)aA + 1, combining Lemmas 6.2.14 and 6.2.15, we obtain that

1 4
\IJ*GZ,EZ (UZ) < max {\Ijgg+17£e+1 (U)} + 5 (66)

1 + £ ’l,LENGg(Uz)

We let vyyq be the vertex u € Nge(vy) that attains the maximum of the right-hand side
of Eq. (6.6), so

\I]G‘-’7L’5 (W) < 1—+€ TR G pel (WJrl) + 6 (6.7)

Hence, we obtain a sequence of vertices vg, v1, ..., v, and a sequence of collections of
lists £°, L1, ..., L™, till when Agm(vn) = 0 and thus W, pm(vm) = 0. From this, and
since Eq. (6.7) holds for all 0 < ¢ < m — 1, we obtain by solving the recursion that

. 4
\IIG,ﬁ(v) < % = % (% + 1), as wanted. O

Combining Theorem 6.2.17 with Lemma 6.2.8 and Definition 6.2.13 of total maximum
influence gives Eq. (6.1), which therefore yields the bound A\ (V¢ ) < 8 (é + 1) % for
any (A, g)-list-coloring instance (G, L) with (A, q) € A., as claimed at the beginning of

this section and which completes the proof of Theorem 6.2.6.

6.2.3 Proofs of Influence Recursion and Marginal Bounds

In this section, we give the proof of Lemma 6.2.10 and Lemma 6.2.15, which were used in

the proof of Theorem 6.2.6.

Proof of Lemma 6.2.10. For convenience, set P := P(o, = k | 0, = j) — P(oy,, = k|
Oy = 1).
Letd = Ag(v) and uq, . . ., ug4 be the neighbors of v in G in the order prescribed by the

labelling on G. Let N = Ng(v) and, fort = 1,...,d, let Ny = {uy,...us—1} be the set of
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vertices preceding v¢. Then, with G, = G\v and L, = {L(u) }yev\ (v}, We have

P="Pg,1,(00=Fk j¢on) —Pa, L (0w="Fi¢oy)
d

= ZPGU,LU (cw=Fk, i¢on,j¢onmm) —Par,(0w=Fk i & on, JEONNL)
=1

= Z Pi(ow="k|ou#j)—Pllow="Fk|o.#1).

u€Ng(v)

Now, for u € Ng(v), we have that

Pilj(Uw:liu?éi)_Py(Jw:k)

0, ifi ¢ L(u),
_Pff(au =1)

P (0, # 1)

WY ((u,4), (w, k), ifi € L(uw).

Summing this over u € Ng(v) yields the equality in the lemma. O

Next, we prove Lemma 6.2.15. For integers A, ¢ > 3 with ¢ > A + 1, the following

function will be relevant for this section:

A—1

q— 2 1 q—A+1] q—2

The following lemma is implicitly given in [61] in their proof of Lemma 15. Here we

present a more direct proof, combining ideas from both [61] and [59].

Lemma 6.2.18. Suppose that (G, L) is a (A, q)-list-coloring instance with G = (V, E) a
triangle-free graph. Then for every vertex u € V of degree at most A — 1 and every color

c € L(u), we have
Pe r(on = ¢) < 1 1
Por(ow#c) = ®(A,q) Ag(u)

PGr,1, (ou=c)

Proof. By the law of total probability, it suffices to give an upper bound on Pt (0u o)

for an arbitrary partial list-coloring 7 on V'\ (u U Ng(u)). In turn, since (G, L) is also
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a (A, g)-list-coloring instance and G, is a star graph centered at u, it suffices to prove the
lemma when G is a star graph centered at u. Henceforth, for convenience, we drop the
subscript G from notation.

For w € Ng(u) and ¢ € L(u) we define 0.(w) = 1{c € L(w)}. For any ¢, ¢ € L(u),

we have

Pr(o, = N |L(w)]| — 6.(w)
_ e (w)
§ well\g( ) (1 ]L(w)’)
1 ber (w)
- well\;c!(u) (1 B m) '

From this, and using the arithmetic-geometric mean inequality, it follows that
Pr(ou # ¢) _
o =~ 2 H

)60/ (w)
'€L(u)\{c} weNg w)|

2(|L(u)\—1)( I1 11 ( )‘)écf(zw)w(;)l_l

c’eL(u)\{c} weNg(u)

:(!L(u)\—1)( 11 (1_m)zm(u)\{c}éd(w))m_l

wENG (u)
> (|L(uw)] — 1)( 11 )(1 B |L(1w)|>L(w)I)L<u1H.

wENg(u
Since (1 — 1/m)™ is an increasing sequence in m and |L(w)| > ¢ — A + 1, we get

[L(u)] —1 1 —A+1] TETS
. - T |
Ag(u) Prlou=c) = Aglu [( q—A+1> ]




we deduce that

This shows the lemma. O]

We then give a lower bound on the key function ®(A,¢) defined in Lemma 6.2.18
when (A, q) € A.. Relevant to Remark 6.2.16, numerical experiments demonstrate that
®(A, q) < 1when g = aA for « very close to «*, indicating that the current proof approach

cannot go beyond g > a/A.
Lemma 6.2.19. For every e > 0 and (A, q) € A, we have (A, q) > 1+ (1 + ai) E.

Proof. Note that the condition ¢ > aA + [ can be rewritten as

«

q—22a(A—1)+m.

(6.9)

First by Lemma 17 (ii) of [61], which can be proved directly by comparing the power series

expansions, we have

1 1
—(q— )<l
(q A—i—l)log(l q—A—i—l)_l_l_Q(q—A)

Since we have
g—A=@-2)—(A=-1)+1>(a—-1)(A-1),

it follows that

(A, q) >

AT {_ (”2(&—1;@—1))6—_21]'

Notice that the right-hand side above is monotone increasing in ¢ —2. Plugging in Eq. (6.9),
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we deduce that

= — | =
—

(A, q)

v
+

“ (1 2(a? — 11><A - 1)) o [_é | 11:%]
- (” e 1>) o (‘é e 1)
za(é'@*zmaﬁaA—m)'O_2WLJNZ—U+1>

~

Finally, since o = (1 + ¢)a* and a*e~ /%" = 1, we obtain

£ 1
@(A,qmm)a*e-m2(1+5>(1+£):1+(1+_*)6_ -
« «

We are now ready to prove Lemma 6.2.15.

Proof of Lemma 6.2.15. The first upper bound m follows from Lemmas 6.2.18

and 6.2.19. For the second bound, first we have the following crude bound

1 1

P =) S Tl Bew) S 1A

Therefore,
Pr(o, =) < 1
Prlo,£¢) q-A-1

Since ¢ — 2 > a(A — 1), we deduce that

g—A—1 > (g—2)—(A-1) > a—1 Zl
q (g—2)+(A—-1) " a+1 4
It then follows that Py (o, = ¢)/Pr(0, # ¢) < 4/q. O
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CHAPTER 7
SPECTRAL INDEPENDENCE VIA COUPLING METHODS

In this chapter, we show spectral independence for contractive distributions. As an applica-
tion, we show that the uniform distribution of all ¢g-colorings on a graph of maximum degree
A is spectrally independent when ¢ > (11/6 — &4)A for a universal constant £y ~ 1075,

This chapter is based on [23].

7.1 Optimal Mixing Results for Colorings and Potts Model

There are two broad approaches for establishing fast convergence of MCMC algorithms:
probabilistic or analytic techniques. Probabilistic techniques primarily utilize the coupling
method; a popular example is the path coupling method which has become a fundamental
tool in theoretical computer science [30]. In contrast, analytic techniques establish decay to
equilibrium by means of functional inequalities such as Poincaré or log-Sobolev inequali-
ties, which correspond to decay of variance and relative entropy respectively. In particular,
the so-called modified log-Sobolev inequality is often a powerful analytic tool in establish-
ing tight bounds on the mixing time, while the weaker Poincaré inequality provides control
on the spectral gap; see, e.g., [48, 98, 25].

These two approaches—probabilistic or analytic—appeared disparate. While coupling
techniques have been used to prove Poincaré inequalities, there are no clear relations be-
tween the probabilistic approach and log-Sobolev inequalities. We establish a strong con-
nection by proving that coupling inequalities in the form of bounds on the Ollivier-Ricci
curvature of the Markov chain imply entropy decay, and hence the associated modified
log-Sobolev inequality holds. In the context of spin systems on bounded-degree graphs,
this settles a remarkable conjecture of Peres and Tetali (see Conjecture 3.1 in [54] and

Remark 7.2.6).
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For g-colorings of graphs with maximum degree A, Jerrum [74] proved that the Glauber
dynamics has O(nlogn) mixing time when ¢ > 2A. Jerrum’s result was improved to
q > %A in [125] and further improved to ¢ > (% —&0)A for some small g ~ 107° > 0 by
Chen et al. [42] by analyzing a Markov chain referred to as the flip dynamics; this implied
O(n?) mixing time of the Glauber dynamics. We obtain O(nlogn) mixing time of the
Glauber dynamics, which is asymptotically optimal [71], and also obtain optimal bounds

on the log-Sobolev and modified log-Sobolev constants. The following result shows the

first part of Theorem 1.1.4.

Theorem 7.1.1 (Colorings). For g-colorings on an n-vertex graph of maximum degree A,
when q > (% —€0)A, where g ~ 107° > 0 is a fixed constant, the Glauber dynamics has

mixing time C'nlogn where C = C(A, q) is a constant independent of n.

Moreover, we obtain improved results for the ferromagnetic Potts model. Unlike the
Ising model, for the ferromagnetic Potts model known rapid mixing results for the Glauber
dynamics do not reach the tree uniqueness threshold. The best known results [70, 124,
27] imply that the Glauber dynamics mixes in O(nlogn) steps when 5 < [, where
Bo = max {2, L In(“1)}. In addition, [27] showed poly(n) mixing of the Glauber dy-

namics for § < /1 where 3; = (1 — 0(1))&“}1, the o(1) term tends to 0 as ¢ — oo; see

Remark 7.5.10 for more details. These results yield polynomial mixing time bounds for
the Swendsen-Wang dynamics in the corresponding regimes of /3. Note the critical point

for the uniqueness threshold on the tree was established by Higgstrom [69] and it behaves

as 3, = i“_ql + O(1); see [27]. In both regimes, we prove optimal bounds for the mix-

ing time and (modified) log-Sobolev constant of the Glauber dynamics and also for the

Swendsen-Wang dynamics.

Theorem 7.1.2 (Ferromagnetic Ising/Potts Model). For the ferromagnetic Ising model with
B < Be(A) on any n-vertex graph of maximum degree A > 3, the Glauber dynamics has

mixing time Cn logn and the Swendsen-Wang dynamics has mixing time C" logn, where C'
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and C' are constants independent of n. For the ferromagnetic Potts model the same results

hold when 3 < max{fy, 51}

7.2 Establishing Spectral Independence for Contractive Distributions

We present a series of results showing in a general context that when there exists a contrac-
tive coupling then spectral independence holds.

Let d denote an arbitrary metric on 2. A simple example is the Hamming metric, which
for configurations 0,7 € € is defined to be dy (0,7) = [{x € V : 0, # 7,}|. There
are two types of more general metrics that we will consider: those within a constant factor
of the Hamming metric and vertex-weighted Hamming metric for arbitrary weights. For
~v > 1, a metric d on {2 is said to be y-equivalent to the Hamming metric (or y-equivalent

for simplicity) if for all o, 7 € €2,

1
_dH (07 T) < d(O’, T) < deH (07 T) )
Y

that is, a y-equivalent metric is an arbitrary metric where every distance is within a factor
~ of the Hamming distance. In contrast, we can generalize the Hamming distance by
considering arbitrary weights for the vertices. Let w : V' — R, be an arbitrary positive
weight function. The w-weighted Hamming metric between two configurations o, 7 € () is

defined to be
dy(o,7) = Zw(u)l{au # Tu}.

zeV

In particular, if w, = 1 for all v then d,, is just the usual Hamming metric. Note there are
no constraints on the weights except that they are positive; in particular, the weights can be
a function of n.

We will often consider a class P = {P" : 7 € T} of Markov chains associated with y,
where each P7 is a Markov chain with stationary distribution ™ and 7 € 7 is a pinning;

for example, P can be the family of Glauber dynamics for all 1"’s. In coupling proofs,
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the goal is to design a coupling so that for an arbitrary pair of states the chains contract
with respect to some distance metric after the coupled transition. Roughly speaking, for
k € (0,1), we say that u is k-contractive with respect to (w.r.t.) a collection P of Markov
chains and a metric d if one step of every chain P” contracts the distance by a factor « in

expectation. This is formalized in the following definition.

Definition 7.2.1 (k-Contraction). Let P denote a collection of Markov chains associated
with 1 and let d be a metric on ). For k € (0,1) we say that y is k-contractive w.r.t. P
and d if for all 7 € T, all Xy, Y, € Q7, there exists a coupling (X, Yy) — (X1, Y7) for P7
such that:

E[d(Xl7 }/1)|X0a }/E)] S ’%d(X07 }/b)

The following result shows that spectral independence holds if the Glauber dynamics

has a contractive coupling.
Theorem 7.2.2.

(1) If i is k-contractive w.r.t. the Glauber dynamics and an arbitrary w-weighted Ham-
ming metric, then [ is spectrally independent with constant n = ﬁ In particular,

if/ﬁgl—%,thenngg.

(2) If the metric in (1) is not a weighted Hamming metric but instead an arbitrary -

2 2
equivalent metric, then n = ui+m In particular, if K <1 — £, thenn < 2%

Notice that a x-contractive coupling for the Hamming distance immediately implies
O(nlogn) mixing time of the Glauber dynamics (see, e.g., [30, 87]). But the above the-
orem offers two additional features. First, it allows arbitrary weights w and the resulting
bound on the mixing time is independent of these weights, whereas a coupling argument,
such as utilized in path coupling [30], yields a mixing time bound which depends on the
ratio of max, w(u)/ min, w(u). Second, as discussed in the previous theorems, spectral
independence (together with the easily satisfied marginal boundedness) implies optimal

bounds on the mixing time and entropy decay rate for arbitrary heat-bath block dynamics.
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We can extend Theorem 7.2.2 by replacing the Glauber dynamics with arbitrary Markov
chains. In particular, we consider a general class of Markov chains which we call the
select-update dynamics. In each step, the select-update dynamics picks a block B € B
randomly (with a distribution that may depend on the current configuration), and updates
all vertices in B using the current configuration (and the pinning if there is one). Note that
no assumptions are made on how to pick or update the blocks; the only requirement is that
the dynamics converges to the correct stationary distribution. If the chain selects a block B
from a fixed distribution over B and updates B using the conditional marginal distribution
on B (under the pinning if applicable), then this is the standard heat-bath block dynamics
that we introduced earlier; hence, the select-update dynamics is much more general than
the weighted heat-bath block dynamics. Another example of the select-update dynamics is
the flip dynamics for sampling random colorings of a graph; see Section 7.5.1.

We define M = maxpep | B| to be the maximum block size and D to be the maximum

probability of a vertex being selected in any step of the chain.

Theorem 7.2.3. If 11 is k-contractive w.r.t. arbitrary select-update dynamics and an arbi-

2v2DM
1-x °

trary y-equivalent metric, then [ is spectrally independent with constant n =

Theorem 7.2.3 generalizes Theorem 7.2.2(2) since M = 1 and D = 1/n for the Glauber
dynamics. If we further assume that the select-update dynamics updates each connected
component of a block independently, then the maximum block size M can be replaced
by the maximum component size of a block; see Remark 7.5.4. See also Theorem 7.5.2
for a stronger statement involving arbitrary Markov chains, where DM is replaced by
the maximum expected distance of two chains when pinning a single vertex. This more
general statement potentially applies to chains with unbounded block sizes, including the
Swendsen-Wang dynamics.

It is worth remarking that, as a corollary of Theorem 7.2.3 we obtain that a coupling

argument for the select-update dynamics where the maximum block size is constant (and

D/(1 — k) = O(1)) implies O(nlogn) mixing time of the Glauber dynamics, together
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with the optimal mixing and optimal entropy decay for arbitrary heat-bath block dynamics.
Moreover, as a corollary of Theorem 7.2.2 we obtain that the Dobrushin uniqueness
condition implies spectral independence. The Dobrushin uniqueness condition is a classical

condition in statistical physics which considers the following dependency matrix.

Definition 7.2.4 (Dobrushin uniqueness condition). The Dobrushin dependency/influence

matrix R € RV*V is defined by R(z,z) = 0 and

R(z,y) = max{drv (uy(- | 0), py(- | 7)) : (0,7) € Spy} fora#y

where S, , is the set of all pairs of configurations on V' \ {y} that can differ only at =. The
Dobrushin uniqueness condition holds if the maximum column sum of R is at most 1 — ¢

for some ¢ > 0.

The Dobrushin dependency matrix for the entry R(x,y) considers the worst case pair
of configurations on the entire neighborhood of y which differ at z. If x is not a neighbor
of y then R(z,y) = 0. Hence, the Dobrushin uniqueness condition states that for all ¥,
Y v N) R(z,y) < 1. In contrast, the ALO influence matrix considers the influence of a
disagreement at « on a vertex y (which is not necessarily a neighbor) and no other vertices
are fixed, although one needs to consider all pinnings to establish spectral independence,
so the notions are incomparable at first glance.

Using Theorem 7.2.2 we prove that the Dobrushin uniqueness condition implies spec-
tral independence. Moreover, our result holds under generalizations of the Dobrushin
uniqueness condition. Hayes [70] generalized it to the following spectral condition: if
|R||2 < 1— ¢ for some £ > 0, then the mixing time of the Glauber dynamics is O(n logn).
This was further generalized by Dyer et al. [52] to arbitrary matrix norms. We prove spec-
tral independence when the spectral radius p(R) < 1, which is the strongest statement of
this type as the spectral radius is no larger than any matrix norm; see Remark 7.4.1 for a

more detailed discussion.
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Theorem 7.2.5. If the Dobrushin dependency matrix R satisfies p(R) < 1 — ¢ for some

e > 0, then p is spectrally independent with constant n = 2 /e.

Previously, Marton [101] (see also [62, 116]) showed that the spectral condition in
Theorem 7.2.5 implies approximate tensorization of entropy and thus optimal bounds on
the modified log-Sobolev constant for the Glauber dynamics. See also [18] for related
results with an alternative technique. However, the approach in these works does not imply

block factorization of entropy as in our case.

Remark 7.2.6. Our definition of k-contraction is equivalent to the statement that the Markov
chain has coarse Ollivier-Ricci curvature at least 1 — x > 0 with respect to the metric d
[107]. Combining Theorem 7.2.2 with Theorem 4.1.1 we obtain a proof of the following
version of the Peres-Tetali conjecture: if the Glauber dynamics has Ollivier-Ricci curvature
atleast£/n > 0 then the Glauber dynamics has a modified log-Sobolev constant at least ¢/n
and any a-weighted heat-bath block dynamics has a modified log-Sobolev constant at least
cd(a), for some constant ¢ = ¢(e,b, A) > 0, where d(«) is defined in Eq. (4.1). Replacing
Theorem 7.2.2 with its generalization Theorem 7.2.3 we obtain the same conclusion under
the much milder assumption that there exists some k-contractive select-update dynamics
satisfying DM /(1 — k) = O(1). The original Peres-Tetali conjecture in the setting of
random walks on graphs is that if there exists a graph metric d such that the random walk
has Ollivier-Ricci curvature at least A > 0 with respect to d then the random walk has
modified log-Sobolev constant at least cA > 0, for some universal constant ¢ > 0; see

Conjecture 3.1 in Eldan et al. [54].

In the rest of this chapter we establish our main results that a contractive distribution is
spectrally independent. These results in particular connect classic probabilistic approach
for establishing fast mixing of Markov chains such as coupling with recent developments
utilizing spectral independence. We first consider a special case of Theorem 7.2.2 con-
cerned with Glauber dynamics and Hamming metric in Section 7.3; this will serve as

a concrete example to illustrate our approach for establishing spectral independence. In

190



Section 7.4, we consider arbitrary metric and prove Theorem 7.2.2. Finally, we consider

general Markov chains and metrics in Section 7.5 and prove Theorem 7.2.3.

7.3 Warm-up: Contraction for Glauber Dynamics and Hamming Metric

In this section, we prove a simpler version of Theorem 7.2.2, which already gives the main
idea of our proof approach for establishing spectral independence. We show that, if the
distribution x is contractive w.r.t. the Glauber dynamics and the Hamming metric, then it is

spectrally independent.

Theorem 7.3.1. If i is k-contractive w.r.t. the Glauber dynamics and the Hamming met-
ric for some k € (0,1), then u is spectrally independent with constant 1 = (L In

1—-k)n*

particular, if k <1 —¢/n, thenn < 2/e.

Remark 7.3.2. In this chapter, the Glauber dynamics P, for the conditional distribution
w7 with a pinning 7 on U C V is defined as follows: in each step the chain picks a vertex
u € V u.a.r. and updates its spin conditioned on all other vertices and 7. In particular, all
pinned vertices in U are allowed to be selected and when this happens the configuration will
remain the same (no updates will be made). This setting can make our theorem statements
and proofs easier to understand, and will not harm our results since we only consider these
chains for the purpose of analysis rather than actually running them. Alternatively, we can
define the Glauber dynamics ﬁgL for 47 in the following way: in each step an unpinned
vertex u € V' \ U is selected u.a.r. and updated accordingly. Note that ]5(; is faster than P]
and the contraction rate of PGTL depends on the number of unpinned vertices. If we assume
1™ is kg-contractive w.r.t. P7 and dy where £ = |V \ U, then an analog of Theorem 7.3.1

can show that p is spectrally independent with

2
T A { (1- W)e} '

However, in actual applications such as under the Dobrushin uniqueness condition in Sec-
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tion 7.4, the contraction rate satisfies k, < 1 — £/, so we eventually get n < 2/ just as

from Theorem 7.3.1.

Recall that for any pinning 7 € T we let u” be the conditional distribution over 2"
given 7, and the ALO influence matrix U7 is a square matrix indexed by P7 and defined as

U (u, j;u, k) = 0 and
U (u, jsv, k) = p (o, =k | oy = j) — p" (0, = k) for u # v.

The distribution 1 is said to be n-spectrally independent if A; (V") < 7 for all pinning 7.
Our goal is to upper bound the maximum eigenvalue of the ALO influence matrix W7
for a given pinning 7. In fact, to make notations simpler we will only consider the case
where there is no pinning; the proof is identical by replacing €2, ;1, ¥ with Q7, 7, U7 when
an arbitrary pinning 7 is given. To upper bound \; (), a standard approach that has been
applied in previous works [4, 44, 43, 55, 45] is to upper bound the infinity norm of W. More

specifically, for each (u, j) € P we define

S(u, )= Y |W(u,j;v, k)] (7.1)

(v,k)eP

to be the sum of absolute influences of a given pair (u,j). The quantity S(u,j) can be
thought of as the total influence of (u, j) on all other vertex-spin pairs. If one can show

S(u,7) < nforall (u,j) € P, then it immediately follows that
A(V) < [[W]lee = max S(u,j) <.
(u,7)€P

Hence, it suffices to show that S(u, j) = O(1).
Fix (u,j) € P, and define the distribution v = u(- | o, = j); namely, v is the
conditional distribution of ; with the pinning o, = j. The key observation we make here is

that the quantity S(u, j) can be viewed as the difference of the expectation of some function
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f under the two measures p and v. More specifically, we define

flo)y= 3" t(u,j;v,k) 1,1y, (7.2)

(v,k)eP
where
+1, Y(u,j;v, k) > 0;
t(u, j;v, k) = sgn(W(u, j;v. k) = § =1, W(u, j;v, k) < 0;

0, U(u, j;v,k) =0.

With this definition it follows that

S(u,j) = Y t(u,jiv, k)¥(u, jiv, k)
(v,k)eP

- Z t(U,j;U,k)M(UU =k | Oy = j) - t(u,j;v,k:),u(av = k)
(v,k)eP

=E, f—-E.f.

Therefore, the absolute sum of influences S(u, j) describes, in some sense, the “distance”
of the two distributions v and y measured by f.

To be more precise about our last statement, we review some standard definitions about
the Wasserstein distance. Let (€2, d) be a finite metric space. We say a function f :  — R

is L-Lipschitz w.r.t. the metric d if for all o, 7 € {2 we have

[f(o) = f(7)] < Ld(o, 7).

For every function f : 2 — R, we let Ly( f) be the optimal Lipschitz constant of f w.r.t. the

metric d; i.e., Ly(f) = inf{L > 0 : f is L-Lipschitz w.r.t. d}. For a pair of distributions s

193



and v on (), the 1-Wasserstein distance w.r.t. the metric d between p and v is defined as

Wia(p,v) = inf {Eq[d(,7)] | = € Cly,v)}

where C(u,v) denotes the set of all couplings of p,v (i.e., 7(-,-) € C(u,v) is a joint
distribution over §2 x 2 with the marginals on the first and second coordinates being . and
v respectively) and (o, 7) is distributed as 7; equivalently, the 1-Wasserstein distance can

be represented as

Wia(p,v) =sup{E,f —E,f | f: Q= R, Lg(f) < 1}. (7.3)

Observe that, the function f defined by Eq. (7.2) is 2-Lipschitz w.r.t. the Hamming

metric dy; to see this, if 0,7 € Q and dy (0,7) = k then by the definition of f we have

|f(o) — f(7)| < 2k. Therefore, we deduce from Eq. (7.3) that

S(uvj) - EVf - Euf < LdH(f) Wl,dH(l/a :u) < 2W]~7dH(V7 :u)'

That means, if one can show Wy 4, (v, u) = O(1) for pand v = p(- | o, = j) for any pair
(u,j), then A\; (V) = O(1) and spectral independence would follow.

The following lemma, which generalizes previous works [29, 113], will be used to
bound the Wasserstein distance of two distributions and may be interesting of its own.
Roughly speaking, it claims that if p, v are the stationary distributions of two Markov
chains P, () (e.g., Glauber dynamics) respectively, and if y is contractive w.r.t. P and the
two chains P, () are “close” to each other in one step, then the Wasserstein distance between
v and p is small. The special case where 2 = {+, —}" and P, (Q are both the Glauber
dynamics appeared in [29, Theorem 3.1] and [113, Theorem 2.1], but here we do not make
any assumption on the state space or the chains, which is crucial to our applications in

Section 7.5.1.
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Lemma 7.3.3. Let (X0, d) be a finite metric space. Let i, v be two distributions over ),
and P, () be two Markov chains on ) with stationary distributions i, v respectively. If 1 is

k-contractive w.r.t. the chain P and the metric d, then for every f : 0 — R we have

La(f)
1—k

|Euf - E,,f| < E,, [Wl,d(P(U’ ')7 Q(Ua ))]

where P(o,-) is the distribution after one step of the chain P when starting from o and

similarly for Q(o, ). As a consequence,

Wi, v) < —— B, [Wa(P(0, ), Q(o, )]

—1—-x5

We remark that Lemma 7.3.3 holds in a very general setting, and ({2, d) can be any
finite metric space. It shows that if two Markov chains are close to each other, then their
stationary distributions must be close to each other, under the assumption that one of the

chains is contractive.

Proof of Lemma 7.3.3. The proof imitates the arguments from [29, 113]. Assume for now
that P is irreducible; this is a conceptually easier case and we will consider general P later.
Since P is irreducible, let i be the principal solution to the Poisson equation (I — P)h = f
where f = f — E,f; that s,

h = i P'f. (7.4)

See Lemma 2.1 in [29] and the references in that paper for backgrounds on the Poisson

equation. We then have
Euf - E,uf = Euf: EV[([ - P)h] - Eu[(Q - P)h]

where the last equality is due to v = v(Q). For each o € supp(v) C (2, we deduce from
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Eq. (7.3) that

((Q = P)h)(0) = Eqo,nh — Epo,yh < La(h) W1,a(Q(0, ), P(0, ).

It remains to bound the Lipschitz constant of h. For o, 7 € (),

h(0) = h()| < Y [(PF)(o) = (P'F)(7)]
= [Eriof = Epiiry f]
< Ld(f) Z Wl,d(Pt(0-7 ')’ Pt(Tv ))

where the last inequality again follows from Eq. (7.3). Since p is k-contractive w.r.t. P and

d, for all o, 7 € Q) and every integer t > 1 we have

Wiy .4(P'(o,-), P'(1,")) < Kk'd(o, 7).

‘We then deduce that

h(0) ~ )] < Lu(P) S wd(or7) = 72 a5, 7)

This implies that Ly(h) < Ly(f)/(1 — k) and the lemma then follows.

Next, we show how to remove the assumption that P is irreducible. Observe that in the
proof above we only need the irreducibility of P to guarantee that the function / given by
Eq. (7.4) is well-defined; i.e., the series on the right-hand side of Eq. (7.4) is convergent.
The rest of the proof does not require the irreducibility of P. In fact, one can deduce the

convergence of Eq. (7.4) solely from the contraction of P. Note that for all o € (2,

|P'f(o)| = |P'f(o) —E.P'f|
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where the first equality follows from E,P'f = E,f = 0. Since ( is finite, to show that
Eq. (7.4) is convergent for all 0 € (2, it suffices to show that for all 0,7 € 2 the series
Yoo ‘Pt f(o) — Ptf (T)| is convergent. Actually, our proof before has already showed

that

&~

a(f)

11—k

d(o,7) < 00

> P f(o) — P f(r)] <

using only the contraction of P, where we have L4(f) < oo and sup, ,.qd(o,7) < o0
because (? is finite. Therefore, the lemma remains true without the assumption of irre-

ducibility of P. [
Given Lemma 7.3.3, we can now complete the proof of Theorem 7.3.1.

Proof of Theorem 7.3.1. For every (u, j) € P, we deduce from Lemma 7.3.3 that

LdH(f)

1—+x

S(u7j) =E,f _Euf <

E, [WI,dH (P(O’, ')7 Q(Uv ))] (7.5)

where S(u, j) is given by Eq. (7.1), f is given by Eq. (7.2), P is the Glauber dynamics for
p, and @ is the Glauber dynamics for v = p(“9) = pu(- | 0, = j) (we use (u, j) to denote

the pinning o, = j). We claim that for every o € Q%)

(7.6)

S

Wi 4, (P(,-),Q(0,")) <

To see this, let o, and o, be the configurations after one step of P and () respectively
when starting from o. We can couple o and 05 by picking the same vertex to update in the
Glauber dynamics. If the picked vertex is not u, then we can make o; = 05; meanwhile, if u

is picked, which happens with probability 1/n, then dy(cy, 05) < 1 where the discrepancy
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is caused by the pinning 0, = j. Therefore, the 1-Wasserstein distance between o, and o,
is upper bounded by 1/n; this justifies our claim. Combining L, (f) < 2 and Eq. (7.6), we
obtain from Eq. (7.5) that S(u, j) < =, for each (u, j); consequently, A (¥) < 2.

The same argument holds for 17 under any pinning 7 as well, and spectral independence

then follows. ]

7.4 Contraction for Glauber Dynamics and General Metrics

In this section, we generalize the Hamming metric assumption in Theorem 7.3.1 to any
weighted Hamming metric or any metric equivalent to Hamming, which establishes Theo-

rem 7.2.2. We restate it here for convenience.
Theorem 7.2.2.

(1) If i is k-contractive w.r.t. the Glauber dynamics and an arbitrary w-weighted Ham-
ming metric, then (i is spectrally independent with constant ) = ﬁ In particular,
ifk <1— =, thenn < g

(2) If the metric in (1) is not a weighted Hamming metric but instead an arbitrary -

2 2
equivalent metric, then n = (12*+)n In particular, if kK < 1 — %, thenn < 2%

We prove the two cases of Theorem 7.2.2 separately. We first consider the weighted
Hamming metric. Recall that for a positive weight function w : V' — R, , the w-weighted

Hamming metric d = d,, is given by
dy(o,7) = Zw(u)l{au # 1.} for o, 7 € Q.
ueV

In particular, if w(u) = 1 for all u then d is the usual Hamming metric.
Unfortunately, the proof of Theorem 7.3.1 does not work directly in this scenario. The

reason is that the right-hand side of Eq. (7.5), with dy replaced by d = d,, now, can be

Wmin min

as large as O (M> (more specifically, Lqy(f) = O <w4> and Wy 4(P(o,-),Q(0,-)) =
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O(Wmax)), which can be unbounded since we are not making any assumption on w. To
deal with this, we need to take the vertex weights into account when defining the function

f and, more importantly, when defining the absolute sum of influences S(u, 7).

Proof of Theorem 7.2.2(1). For ease of notation we may assume that there is no pinning;
the proof remains the same with an arbitrary pinning 7. For fixed (u, j) € P, we define the

w-weighted sum of absolute influences given by

Sw(u,§) = > w) [ (u, j;v, k). (7.7)

(v,k)eP

Such weighted sums were considered in [44, Lemma 22] to deduce spectral independence.
We claim that if Sy, (u,j) < nw(u) for all (u,j) € P for some n > 0, then A\ (¥) < 7.
To see this, let w € R‘fl with @(u,j) = w(u) and let W = diag(w); the assumption
of the claim then implies that ||[IW 0|, < n and thus \;(¥) = \ (W 10W) < 7.
Therefore, it suffices to upper bound the ratio .S, (u, j)/w(uw).
Let v = p(") = (- | o, = j) be the conditional distribution with pinning o, = j, and
define
fw(@) = wv)t(u, j;v, k) 1g,—ky (7.8)

(v,k)eP

where t(u, j;v, k) = sgn(¥(u, j;v, k)). Observe that Ly(f,,) < 2 and

Sw(uaj) = Eufw - E,ufw-

It then follows from Lemma 7.3.3 that
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where P, ( are the Glauber dynamics for i, v respectively. For every o € Q(*7) we have

Wia(P(o, ), Q00 ) < 2,

since if we couple the configurations o, o5 after one step of P, () respectively by picking

the same vertex to update, then d(oy,02) = w(x) only when the site u is picked, and

01 = o0y otherwise. Therefore, we get S, (u,j) < % for every (u,j) € P, implying

that A\ (V) < 2 T The same argument works for 7 under any pinning 7 as well, which

(1-k
establishes spectral independence. [

Next we consider the second part of Theorem 7.2.2. Recall that a metric d on (2 is said

to be y-equivalent (to the Hamming metric) for some v > 1 if for all o, 7 € ()

1
;dH (o,7) < d(o,7) < ~dy (0,7) .

To prove the second part, we follow the proof approach for Theorem 7.3.1, and in particular
the right-hand side of Eq. (7.9) below (analogous to Eq. (7.5)) can be upper bounded using

the y-equivalence.

Proof of Theorem 7.2.2(2). For every (u, j) € P, we deduce from Lemma 7.3.3 that

La(f)

S(uvj):Euf_E,ufS 1— =&

E, [Wl,d(P(av '>7 Q(Uv ))] (7.9)

where S(u,j) and f are defined by Eq. (7.1), Eq. (7.2) respectively, and P, are the
Glauber dynamics for  and v = p(9) = pu(- | 0, = j) respectively. Since d is 7-

equivalent, for all o, 7 € () we have

’f(O') - f(T)| S 2dH (O-’ T) S 27d(07 7_);

this shows Ly(f) < 2v. Meanwhile, by the definition of 1-Wasserstein distance for every
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o € Q) we have

Wia(P(o,-),Q(0,-)) = mf{Ex[d(o,7)] | m € C(P(0,-), Q(0,))}

< ’Yinf {Eﬂ[dH(av T)] | e C(P(U, ')7 Q<07 ))} = ’VWl,dH (P(Uv ')7 Q(Uv )) <

312

2

where the last inequality is Eq. (7.6). Thus, we obtain from Eq. (7.9) that S(u, j) < (1_2:%

The rest of the proof is the same as Theorem 7.3.1. [

As an application of Theorem 7.2.2(1), we show that the Dobrushin uniqueness condi-
tion, as well as its generalizations [70, 52], implies spectral independence. Recall that the

Dobrushin dependency matrix R is a |[V/| x |V| matrix defined as R(u,u) = 0 and

R(u,v) = max{dry (po(- [ 0), pu(- [ 7)) : (0,7) € Sy} forz #y

where S, , is the set of pairs of configurations on V' \ {v} that differ at most at u. Denote
the spectral radius of a square matrix M by p(M). If M is nonnegative, then p(M) is
an eigenvalue of M by the Perron-Frobenius theorem. We prove Theorem 7.2.5 from the

introduction.

Theorem 7.2.5. If the Dobrushin dependency matrix R satisfies p(R) < 1 — ¢ for some

e > 0, then p is spectrally independent with constant ) = 2 /e.

Remark 7.4.1. If || R||» < 1, then the Glauber dynamics mixes rapidly by a simple appli-
cation of the path coupling method of Bubley and Dyer [30]. The same is true under the
Dobrushin uniqueness condition, i.e., when ||R||; < 1. Hayes [70] generalized the condi-
tion to the spectral norm || R||» < 1. Dyer, Goldberg, and Jerrum [52] further improved it
to || R|| < 1 for any matrix norm (where the mixing time depends logarithmly on the norm
of the all-one matrix). Our condition p(R) < 1 in Theorem 7.2.5 is technically better than

previous works since for a nonnegative matrix R one has p(R) < || R|| for any matrix norm,
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and the inequality can be strict for all norms when R is not irreducible; see [52] for related

discussions. Finally, we point out that if R is symmetric then p(R) = || R||2.

It is known that the Glauber dynamics is contractive for some weighted Hamming met-

ric if the weight vector satisfies a spectral condition related to R.

Lemma 7.4.2 ([52, Lemma 20]). If w € RK is a positive vector such that Rw < (1 — e)w
entrywisely, then . is (1—e/n)-contractive w.r.t. the Glauber dynamics and the w-weighted

Hamming metric d = d,,.
The following fact about nonnegative matrices is helpful.

Lemma 7.4.3 ([103, Example 7.10.2]). If M, N € R}*" are two nonnegative square ma-

trices such that M < N entrywisely, then p(M) < p(N).
We give below the proof of Theorem 7.2.5.

Proof of Theorem 7.2.5. Consider first the case that there is no pinning. If the Dobrushin
dependency matrix R is irreducible, then the right principal eigenvector w associated with
the eigenvalue p(R) satisfies Rw = p(R)w < (1 —¢)w and w > 0 by the Perron-Frobenius
theorem. Hence, Lemma 7.4.2 and (the proof of) Theorem 7.2.2(1) immediately yield
A1 (¥) < 2/e. However, if R is reducible, we cannot use the principal eigenvector directly
since it may have zero entries. We instead consider the matrix Rs = R + 6O where O is
the all-one matrix and ¢ > 0 is a tiny constant. Let w; be the right principal eigenvector of
Rs associated with the eigenvalue p(R;). Since Rj is irreducible, ws > 0 by the Perron-
Frobenius theorem. Moreover, Rws < Rsws = p(Rs)ws. Since lims_,o Rs = R, we have
lims . p(Rs) = p(R); see, e.g., Remark 3.4 in [2]. Thus, p(Rs) < 1 for sufficiently small
d. Then by Lemma 7.4.2 and Theorem 7.2.2(1), for § small enough, we have \; (V) <
2/(1 — p(Rs)). Taking 6 — 0 and using the assumption that p(R) < 1 — ¢, we obtain
A (P) < 2/e.

Next, consider the conditional measure x” with a pinning 7 on a subset U C V. Let R”

be the Dobrushin dependency matrix for ;7; note that by definition R™(u,v) = 0ifu € U
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orv € U, and R (u,v) < R(u,v) for all u,v € V. We deduce from Lemma 7.4.3 that
p(R™) < p(R) < 1 — ¢ and thus this is reduced to the no-pinning case. Therefore, we get

A1(U7) < 2/e for all 7 and spectral independence then follows. O

7.5 Contraction for General Markov Chains and General Metrics

In this section, we generalize Theorem 7.3.1 to arbitrary “local” Markov chains and arbi-
trary metrics close to the Hamming metric. In particular, we prove Theorem 7.2.3.
Consider a collection of Markov chains P = {P” : 7 € T} associated with y, where
each P7 is a Markov chain on 27 with stationary distribution p”. Intuitively, one can think
of P as the same dynamics applied to all conditional distributions " ; for example, P can
be the collection of Glauber dynamics for all ;’s. We are particularly interested in local
dynamics; these are Markov chains that make local updates on the configuration in each
step, e.g., Glauber dynamics for spin systems or flip dynamics for colorings. Alternatively,
we can describe local dynamics as those insensitive to pinnings; that is, if the dynamics is
applied to both x and £(*7) with a pinning o, = 7, then with high probability there is no
difference in the two chains or the discrepancy caused by the pinning will not propagate.

This motivates the following definition.

Definition 7.5.1. We say a collection P of Markov chains associated with p is ®-local
if for any two adjacent pinnings 7 € 7 and 7" = 7 U (u, j) where (u,j) € P7 (ie., 7’

combines 7 and the pinning o, = j), and for all 0 € Q™. we have

Wl,dH(PT(O-a ’)7PT/(O-7 )) < .

We show that for such local dynamics contraction implies spectral independence.

Theorem 7.5.2. If i1 is k-contractive w.r.t. a ®-local collection P of Markov chains and a
v-equivalent metric d for some k € (0, 1), then p is spectrally independent with constant
=T
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Proof. The proof is similar to that of Theorem 7.3.1 and Theorem 7.2.2(2). For an arbitrary

pinning 7 and (u, j) € P7, we define

ST(u,4) = > ¥ (u, j;0, k)l (7.10)
(v,k)ePT
and
o)=Y t(ujiv.k)lp—n (7.11)
(v,k)ePT

where " (u, j;v, k) = sgn(¥7 (u, j; v, k)); these definitions are analogous to Eq. (7.1) and

Eq. (7.2) with pinning 7. Let 7/ = 7 U (u, j). Then we deduce from Lemma 7.3.3 that

La(f7)

11—k

S(u,j) =B [T —Byr fT < E, . |Wia(P(0,), P (0,"))] -

As shown in the proof of Theorem 7.2.2(2), since d is y-equivalent to the Hamming metric

we have Ly(f7) < yLay(f7) < 2v and for all o € Q™ we have
Wl,d(PT(U> ')a PT’(O-7 )) < /VWLdH(PT(U7 ')v PT’(O-v )) <%
using the ®-locality of P. Therefore, we obtain that S (u, j) < % for all (u,j) € P.

This yields A (¥7) < % and spectral independence follows. O

To better understand local dynamics, we consider a very general type of Markov chains
which we call select-update dynamics; examples include the Glauber dynamics, heat-bath
block dynamics, and flip dynamics. Let B be a collection of blocks associated with the
select-update dynamics and fix some pinning 7. Given the current configuration ! € Q,

the next configuration o'*! is generated as follows:
1. SELECT: Select a block B € B from some distribution p; over B;

2. UPDATE: Resample the configuration on B from some distribution /4.
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We try to make weakest assumptions on the selection rule p; and the update rule v%: the
selection distribution p; is allowed to depend on the current configuration ¢! but is inde-
pendent of the pinning 7, and the update distribution /% is allowed to depend on the whole
current configuration ¢’ and the part of the pinning 7 contained in B. In particular, the
heat-bath block dynamics is a special case of the select-update dynamics: the selection rule
pr = « is a fixed distribution over B and the update rule v/ is the marginal distribution on
B conditioned on o' outside B and the pinning 7 in B.
Remark 7.5.3. The assumption that the selection rule p, is independent of the pinning 7 is
not necessary, but it is helpful for stating and proving our theorems and does not weaken
our results. Roughly speaking, we only require that the collection of the select-update
dynamics is the same dynamics applied to all ;47’s, and the selection rule p; can be condi-
tioned on containing at least one unpinned vertex. See the discussions in Remark 7.3.2 for
the Glauber dynamics.

We write Pg for a collection of select-update dynamics associated with p. Denote the
maximum block size of B by

M = max|B],
BeB

and the maximum probability of a vertex being selected in Step 1 by

D = max max Z pe(B)

bt
BeB:wueB

where we maximize over all selection rules p; that can occur. We can show that the select-
update dynamics Pg is ®-local with ® = DM; using this and Theorem 7.5.2 we establish

Theorem 7.2.3, which we restate here for convenience.

Theorem 7.2.3. If 11 is k-contractive w.r.t. arbitrary select-update dynamics and an arbi-

2v2DM

trary ~y-equivalent metric, then p is spectrally independent with constant ) = ===

Proof. Tt suffices to show that the select-update dynamics Pg is ®-local with ® = DM,

the theorem would then follows immediately from Theorem 7.5.2. Consider two adjacent
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pinnings 7 and 7 = 7 U (u, j) where (u,j) € P". For o € Q7 let o, and o, be the two
configurations obtained from ¢ after one step of P™ and P7 respectively. We couple o,
and o5, by picking the same block B € 5 in Step 1 of the select-update dynamics. If u ¢ B,
then we have 0y = 09. Meanwhile, if v € B, which happens with probability at most D,

we have dy (01, 02) < |B| < M. Therefore,

Wi 4y (P (0, ), PT/((T, )) < DM.

This establishes the (DM )-locality for Pg. O

Remark 7.5.4. 1f we further assume that in Step 2 the select-update dynamics resamples
a block independently for each of its components (i.e., the update rule v% is a product
distribution over all components of the induced subgraph G[B]), then in Theorem 7.2.3 the

maximum block size M can be replaced by the maximum component size of all blocks.

7.5.1 Application: Flip Dynamics for Colorings

In this section we establish spectral independence for colorings utilizing Theorem 7.2.3.

Theorem 7.5.5. Let ¢y ~ 1075 > 0 be a fixed constant. Let A,q > 3 be integers and
q > (& —eo)A. Then there exists 1 = 1(A, q) > 0 such that the following holds.
Let 11 be the uniform distribution over all proper q-colorings of a graph G = (V, E) of

maximum degree at most A. Then 11 is spectrally independent with constant 1.

To apply Theorem 7.2.3, we need a contractive Markov chain for sampling colorings of
a graph. Vigoda considered the flip dynamics [125] and showed that it is contractive for the
Hamming metric when the number of colors ¢ > IG—IA. Recently, [42] improved the bound
to g > (% — o)A for a fixed tiny constant £y ~ 1077, using variable-length coupling or an
alternative metric. Our result on spectral independence builds upon contraction results for

the flip dynamics.

206



We first describe the flip dynamics. Let €2 be the set of all proper g-colorings of GG. Fix
a pinning 7 on U C V. For a coloring o € (2, a vertex u € V, and a color j € [g], denote
by L,(u, ) the bicolored component containing u with colors j and o,; that is, the set of
all vertices which can be reached from u through an alternating (o, j)-colored path. Given
the coloring ¢! at time ¢, the flip dynamics with pinning 7 generates the next coloring o***

as follows:

1. Pick a vertex v € V u.a.r. and a color j € [g] v.a.r.;
2. If Lyt (u, j) contains a pinned vertex (i.e., Lt (u, j) N U # (), then o'*! = o%;

3. If all vertices in L,¢(u, j) are free (i.e., Lyt(u,j) N U = (), then flip the two colors

of L,t(u, j) with probability p,/s where s = |L,¢(u, 7)|.

The flip dynamics is specified by the flip parameters {p,}5°,. In [125] and the recent
improvement [42], the flip parameters are chosen in such a way that p, = 0 forall s > 7;
i.e., in each step at most six vertices change their colors. We set the flip parameters as in
Observation 5.1 from [42], where the authors established contraction of the flip dynamics

using the path coupling method.

Lemma 7.5.6 ([42]). Under the assumptions of Theorem 7.5.5, there exists a constant
e =¢(A,q) > 0 and a 2-equivalent metric d such that 1 is (1 — €/n)-contractive w.r.t. the

flip dynamics and the metric d.

We remark that the pinning 7 induces a list coloring instance where each unpinned
vertex has a color list to choose its color from, and the results of [42] generalize naturally
to list colorings. Also, in this chapter we assume that the flip dynamics may pick a pinned
vertex and stay at the current coloring. This does not weaken our results since we only
consider the flip dynamics for analysis rather than actually running it; see Remark 7.3.2
addressing the same issue for the Glauber dynamics and also Remark 7.5.3 for general
select-update dynamics.

We give below the proof of Theorem 7.5.5.
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Proof of Theorem 7.5.5. Note that the flip dynamics belongs to the class of select-update
dynamics, where the associated B is the collection of connected subsets of vertices. Since
the flip parameters satisfy ps > 0 only for s < 6, we have M < 6. Moreover, we
have D < AS/n since a vertex u is in the selected bicolored component L,:(v,j) only
if dist(u, v) < 5, which happens with probability at most A®/n. The theorem then follows

from Lemma 7.5.6 and Theorem 7.2.3. U
We conclude here with the proof of Theorem 7.1.1.
Proof of Theorem 7.1.1. By Theorem 7.5.5 the uniform distribution y of proper colorings

is spectrally independent. Then the results follows immediately from Theorem 4.1.1. [

7.5.2  Application: Block Dynamics for Potts Model

Here we apply Theorems 7.3.1 and 7.2.3 to the ferromagnetic Potts model to establish

spectral independence.

Theorem 7.5.7. Let A > 3 and q > 2 be integers. Let p be the Gibbs distribution of
the q-state ferromagnetic Potts model with inverse temperature parameter 3 on a graph
G = (V, E) of maximum degree at most A. Then, the following holds:

1. If B < max {%, % ln(q;—l)}, then p is spectrally independent with constant =

n(s, A).

2. For any § > 0 there exists ¢ = c(6,A) > 0 such that, if § < Aln_ql_fé then 1 is

spectrally independent with constant n = n(9, 5, A).

To prove this theorem, we need the following results from [124] and [27] regarding the
contraction of the Glauber dynamics and of the heat-bath block dynamics with a specific

choice of blocks.

Lemma 7.5.8 ([124, Corollary 2.14] & [27, Proposition 2.2]). Under the assumptions in
Part 1 of Theorem 7.5.7, there exists a constant ¢ = e(f3,A) such that p is (1 — £)-

contractive w.r.t. the Glauber dynamics and the Hamming metric.
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Lemma 7.5.9 ([27, Theorem 2.7]). Under the assumptions in Part 2 of Theorem 7.5.7,

there exists a collection of blocks B = {B,}ucv satisfying u € B,,

B, = O(1/9) and
G|B.] connected for all u, such that p is (1 — 5-)-contractive w.r.t. the a-weighted heat-
bath block dynamics for B and the Hamming metric, where « is the uniform distribution

over B.

Remark 7.5.10. To be more precise, [27] shows that the conclusion of Lemma 7.5.9 is true

when [, ¢, and the maximum block size M = max,cy | B,| satisfy
1
ﬁ(A—l—i—M)+3M(lnA+lnM)§lnq. (7.12)

Thus, for any § > 0, by taking M = [6~']| and ¢ = 3M(In A + In M), our assumption

g < Ahlqufé in Part 2 of Theorem 7.5.7 implies Eq. (7.12). Moreover, if we take, say,

M =~ /Inq (namely, § ~ 1/+/Inq), then ¢ = o(In ¢) and our assumption becomes 5 <

(1 — o(1)) 2% where o(1) tends to 0 as ¢ — oo; this gives the bound 3 in Theorem 7.1.2

from the introduction.

Theorem 7.5.7 is an immediate consequence of Lemmas 7.5.8 and 7.5.9 and the results

proved in this section.

Proof of Theorem 7.5.7. Part 1 follows directly from Lemma 7.5.8 and Theorem 7.3.1. For
Part 2, we note that the block dynamics from Lemma 7.5.9 corresponds to a select-update
dynamics with M = O(1/6) and D = A1/9 /n; the reason of the latter is that each u is
in at most A°) blocks. The theorem then follows from Lemma 7.5.9 and Theorem 7.2.3.

]
We end this section with the proof of Theorem 7.1.2.

Proof of Theorem 7.1.2. For Ising model, spectral independence is known in the whole

uniqueness region [44]. For Potts model, Theorem 7.5.7 establishes spectral independence
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in the corresponding parameter regimes. The theorem then follows from Theorems 4.1.1

and 4.1.2. O]
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CHAPTER 8
SPECTRAL INDEPENDENCE VIA STABILITY OF PARTITION FUNCTION

In this chapter we prove, in an almost black-box fashion, that methods for establishing
large zero-free regions needed for the polynomial interpolation method also yield spectral

independence. This chapter is based on [46].

8.1 Optimal Mixing Results for Holant Problems

The polynomial interpolation method is a mathematically elegant approach which works
in the following manner. To approximate a partition function at a positive real value A, one
needs to prove there is a zero-free region around A in the complex plane which means that
the partition function has no roots in an open region (in the complex plane) containing the
point \. This implies that one can approximate the Taylor series of a simple transformation
of the partition function using a logarithmic number of terms, which yields a polynomial-
time algorithm to approximate the partition function at \.

We prove that a zero-free region implies spectral independence. This immediately
yields several new rapid mixing results for MCMC methods. We also obtain significantly
improved running times in many instances. For a spin system on a graph with n vertices
and constant maximum degree A, the polynomial interpolation method [110] yields a run-
ning time of O(n®) where the constant C' depends on A and parameters of the model. In
contrast, spectral independence implies an optimal mixing time bound of O(nlogn) for
the Glauber dynamics by Theorem 1.2.1 (and more generally optimal mixing for the block
dynamics by Theorem 4.1.1).

We state here three sample applications of our techniques; further applications are stated
later in this section.

For a graph G = (V, E), we say a vertex v is covered by a subset S C E of edges if v is
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incident to at least one edge in S. The subset S C E is called an edge cover if all vertices
are covered by S. Note there is always a trivial edge cover by setting S = E. An FPRAS
(fully polynomial randomized approximation scheme) was presented for counting the num-
ber of edge covers for 3-regular graphs [22]. In [90] an FPTAS (deterministic analog of an
FPRAS) for counting edge covers was presented for all graphs using the correlation decay
approach, and the running time was O(m!*1°¢26n2) where m is the number of edges and n
is the number of vertices. An FPRAS for all graphs using MCMC was presented in [73].

The correlation decay algorithm of [90] was extended to weighted (partial) edge covers
(with worse running time guarantees) in [91]. In the weighted version, each edge has a
weight A > 0 and each vertex receives a penalty p € [0, 1] for being uncovered. Every
subset S C FE is associated with the weight w(S) = pl"¢()I\ISI where unc(S) denotes the
set of vertices that are not covered by S. The Gibbs distribution over all subsets of edges is
given by £(S) o< w(S). Note, the case A = 1 and p = 0 corresponds to uniformly random
exact edge covers.

Finally, an FPTAS using the polynomial interpolation algorithm was presented for
graphs with constant maximum degree [66], see also [21]. Using the zero-free results
in [66] with our new technical contributions we immediately obtain an FPRAS using a

simple MCMC algorithm and with significantly faster running time guarantees.

Theorem 8.1.1 (Weighted Edge Covers). Let A > 3 be an integer and let A > 0, p € [0, 1]
be reals. For every n-vertex graph G of maximum degree A, the Glauber dynamics for
sampling random weighted edge covers of G with parameters (X, p) mixes in Cnlogn

steps where C' = C(A, X, p) is a constant independent of n.

One of the seminal results in the field of approximate counting is the work of Jerrum
and Sinclair [77] presenting an FPRAS for the partition function of the ferromagnetic Ising
model on any graph. Recall that, the Ising model on a graph G = (V, E) is described by
two parameters, the edge activity Sising > 0 and the vertex activity Aiging > 0. The Gibbs

distribution of the Ising model is over all {4+, —} spin assignments to vertices. Every
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o= ()

ling  Where m(o) denotes

configuration o : V' — {+, —} has density fifsing(07) B{:ig;))\
the number of monochromatic edges in o and o~ (+) is the set of vertices assigned spin +.
The model is ferromagnetic when figing > 1, in which case neighboring vertices are more
likely to have the same spin.

The central task of the Jerrum-Sinclair algorithm is sampling from the Gibbs distribu-
tion for the high-temperature expansion of the Ising model which is defined on all sub-
sets of edges weighted to prefer subgraphs with more even degree vertices. For a graph
G = (V,E), an edge weight A > 0, and a vertex penalty p € [0, 1], the Gibbs distribu-
tion p for weighted (partial) even subgraphs is defined on all subsets of edges; a subset
S C E has weight w(S) = pl°ddS)I\ISI where odd(S) is the set of odd-degree vertices in
the subgraph (V, 5), and p(S) o< w(.S). The weighted even subgraphs model is related to
the ferromagnetic Ising model by Srging = % and Aiging = %Z, for which one can easily
transform a subset of edges from y: to a sample from jigs,, [64]. Note that if p = 0 then p s
the distribution over all weighted exact even subgraphs, corresponding to the ferromagnetic
Ising model without external fields (i.e., Aising = 1).

In [77], an MCMC algorithm is presented to sample weighted even subgraphs of an
arbitrary (unbounded-degree) graph in time O(m?poly(1/p)) where m is the number of
edges. In another direction, [94] presents an FPTAS for approximating the partition func-
tion of the ferromagnetic Ising model with nonzero fields on bounded-degree graphs, using
Barvinok’s polynomial interpolation method and the Lee-Yang theory. As is common for
this type of approach, the running time of [94] is n® for a constant C' depending on the
maximum degree of the graph and the parameters of the Ising model.

Here we use our results relating zero-free regions and spectral independence to obtain

a faster MCMC algorithm for bounded-degree graphs when p > 0.

Theorem 1.1.6 (Weighted Even Subgraphs; Ferromagnetic Ising Model). Let A > 3 be
an integer and let X > 0, p € (0,1] be reals. For every n-vertex graph G of maximum

degree A, the mixing time of the Glauber dynamics for sampling random weighted even
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subgraphs of G with parameters (X, p) is at most Cnlogn where C' = C(A, )\, p) is a
constant independent of n. In particular, we get an approximate sampling algorithm with

running time O(nlogn) for the ferromagnetic Ising model with edge activity Pisng = 75

and external field Aiing = 122.

RS}

Remark 8.1.2. In [77], the MCMC method can actually be used to obtain a sampler for
p = 0 corresponding to weighted exact even subgraphs. This is achieved by taking p = 1/n
and using rejection sampling. Notice that the running time of [77] is polynomial in 1/p, and
therefore this gives a poly(n) time algorithm for sampling weighted exact even subgraphs
and hence for the ferromagnetic Ising model without fields. Unfortunately, Theorem 1.1.6
cannot be used to obtain a sampler for p = 0, since our bound on the mixing time of the

Glauber dynamics (the constant C' from Theorem 1.1.6) depends exponentially on 1/p.

Finally, we simultaneously generalize [76, 53, 21] to all antiferromagnetic two-spin
edge models, i.e., antiferromagnetic two-spin models on the class of line graphs. Again,
in the bounded-degree regime we obtain optimal mixing times. Before we state the result,
let us recall the definitions of 2-spin systems from Chapter 5. For a graph G = (V, E) and
fixed parameters 8 > 0, v > 0, A > 0, the Gibbs distribution of the corresponding two-spin

edge model on G is given by
(o) oc gr@ymo@ \let Wy e {0, 11F (8.1)

where m; (o) denotes the number of pairs of edges e, f sharing a single endpoint such that
o(e) = o(f) =i, for each i = 0, 1. We say the system is antiferromagnetic if 5y < 1 and
ferromagnetic if 5y > 1 (note that 3y = 1 corresponds to a trivial product measure). The
case § = 0 and v = 1 recovers the monomer-dimer model for matchings weighted by A,

and the case 3 = y recovers the Ising model on the line graph of G.

Theorem 8.1.3 (Antiferromagnetic Two-Spin Edge Models). Let A > 3 be an integer and

let 3> 0,v >0, A\ > 0 be reals such that By < 1. For every n-vertex graph G of maximum
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degree A, the Glauber dynamics for sampling from the antiferromagnetic two-spin edge
model on G with parameters (3,7, \) mixes in Cnlogn steps where C = C(A, 3,7, \) is

a constant independent of n.

We present further applications of our methods in Section 8.6.

8.2 [Establishing Spectral Independence in Zero-Free Regions

We need a few preliminary definitions before formally stating our technical results. Our
results hold for an arbitrary distribution on a discrete product space; this general setup
contains spin systems as a special case. Let V' be a finite set and we refer to the elements
in V as vertices. For an integer ¢ > 2, the set of spins is ) = {0} U Q; where Q; =
{1,...,q — 1} and we treat 0 as a special spin. The state space is {2 = QV, the collection
of all spin assignments of vertices. Finally, let w : 2 — R, be a nonnegative weight
function that is not always zero; i.e., w(o) > 0 for at least one o € (2.

Let A : V x 1 — C be a vector of (complex) external fields; each A, ; represents the
weight of vertex v receiving spin k. Spin 0 has no external field. Given w, the partition

function is a multivariate polynomial of A defined as:

Zu(A) =) w(e)X?, where A7 =[] Ao (8.2)

ge vEV: 0,70

If A is real and positive (i.e., every A, € R.), then the Gibbs distribution pi = fu,, x is

given by:

w(o)A

plo) = Zo N

Vo € (. (8.3)

Note that Z,,(A) > 0 since w is not identically zero.

To establish spectral independence we need to consider the model with an arbitrary
“pinning” which is a fixed configuration on an arbitrary subset of vertices. We formally de-
fine pinnings and the associated notions in Section 8.3, and introduce the relevant notation

here.
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A configuration o € () is said to be valid or feasible if w(o) > 0. For A C V, let {2,
denote the set of pinnings on A; this is the set of configurations on A which have a valid
extension to the remaining vertices V' \ A. For A C V and 7 € Q,let V™ =V \ A denote
the set of unpinned vertices, let Z” (A) be the multivariate conditional partition function
under the pinning 7, and let 1™ be the corresponding conditional distribution.

We can now define the notion of spectral independence. Let 7 = [J acv $2a be the
collection of all pinnings. For 7 € T let P™ = {(v,k) € V. xQ :v € V", k € Q7} be
the collection of feasible vertex-spin pairs under 7, where €27 represents the set of feasible
spins at v conditioned on 7. Recall that, for fixed 7 € T, for every (u, j), (v, k) € P7, the
(pairwise) influence of (u,j) on (v, k) under the pinning 7 is given by W7 (u, j;v,k) = 0

for w = v and

V(u,jsv, k) = plo, =k | oy =j,00=7) — (o, =k |on=17) foru#wv.

For a square matrix M with real eigenvalues, let EigMax(A/) denote the maximum eigen-
value of M. We say 1 is spectrally independent with constant 7 if for every pinning 7 € T
one has

EigMax(¥7) < 7.

For a non-empty region I' of the complex plane, we say a multivariate polynomial
P(z1,...,2y,) is I-stable if P(zy,...,2,) # 0 whenever z; € I for all j, see Defini-
tion 2.5.1. We present a sequence of results connecting spectral independence of the dis-
tribution with stability of the partition function. Our first result holds when the zero-free
region of the partition function is sufficiently “large”, e.g., containing the whole positive
real axis. Below for I’ C C let T denote the closure of I" and let OT be the boundary of I;

for A € Clet dist(\, OI') = inf,cor |2 — A|; see Section 2.5.2.

Theorem 8.2.1. Let I' C C be a non-empty open connected region such that 1 is un-

bounded and 0 € T. If the multivariate partition function Z,, is T-stable, then for any
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A € Ry N T the Gibbs distribution pw = ji,, x with the uniform external field \ is spectrally

independent with constant

1 .
where 0 = ydist(A, OT).
In particular, the statement is true when I is a non-empty open connected region con-

taining the positive real axis; i.e., R, C T

If we only know that a part of the positive real axis is contained in I', then we need to
further assume that all conditional partition functions under pinnings are stable. In this case
our bound on spectral independence depends on the marginal bound of the distribution g,
which is defined as

b= (U%ié; u (o, = k).
Note that b > 0 since P” contains only feasible vertex-spin pairs.
Theorem 8.2.2. Let \* € R, and let I' C C be a non-empty open connected region such
that (0,\*) C T (respectively, (\*,00) C T'). If for every pinning T € T the multivariate
conditional partition function Z] is I'-stable, then for any A € (0, \*) (respectively, A €
(A*,00)) the Gibbs distribution |1 = i, \ with the uniform external field \ is spectrally

independent with constant

8 f1-b x
TZEM T b0 —

tivel _ S i {120 ) +1
respectively, 1 = ~min b b= )
where b is the marginal bound for p and § = %dist(/\, ar).
Remark 8.2.3. The first term (1 — ) /b is better when X is close to A*, while the second

term is better when \ is close to 0 (respectively, 0o), because usually b/ is bounded from

below when A — 0 (respectively, b is bounded from below when A — 00).
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Remark 8.2.4. We point out here that Theorem 8.2.2 does not apply to the ferromagnetic
Ising model. The celebrated Lee-Yang theorem states that the partition function for the
ferromagnetic Ising model is ID(0, 1)-stable and (0, 1)°-stable where ID(0, 1) denotes the
open unit ball centered at 0 on the complex plane and D(0, 1) denotes the exterior of
D(0,1). However, when a pinning is applied, particularly when some vertices are pinned
to + and some are —, we do not have either D(0, 1)-stability or (0, 1)-stability for the
conditional partition function. To see this, notice that such a pinning can result in inconsis-
tent external fields; some fields are < 1 (hence in ID(0, 1)) while others are > 1 (hence in
D(0, 1)), and the Lee-Yang theorem does not apply.

Meanwhile, one should not expect spectral independence to hold for the ferromagnetic
Ising model at all temperatures and for all external fields, since the Glauber dynamics is

slow mixing when the parameters lie in the tree non-uniqueness region.

If limited information about the zero-free region is given, then spectral independence

still holds with a worse bound.

Theorem 8.2.5. Let I' C C be a non-empty open connected region. If for every pinning T €
T the multivariate conditional partition function Z7 is I'-stable, then for any A € Ry N T
the Gibbs distribution |1 = [, » With the uniform external field X is spectrally independent

with constant

= b

where b is the marginal bound for jv and 6 = $dist(X, 9T').

Our results Theorems 8.2.1, 8.2.2 and 8.2.5 also hold for non-uniform external fields,
i.e., each pair (v, k) is assigned a distinct field A, 4, and the zero-free regions are allowed
to be distinct for different pairs. See Theorem 8.4.2 for a formal statement.

Our work builds upon the recent work of Anari et al. [3]. Theorem 16 of [3] established
spectral independence for any distribution over {0, 1}V assuming that the generating poly-

nomial is sector-stable (that is, I'-stable where I' = {z € C : |Arg(z)| < 0} is a sector for
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some ¢ € (0,7/2)). Our results Theorems 8.2.1, 8.2.2 and 8.2.5 strengthen theirs in two
ways. First we consider an arbitrary discrete product space 2 = Q" for a finite label set Q,
rather than binary domains. Second and more importantly, we do not have any restriction
on the zero-free region I' and the results hold for any open connected region. This allows
us to apply our results in a much broader setting. See Section 8.4 for more details.

To establish zero-free regions for our main applications, we utilize the approach in [66],
which reduces the problem via Asano-Ruelle contractions [7, 114] to showing a sufficiently
large zero-free region for a collection of bounded-degree univariate polynomials, one for
each vertex of the input graph. These univariate polynomials are referred to as the local
polynomials, since they only depend on the configuration restricted to edges incident to
the given vertex. We note a very similar idea was also used in [126, 21] to establish zero-
free regions, although their methods do not go through Asano-Ruelle contractions. See
Section 8.5 for more details.

It was also shown in a sequence of papers [11, 16, 17, 12, 13, 112] that one can es-
tablish large zero-free regions via an inductive approach based on conditioning the distri-
bution. This method of establishing zero-free regions also works nicely for us, as spectral
independence requires a bound on the pairwise influences for all conditional distributions.
We show that one can deduce rapid mixing of the Glauber dynamics in a nearly black-box
fashion from these zero-free methods for several problems in Section 8.6.

Algorithmically, our results have several advantages over prior works utilizing zero-free
regions. In particular, the polynomial interpolation method pioneered by Barvinok [10]
typically only yields quasi-polynomial time algorithms in general, and polynomial time
algorithms with exponent depending on the maximum degree for problems arising from
graphs [110]. In contrast, we obtain fast algorithms for sampling and counting. Another
feature of our approach is that we only need the zero-free region to be sufficiently large.
This is in contrast to the polynomial interpolation technique, which needs the zero-free

region to also contain a point at which the partition function is easily computable.
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8.3 Preliminaries for Pinnings

In this section we give more details on pinnings and conditional distributions. Note that
our setting in this chapter is more general than previous chapters as described in Chapter 2,
mostly because here we consider an arbitrary weight function on configurations which
is independent of the external fields, and we view the fields as variables of the partition
function.

Let ¢ > 2 be an integer and write ¢ = ¢ — 1. Let V' be a finite set of vertices and
let @ = {0} U @, be the set of spins where Q; = {1,...,¢:}. Every spin assignment
o 1V — Q is called a configuration. The state space 2 = QV is the collection of all
configurations and let w : {2 — R be a nonnegative weight function that is not identically
zero. A configuration o € €2 is said to be valid or feasible if w(o) > 0. For A C V, define

set of pinnings on A by
Qp = {TGQA:ElvalidUGQs.t. O'A:T}.

Note Qy is the set of all valid configurations. Let 7" = J,y {24 be the collection of all
pinnings.
For a pinning 7 € T, let V™ denote the set of unpinned vertices; so if 7 € 2, then

VT =V \ A. Forv € V7, let Q7 be the set of valid spins at v under 7:
O ={ke@:3valido € Qs.t.opy =7and o, = k}.

Define the collection of feasible vertex-spin pairs under 7 by P™ = {(v, k) € V X Q : v €
V7. k € QF}, and the collection of pairs with nonzero spins by P] = {(v, k) € PT : k #
0}. We write €2,,, P, and P; when no pinning is applied.

Let A : P; — C be a vector of complex external fields. Given a pinning 7 € T

on A C V with U = V7 = V \ A, the conditional partition function Z? under 7 is a
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multivariate polynomial of A defined as

ZiN) = Y w@A”, where A = [ Ao

oEQ:opA=T veU: 0, #0

When there is no pinning, this matches Eq. (8.2) from the introduction. Observe that Z,
depends only on the variables {\, ;. : (v, k) € P}, and that Z7 is not identically zero since
7 is a pinning. If A is real and positive, then Z7 (A) > 0 and we obtain the conditional Gibbs

distribution:
VYo eQstoy,=rT.

Again this matches Eq. (8.3) when there is no pinning.

8.4 Proofs of Spectral Independence via Stability

In this section, we deduce spectral independence of a distribution from the stability of the
associated partition function, and thus prove Theorems 8.2.1, 8.2.2 and 8.2.5.

We first show that pinning preserves stability of the partition function if the zero-free
region is unbounded and contains 0 in its closure. Intuitively, the pinning o, = k for k& # 0
corresponds to taking A, = oo (which is achieved by taking derivative with respect to
Avk), and the pinning o, = 0 corresponds to taking A, ; = 0 for all £ € ;. Hence, under
an arbitrary pinning the conditional partition function is just the original partition function
specialized at oo and 0 for specific external fields, and the fact that the closure of the zero-
free region contains oo (i.e., unboundedness) and 0 guarantees that after specialization the

resulted partition function is still stable. This is formalized by the following lemma.

Lemma 8.4.1. Let {I',, C C: (v,k) € P1} be a collection of non-empty open connected
regions such that for every (v, k) € Py the region I, . is unbounded and 0 C m If the

multivariate partition function Z,, is ( H(v keP: Fvyk) -stable, then for every pinning T € T
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the multivariate conditional partition function Z, is (H (v,k)EPT Fvvk)—stable.

Next, we show the following grand theorem in the multivariate setting, from which one

can deduce the bounds on spectral independence given in Theorems 8.2.1, 8.2.2 and 8.2.5.

Theorem 8.4.2. Let {I',;, C C : (v, k) € P1} be a collection of non-empty open con-
nected regions, and let X : Py — R, such that N\, € R, NI, for each (v,k) € Pi.
Suppose that for every pinning T € T the multivariate conditional partition function Z,
is (H(v’k) epr F%k)—stable. Then the Gibbs distribution |1 = [i,, x With external fields X is
spectrally independent with constant

where b is the marginal bound for | and

1
d = min

dist(Ay g, OL'y k).
(v,R)EP1L Ay ke

Furthermore:

1. Foreachv € V, let T, C C be the connected component of the intersection region
Nkea, ﬁf‘uk which contains 1 (note that 1 € ﬁf‘v,k for all (v,k)). If for every
v € V the region T, is unbounded and 0 € T, then spectral independence holds
with constant
8

In particular, the statement is true if R, C I, for each (v, k) € Py.

2. If there exists \* € Ry such that \,, € (0, \*) C I, for every (v, k) € Py, then

spectral independence holds with constant

—§min 1=0 Amax +1
=5 b B — Aan) ’
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where \pax = max(y k)ep; Auvk-

3. If there exists \* € R, such that A\, € (\*,00) C T, for every (v, k) € Py, then

spectral independence holds with constant

8 [1-b X
TS 50w — M) ’

where Apin = ming, pyep, A k-

We prove Theorem 8.4.2 by upper bounding the absolute row sum of the influence
matrix W], for any pinning 7 € 7T; namely, for each (u,j) € P” we bound the sum of
absolute values of the influences from (u, j) to all other pairs (v, k) € P7, see Lemma 8.4.4.
We accomplish this by greatly strengthening and generalizing the proof strategy in [3].

At a high level, the work [3] views the sum of absolute influences as the derivative of
some function f produced by the conditional partition functions. The variables of f are
just the external fields of the partition function which lie in some zero-free region I" and the
stability of the conditional partition functions guarantees that the image of f is contained
in some nice region I"”. In [3], the authors study sector-stability of the partition function
for the binary state space {0, 1}"; in particular, both the zero-free region I' and the region
I'" containing the image are sectors for their choice of f. Then, by applying conformal
mappings between the sector and the unit disk, the derivative of f can be upper bounded
using the Schwarz-Pick Theorem (Theorem 2.5.3).

However, here we are facing a more challenging situation since we try to establish
spectral independence from an arbitrary zero-free region I' for any discrete product space
QV. In fact, for us the regions I" and I'" are in abstract forms and to apply the Schwarz-
Pick Theorem we need to design good mappings from I' and I to the unit disk. This
is achieved by both carefully describing these regions and utilizing tools from complex
analysis, especially the Riemann Mapping Theorem (Theorem 2.5.4). See Section 8.4.3

for details of this part.
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We now provide the proofs of Theorems 8.2.1, 8.2.2 and 8.2.5 from the introduction.

Proof of Theorem 8.2.1. Follows from Lemma 8.4.1 and Item 1 of Theorem 8.4.2. 0
Proof of Theorem 8.2.2. Follows from Items 2 and 3 of Theorem 8.4.2. 0
Proof of Theorem 8.2.5. Follows from Eq. (8.4) of Theorem 8.4.2. 0

After proving Lemma 8.4.1 in Section 8.4.1, we prove Theorem 8.4.2 in Section 8.4.2
and prove Lemma 8.4.4, a central lemma for bounding the absolute sum of influences, in

Section 8.4.3.

8.4.1 Preservation of Stability under Pinnings

In this subsection we present the proof of Lemma 8.4.1.

Let 7 € T be an arbitrary pinning on A C V and let U = V™ = V' \ A be the set of
unpinned vertices. We consider the conditional partition function Z; under the pinning 7.
As discussed earlier, one can view Z; as obtained from the original partition function Z,,
by specializing at 0 and taking derivatives for certain variables provided by the pinning 7.
To be more precise, we define Ay = {v € A : 7, = 0} to be the set of vertices pinned to
spin 0, and let A; = {v € A : 7, # 0} be those pinned to nonzero spins. We also define
T1 = Ta, to be the pinning restricted to vertices with nonzero spins. The key observation

here is that

0
O e ) 5)
OAA,
Ay =0
where A, = 0 represents plugging in A\, = 0 for all v € Ay and k£ € ()4, and 8}\/?
1,71

2]

represents taking derivatives .

for all v € A;. Hence, to establish Lemma 8.4.1 it
suffices to show that specialization at 0 and differentiation preserves I'-stability if the zero-
free region I is unbounded and 0 € T. This is actually true for any multi-affine polynomial,

which is a polynomial whose monomials are all square-free.
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Lemma 8.4.3. Let n > 1 be an integer and let I'y, ..., T, C C be non-empty open con-

nected regions. Let P € C|zy, ..., z,] be a multi-affine polynomial and assume that P is

(ITy=, T¢)-stable. Then:

1. (Inversion) The polynomial

1
P1(217Z27--'7Zn) :le(Z—,ZQ,...,Zn)
1

is (07" x [T, T¢)-stable;

2. (Specialization) If 0 € T'y, then the polynomial
PQ(ZQ’...,Zn) :P(O,ZQ,...,Zn)

is either ([ [,_, I'¢)-stable or identically zero;

3. (Differentiation) If 'y is unbounded, then the polynomial

0
Ps3(z9,...,2,) = =—P(z1,22, ..., 2p)

821
is either (] [,_, I's)-stable or identically zero.

Proof. Consider first the inversion. Suppose for sake of contradiction that P; is not (I';* x
[1,_,Tr)-stable. Then there exists w; € I'7'and z, € Ty for 2 < ¢ < n such that

Py(wy, 29, ...,2,) = 0. Note that w; = 1/2; for some z; € I'; \ {0}. It follows that

1
O = lel(wl,ZQ, Ce ,Zn) = lelp (w—,ZQ, ) = P(Zl,ZQ, .. .,Zn),
1

contradicting to the stability of P. Hence, we have the desired stability for P;.
Next consider specialization. Since I'; is open and 0 € Ty, there exists a sequence of

complex numbers {(,, }°_, such that (,, € I'; and lim,;, o ¢ = 0. Let fr (29, ..., 2,) =

225



P(Cm, 22, - - -, 2,) be a polynomial of degree < deg(P) for each m. Then f,, is ([ [,_, '¢)-
stable by the stability assumption of P. Furthermore, the sequence {f,,}°_; converges
to P, coefficient-wisely, and hence uniformly on compact subsets; see, e.g., Lemma 33 in
[3]. Hurwitz” Theorem (Theorem 2.5.2) then implies that P, is either ([],_, I's)-stable or
identically zero, as claimed.

Last we consider differentiation. Since I'; is open and unbounded, we deduce that the
region I = {1/2 : 2 € T'; \ {0}} is open and satisfies 0 € ﬁ Recall that we have
shown the inversion P;(z1, 22,...,2,) = zlP(%, Zay ... 2n) is (T7 % [T,_, ¢)-stable.
Now observe that, for a multi-affine polynomial P, the derivative P; of P with respect to

21 1s the same as the specialization of P; at z; = 0:

0
P3(22,...,Zn) :a—ZP(Zl,ZQ,...,Zn):Pl(O,ZQ,...,Zn).
1

Hence, we immediately conclude from previous results that P is either (] [;_, I'¢)-stable

or identically zero. O
Lemma 8.4.1 is an immediate consequence of Lemma 8.4.3.

Proof of Lemma 8.4.1. Observe that the partition function Eq. (8.2) is multi-affine. The
lemma then follows from Eq. (8.5) and Lemma 8.4.3. Notice that the conditional partition
functions are never identically zero since pinnings are extendable to valid full configura-

tions. ]

8.4.2 Bounds on Spectral Independence

In this subsection we prove Theorem 8.4.2.
An important observation is that it is sufficient to assume 1 € I', ;. for every (v, k) € Py

and consider the Gibbs distribution with the all-one external fields 1. In general, given the
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external field A\, ; € I', . for each (v, k), we may reweight the configurations by

o) =wlo) [[ Mo, VYoeQ (8.6)

vEV: 0y, #0

and the new partition function is

Zs(A) =) _W(a)\. (8.7)

ge

In particular, Z,,(A) = Zz(1) and 1, x = pug.1 for the given X = (A, ;). In other words,
we hide the external fields into the weight of configurations and under the new weights
we are interested in the all-one external fields. This will simplify the notations. Note
that, if for 7 € 7 the multivariate conditional partition function Z7 is (H(v,k) ePT Fv,k)-
stable, then the reweighted conditional partition function Z7 is (H(%k)ep{ fv,k)—stable

where fmk = ﬁka for each (v, k) € P;.
In the rest of this section, we assume that 1 € I', ;, and consider the case of all-one
external fields. The following lemma is an important step towards deducing Theorem 8.4.2;

it builds upon the proof strategy of [3] while generalizing their result to a great extent.

Lemma 8.4.4. Consider the Gibbs distribution |1 = |1, 1 with the all-one external fields
1. Let 7 € T be a fixed pinning and let {T',, C C : (v,k) € P} be a collection of non-
empty open connected regions such that 1 € I, for each (v, k) € P]. For everyv € V7
let ', C C be the connected component of the intersection (), LheQr I'y i that contains 1.
If the multivariate conditional partition function Z] is (H(v,k)epf Fvﬁk)—stable, then the

influence matrix U}, under the pinning T satisfies

M T T : 2 8 : T
EigMax(V7,) < H\I/#HOO < min W,g(r%zz; dist (1,CJ ) ¢,
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where: b is the marginal bound for yi;

6= min dist(1,0Ty); plg=p (00 =k);

(v,k)ePT
o= (D= 1) = e e D\ {1y, fork £0;
ok Dok ppp(z—1) ’
CTy= — (0= 1) +1) :{;: zeFv\{l}}-
0y pro(z—1)

The following two lemmas are helpful for bounding the distance dist(1, . ) which is

given in Lemma 8.4.4.
Lemma 8.4.5. Let 7 € T and (v, k) € P7.

1. If Ty, is unbounded, then

dist (1,C],) < 1.

2. Let o, = inf (I'y x, NRY) and B, = sup (I'y x "Ry ). Then

. . Ay k; 1 _p;k 1
dist (1,C; ;) < min< — ’ +— = +1z,
( ,k) {pv,k(]' - O‘/Thk) Dy k pv,k(ﬁvyk’ - ]‘) }

with the convention that é = 01if By = 00.
Lemma 8.4.6. Let 7 € T and (v,0) € PT.

1. If0 € T, then

dist (1,C],) < 1.

2. Let a, = inf (I', NR) and B, = sup (I', NR,.). Then

+ 1, +
pZ,o(l — ) pl,o(ﬂv -1) Poo

1 _ T
dist (1,CZ70) < min { Qo ! pv,O} :

with the convention that é =01if B, = oc.
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Combining Lemmas 8.4.4 to 8.4.6, we are able to establish Theorem 8.4.2.

Proof of Theorem 8.4.2. As discussed at the beginning of this subsection, we can reweight
the configurations by Eq. (8.6) and consider the all-one external fields under the new
weights, so that Lemma 8.4.4 applies. In particular, for an arbitrary pinning 7 € T the
reweighted conditional partition function Z7; given by Eq. (8.7) is (H(%k) ePr I:U,k)—stable

where T, = ﬁFv’k for each (v, k) € P;. Thus, the first upper bound in Lemma 8.4.4

implies that the Gibbs distribution ( = i, x = 45,1 1 spectrally independent with constant

n = 2/(b6*) where b is the marginal bound for ; and

~ 1
5= min dist (1,arv,k): min  ——dist (A, OTuz)
(v,k)EP1 (v,k)EPL Ay

as claimed.
For each v € V, let fv = I', € C be the connected component of the intersection

ﬂkte fu,k = ﬂkte ﬁFM that contains 1. Then we further have the following.

1. If for every v € V the region fv is unbounded and 0 is contained in the closure of
ﬁ,, then the first part of Lemmas 8.4.5 and 8.4.6 implies that dist(1, Cr ) < 1forall
T € T and (v, k) € P7. Hence, by the second upper bound in Lemma 8.4.4 spectral

independence holds with constant = 8/0.

If Ry C I'yy for each (v, k) € Py, then by definition [, is unbounded and O is
contained in the closure of fv for every v € V; therefore, spectral independence

holds with n = 8/9.

2. If there exists \* € R, such that A\, € (0,\*) C I', ;. for every (v, k) € P, then

one has

Oy ke = inf (fv,k N RJr) = 07 6’0,]6 = sup <fv,k N R+> >

o, = inf (fv N R+) =0, (,=sup (fv N ]R+> > ,
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where A\, max = maxieg, Ak Thus, we deduce from the second part of Lem-

mas 8.4.5 and 8.4.6 that for all 7 € T and (v, k) € P7,

1— v Av
dist (1,C7,) <mind ——uk ek 4y
’ Dy k pv,k(/\ - /\U7k)

1-0b A
< mi o 1 for k ;
mm{ o b()\*_)\max)+ }, or k # 0;
. . )\v max 1- qu; 0 }
dist (1,C; ;) < min <1, : + =+ <1
(1:€50) { ProN = Avmax)  Plo

The second bound in Lemma 8.4.4 then yields the desired bound on spectral inde-
pendence. Note that we may assume 4 is supported on at least two configurations
so that (1 — b)/b > 1, namely b < 1/2; otherwise p is concentrated on a single

configuration and spectral independence holds with constant 0.

. If there exists \* € R, such that A\, € (A\*,00) C I, for every (v, k) € Py, then

one has
o~ " ~
Q= inf (Fv’k N R+> < S Bk = sup (FM N R+) = 00,
v,k
o~ A" ~
a, = inf (Fv N ]R+> < , [, =sup (Fv N R+> = 00,
where A\, min = mingeg, Ay . Thus, we deduce from the second part of Lem-

mas 8.4.5 and 8.4.6 that for all 7 € T and (v, k) € P7,

A" L —pix
dist (1,C; ) < min + = 1, <1, fork#0;
(1.Coe) {pl,k(%,k - X)) Pk }
A* 1—p;
dist (1,C],) < min{ - ~+1, Tp ’0}
’ D5 0(Avmin — A¥) Du,0

- b(Amin — A¥) b '

The second bound in Lemma 8.4.4 then yields the desired bound on spectral inde-

pendence. 0
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Remark 8.4.7. For Item 2 of Theorem 8.4.2 our proof actually yields a more complicated

but stronger constant for spectral independence:

8 1 —p] Ay
n:gmax 1, m@f_( {min{ Tp ,k’ o ,k)\ +1}}
(v,i:%epf Dy ke Dy k - v,kz)

For Item 3, the constant is:

8 1—p] A
(vj(fep" Duv,o Py,o\Av,min —

These two bounds are more robust in the sense of Remark 8.2.3, namely, when some exter-

nal fields are close to \* while others are close to 0 (respectively, co).

We end this subsection with the proofs of Lemmas 8.4.5 and 8.4.6. The proof of

Lemma 8.4.4 is presented in Section 8.4.3.

Proof of Lemma 8.4.5. By definition we have

1

dist (1, ka) = inf —m

17éz€Fvyk

— 1.

If ', ;. is unbounded, then there exists a sequence {z,} such that 1 # z, € I',x and

lim,, o0 |2,| = 00. Therefore,

1
S —

pg,k(zn —1)

1
<1l+4liminf ——— = 1.

dist (1,C;,) < liminf
ist (1,C7 ;) < limin n—oo pp |z, — 1

n—o0

This shows the first part.
For the second part, observe that a,, < 1 < 3, since I',; is open and 1 € I', ;.

Hence, we obtain

1

S S—
ka(w —1)

dist (1,C],) < inf

xGFv’km(O,l)
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Pha(l— k) 2

and also

dist (1,C7,) < inf N S P

TYvk) = €l xN(1,00) p;k(ilf — 1) p;k(ﬁv,k — 1) .
The second part follows. [
Proof of Lemma 8.4.6. By definition we have
dist (1,C7,) = inf - 1
1S = 1 - < — .
T ager, (2 — 1)

If 0 € T, then there exists a sequence {z,} such that 1 # 2, € [',; and lim,, _,o 2, = 0.

Therefore,

“n

dist (1,C, ) < liminf | ————
(1.C50) Mol 1)

n—o0

—1' < | liminf —1=l

n=00 pl,olzn — 1| B

This shows the first part.
For the second part, observe that o, < 1 < 3, since I, is open and 1 € T, ;. Hence,
we obtain

dist (1,C; ) <  inf
1S ( ) U,O) - xef‘lvrer(Oyl)

T 1‘ B Qy L
p;o(“; - 1) pl,o(l — ) ’

and also

T
dist (1.7 < nf S
is ( ) v,O) = xepig(l,oo) Pro(z —1) '
-y
p’u,O(ﬁv o 1)
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+
pl,o (B, —1) pl,o

The second part follows. 0

8.4.3 Bounding the Absolute Sum of Influences: Proof of Lemma 8.4.4

Let 7 € 7 be an arbitrary pinning and fix 7. We will give an upper bound on the absolute
row sum of the associated influence matrix Wj, under 7, which then provides an upper

bound on the maximum eigenvalue of V7. In particular, for (u, j) € P” we define

g;(u7]): Z “D;(U,],U,k’”z Z |NT(0v:k|0u:j)_NT(0‘v:k)|

(v,k)ePT (v,k)ePTw#u

to be the absolute sum of influences in the row (u, j), and define

S;(u7.]): Z “IJL(U,],'U,]{” = Z |MT(0v:k|0u:j)_MT(UU:k)|

(v,k)ePT (v,k)€PT w#u

to be the partial absolute sum of influences for pairs (v, k) with k& # 0 in the row (u, j).
Notice that one has §;(u, j) < 257 (u, j), because for each (v,0) € P7 it follows from the

triangle inequality that

W (o =0lou=)) =@ (o =0)< Y |0 (ov=k|ou=7j)—u (0n=F).

keQr\{0}
Hence,
EigMax(07) < ||lv7|| = ST (u, j) <2 S7(u, 7). 8.8
eMax(¥]) < VL. = o, i) €2 oy Si(wd) 68

The rest of the proof aims to bound S7,(u, j) for a fixed (u, j) € P7. We consider two

cases j # 0 and j = 0 separately, and prove the following.
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Lemma 8.4.8. For j # 0 we have
o . I 4. -
S7(u, j) < min 52 gdlst (l,Cw-) :
Lemma 8.4.9. For j = 0 we have

i 14
SM(U, 0) < min {Wa gdlSt (1761170)} :

Lemma 8.4.4 follows immediately from these two lemmas.

Proof of Lemma 8.4.4. Combining Eq. (8.8) and Lemmas 8.4.8 and 8.4.9. [

Proof of Lemma 8.4.8

Fix (u,j) € P]. We follow the proof approach of [3] and view S7(u, j) as the derivative
of certain function related to the partition function; the lemma then follows from an appli-
cation of the Schwarz-Pick Theorem (Theorem 2.5.3) for bounding the derivative. For ease

of notation we write

P ={(v,k) e P] :v#u} and K= H Lok

(v,k)eP’

Define the multivariate complex function f : L — C as

TU(u,j5)
foy = LA

S o B o o 8.9
v Z;(AuL) < 8.9)

where 7 U (u, j) € T is the pinning that combines 7 and o, = j, and A U 1,, is the vector
of external fields that combines A and the all-one fields 1, at u (i.e., A, = 1 for all

0 # j' € Q7); notice that

ZnAuL,) =Y Z;7(N),

J'eq
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Note that f is well-defined since by our assumption Z7 (AU 1,) # 0 whenever each A\, €

I', k. The following claim summarizes several important properties of the function f.
Claim 8.4.10. Let f : KK — C be the multivariate complex function defined by Eq. (8.9).
1. The function f is well-defined and holomorphic on K, and f(1) = 1.
2. Forevery (v, k) € P,

of
Mot sy

= V) (u,j;v, k).

3. Suppose that f # 1. Let A C C be an open region defined as

1 -1
A=—(T,;—1) .
e (P = 1)
Then 1 ¢ A. Let A, be the connected component of A° which contains 1. Then A,

is open and simply connected, and

image(f) C A;.

If f = 1, then Item 2 of Claim 8.4.10 implies that V7, (u, j; v, k) = 0 for all (v, k) € P,
and hence S}, (u, j) = 0. In the rest of the proof we assume that f Z 1.

Given Claim 8.4.10, in order to bound S7,(u, j) it suffices to bound ||V f(1)|,. We do
this by taking holomorphic functions ¢ : D(0,1) — IC, ¢ : A; — D(0, 1) and considering
their composition with the function f. The bound on ||V f(1)||, would then follow from
the Schwarz-Pick Theorem which bounds the derivative of a holomorphic function from
the open unit dist into itself.

We now formalize this idea. Let ¢ : I(0,1) — K be a holomorphic vector-valued
function such that for every (v, k) € P’, the (v, k)-coordinate function ¢, ; : D(0,1) —
[, 1. is holomorphic and satisfies ¢, 1(0) = 1 and ¢}, , (0) € R if V] (u,j;v, k) > 0 while
¢, 1(0) € R_if W7 (u, j;v,k) < 0. Hence, ¢(0) = 1 and ;, ,(0)¥7 (u, j; v, k) > 0 for all
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(v, k). Meanwhile, for the region .4, given in Item 3 of Claim 8.4.10, let ¢ : . A; — D(0, 1)
be a holomorphic function such that ¢/(1) € R . We will specify our choice of ¢ and 1)
soon. Also, we point out here that our assumptions ¢, ,(0) € R /R_ and ¢'(1) € R,
would not cause strong restrictions; they can be easily satisfied by considering rotations
©(e2) and e?9)(2).

Given such ¢ and v, we define the holomorphic function F' : D(0,1) — ID(0, 1) given
by F' = 1 o f o . Notice that F'(0) = v(1). The derivative F”(0) at 0 is real and can be

bounded by
!/ !/ / a
FO)=9(1) 3 g0 2L
(v,k)EP’ O [x=1
=¢'(1) > ¢, (0)T (u, jiv, k)
(v,k)eP’
> ') min {[¢,.(0)]} i), (8.10)

where the second equality follows from Item 2 of Claim 8.4.10 and the inequality is due to
our assumption that i, , (0)¥7 (u, j; v, k) > 0 for each (v, k). The Schwarz-Pick Theorem

(Theorem 2.5.3) implies that F”(0) < 1, and hence we obtain

Si(u, j) < m(O)\) : (8.11)

w< ) ((vk@'

It remains to choose ¢ and ). Consider first the function ¢. For each (v, k) € P’ we let

+1, W (u,j5v,k) > 0;
Oy = dist (1,00 ) and X, x = sgn(V) (u, j;v,k)) =

—1, Y (u,j;v, k) <0.

We then define ¢, 5, : D(0,1) — I, x, by
Pok(2) = 14 Xo k012 (8.12)
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Observe that ¢ is holomorphic, »(0) = 1, and ;, ;,(2) = Xu 0 has the same sign as

W7 (u, j; v, k) for each (v, k). Recall that 0 = min, )ep, dist (1,9, 1), and thus

min

in ¢, ,(0)) = min 8,) > . (8.13)

(v,k)eP’

Next, we decide . We will actually give two choices of 1/, denoted by ¢y and
respectively, which correspond to the two bounds in Lemma 8.4.8.
We first consider the simpler choice ¢;. Let 0, ; = dist(1,0I',;) > 0, and so

D(1,d,,,) C Iy ;. Then, the region A from Item 3 of Claim 8.4.10 satisfies

1 _1 1 _1 1 —
A=—(T,;—1 O —— (D(1,0,,;) —1 = D0, 1)°.
p;j_( i1 p;j( (1,6u,) — 1) Vb (0,1)
It follows that
—c 1
A, C C D(0,1).
LA C D)

We can define ¢ : A; — D(0,1) as

Y1(2) = pz,jéu,jz-

Then, %1 is holomorphic, ¥ (2) = p], ;0.; € R, and

1 1 1

o = <
P1(1) Pu.; Ou,j bo

(8.14)

Combining Egs. (8.11), (8.13) and (8.14), we obtain

, 1
S 5) < 755

This shows the first bound in Lemma &.4.8.

Next, we define 1)5. Since ) # A; C C is open and simply connected by Item 3 of

=
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Claim 8.4.10, the Riemann Mapping Theorem (Theorem 2.5.4) implies that there exists a
(unique) biholomorphic mapping v, : A; — D(0, 1) such that ¢)5(1) = 0 and ¥4 (1) € R,..
Write h = 1), ', which is a bijective holomorphic function from ID(0, 1) to A, satisfying

h(0) = 1. Then, Koebe’s One-Quarter Theorem (Theorem 2.5.5) shows that

) u’j

;l|h’(0)| < dist(1,04;) < dist(1,A) = dist (1,C; ) .

It follows that
1

¥5(1)
Combining Egs. (8.11), (8.13) and (8.15), we get

= K'(0) < 4dist (1,C] ) - (8.15)

’ u7j

T - 4 : T
Si(u,j) < SdlSt (1,¢1,) .

) u%j

which is the second bound in Lemma 8.4.8.

Remark 8.4.11. The proof of Lemma 8.4.8 (and also Lemma 8.4.9 in Section 8.4.3) leaves
the possibility of further improvements on the spectral independence bounds for specific
problems. Here in the proof we are given regions K and .4; in abstract forms and the
choices of ¢ and v may not be optimal for specific instances; in particular, the Riemann
Mapping Theorem only shows the existence of a biholomorphic mapping and there is no
guarantees that such a choice is the best possible. Hence, for specific problems and specific
zero-free regions, one may be able to pick ¢ and v in a smarter way to achieve a better

bound on spectral independence.

It remains to prove Claim 8.4.10. The following lemma is helpful to us.

Lemma 8.4.12. Let S C C be a non-empty open connected region such that S is un-
bounded and S # C. If Sy is a connected component of S, then Sy is open and simply

connected.

Proof. Clearly S; is open and connected. If S is not simply connected, then there exists a
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Jordan curve (simple closed curve) 7 in S; whose interior region contains a point zy ¢ Sj.
Note that we can actually find a point 2 from the interior of v such that z € S; if not,
then the whole interior of ~y is contained in S° and thus 2o ¢ & is connected to S in gc,
contradicting to the assumption that S; is a connected component of S°. Since the interior
of v is open, this further implies that the interior of  contains a point z € S. Meanwhile,
since S is unbounded the exterior of  contains a point w € §. Now, as § is connected
there exists a path p in S connecting z and w. Note that p must intersect with v, because the
interior and exterior of v are disconnected. This yields a contradiction since v C §; C &€

while p C S. 0
We complete the proof of Lemma 8.4.8 with the proof of Claim 8.4.10.

Proof of Claim 8.4.10. 1. Since Z] (AU1,,) # 0 whenever A € K by our stability assump-

tion, the function f is well-defined and holomorphic on K. Also, by definition we have
(1) =1.

2. Let (v, k) € P’. Then one has

af
Nor

1 1 9 4 A O N
— Zow(A) ) — == Z7(AU1, .
oL <Z[U()\U1u) (mm w TN ) = o Loy Ze AV L)

Suppose 7 is a pinningon A C V and let U = V73 = VV\ A\ {u} be the set of unpinned

vertices under the pinning 7 U (u, 7). We deduce that,

0 , 0
2 Ui ()\) = . AU
6)\“; v ( ) Z w(o-) a)\v,k

o€ oA=T,00,=]

— Z w(o) AU\

c€Q:op=T,00=],00=Fk

_ Z;U(u,j)u(v,k) (A) )
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Similarly,

0
ZT(AU1l,) =2 (au,).
o ZEAUL) = 21U
We then get
af B 1 Z;U(u,])u(v,k)(l) B Z’Z;U(u,])(l) . ZI‘IL']U(’U,]{:)<1)
a)‘v,k A=1 pz,j ZqZ(l) Z{Z(]—)Q
1
= poy =j,op =k) = p(oy = j)pu" (00 =k
on =) (k" ( ) ( ) ( )
as claimed.

3. We first show that image(f) C .A°. Suppose for sake of contradiction that f(\) € A for

some A € /. Then there exists 1 # y € I, ; such that

1 1z
n N Pl Zn(AU 1,)

It follows that

ZiAUX) =yZP N+ D 27N =0,
J#3' €Y,
where A, is the vector of external fields at u defined by A\, ; = y and A\, = 1 for j' €
Q7 \ {0, 7}. This contradicts to our stability assumption that Z7 (A U X,) # 0. Therefore,
we have shown that image(f) C A°.

Now, since K is open and connected and f is a non-constant holomorphic function, the
Open Mapping Theorem (Theorem 2.5.6) implies that image(f) is open and connected.
Thus, we have image(f) C (A°)° = A°: note that in particular 1 € A°. Furthermore,
since image(f) is connected one has image(f) C A;, the connected component of A°
containing 1. The region .A4; is open and connected by definition. It remains to show that

A; is simply connected, which follows immediately from Lemma 8.4.12 and the fact that
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A is connected and unbounded. ]

Proof of Lemma 8.4.9

The proof of Lemma 8.4.9 is similar to that of Lemma 8.4.8. We will use the same notations
and only emphasize a few key steps that differ.

Recall that

P ={(v,k) € P]:v#u} and K = H Ly ke

(v,k)eP’

Define the multivariate complex function g : I — C as

1 Z70w0 )
gA) = )

= for A e 8.16
ToZiAUL,) M (8.10)

where 7 U (u,0) € T is the pinning combining 7 and o, = 0, and A U 1,, is the vector of
external fields that combines A and 1,,. The following claim is analogous to Claim 8.4.10

and summarizes key properties of the function g.

Claim 8.4.13. Let g : K — C be the multivariate complex function defined by Eq. (8.16).
1. The function g is well-defined and holomorphic on K, and g(1) = 1.
2. Forevery (v, k) € P,

of
Mot sy

= U (u,0;v,k).

3. Suppose that g = 1. Let B C C be an open region defined as

B= 1 (T.—1D"'+1).
pu,O

Then 1 ¢ B. Let B, be the connected component of B® which contains 1. Then By is
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open and simply connected, and

image(g) C Bi.

We may assume that g # 1 since otherwise ST (u, 0) = 0 and the lemma is trivial. Again
we choose holomorphic functions ¢ : D(0,1) — K, ¥ : B; — D(0, 1) and consider the
holomorphic function G : D(0,1) — D(0, 1) defined as G = 1) o g o . Just as in the proof
of Lemma 8.4.8, we let ¢ : D(0, 1) — K be a holomorphic vector-valued function such that
for every (v, k) € P, the (v, k)-coordinate function ¢, 5, : ID(0,1) — I, j is holomorphic
and satisfies ¢, x(0) = 1 and ¢/, ,(0) € Ry if U} (u,j;v,k) > 0 while ¢, ,(0) € R_ if
T (u, j;v,k) < 0. Meanwhile, let ¢ : B; — D(0, 1) be a holomorphic function such
that ¢'(1) € R,. Hence, we have G(0) = 9(1), and by Claim 8.4.13 G’(0) € R can be
bounded by

G'0) = v'(1) min {[#}(0)]} S5 (w,0),

which is analogous to Eq. (8.10). We then deduce the analog of Eq. (8.11) from the

Schwarz-Pick Theorem (Theorem 2.5.3):

1
S;(u, 0) < (( min

-1
o) soi,,k(O)l) : (8.17)

We specify next our choice of ¢ and . The function ¢ is the same one as in the proof
of Lemma 8.4.8, and is given by Eq. (8.12). In particular, Eq. (8.13) still holds. We also
give two choices of the function 1, denoted by 3 and 14 respectively, corresponding to
the two bounds in Lemma 8.4.9.

Consider first ¢3. Recall that I", C C is defined to be the connected component of the

intersection (e, 'u,; that contains 1. Let 6, = dist (1,0T",) > ¢ and thus D(1,4,) C
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I',. Then we have

B= r,—1"'+1)D D(0,5,)" ' +1) = D(6,,1)°,
Do (( ) ) p;,o ( ( ) ) p;,Oau ( )
and hence
—c 1
B, C - D (6,,1
1 s (6us 1)

We define ¢35 : B; — D(0,1) as

V3(2) = Py g0uz — Ou-

Observe that 13 is holomorphic, 15(2) = pj, (0., € R, and

11 _1

(8.18)
Combining Egs. (8.13), (8.17) and (8.18), we obtain

S7(,0) < o
This shows the first bound in Lemma 8.4.9.

Finally, we define v,. Since () # B; C C is open and simply connected by Claim 8.4.13,
there exists a (unique) biholomorphic mapping 4 : B; — (0, 1) such that ¢)4(1) = 0 and
Y (1) € R, by the Riemann Mapping Theorem (Theorem 2.5.4). Let h = ;' be the
holomorphic mapping from (0, 1) to B; with h(0) = 1. We deduce from the Koebe’s

One-Quarter Theorem (Theorem 2.5.5) that

1
Z!h’(o)] < dist(1,0B;) < dist(1, B) = dist (1,C] ) ,
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and hence
1

¥i(1)
Combining Egs. (8.13), (8.17) and (8.19), we get

= 1/(0) < 4dist (1,Cf ) - (8.19)

4 ]
Si(u,0) < gdlst (1,C,)

which is the second bound in Lemma 8.4.9.

We end this section with the proof of Claim 8.4.13.

Proof of Claim 8.4.13. Ttem 1 follows from the stability of the partition function and Item 2
can be deduced by direct calculations. We omit the details here and refer to the proof of
Claim 8.4.10.

For Item 3, again we first show that image(g) C B°. Suppose for sake of contradiction

that g(A) € B for some A € K. Then there exists 1 # y € I', C [y cqr ['u; such that

oy g(}\) B 1 ZZ,U(“’O)(A)
Pioly—1) Pao Zn(AUL,)

It follows that

ZoAUyL,) = Z20 0N + Y yZ () =0,
0£5EQ],
where y1, represents the vector of external fields at u defined by A\, ; = y for all 0 #
j € Q7. This contradicts the stability assumption of the partition function. Therefore,
we have image(g) C B°. The Open Mapping Theorem (Theorem 2.5.6) then implies that
image(g) C B; which is the connected component of B containing 1. Meanwhile, notice
that the region I, is open and connected since it is a connected component of the open set
ﬂo Liear I', ;, and so B is open, connected, and unbounded. Hence, Lemma 8.4.12 shows

that 3; is open and simply connected. This completes the proof of the claim. [
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8.5 Optimal Mixing Results for Binary Symmetric Holant Problems

Let G = (V, F) be a graph of maximum degree A. We consider the Holant problem in
the binary symmetric case, which we now describe. Let {f,},cv : N — R>( be a family
of functions, one for each vertex v € V in the input graph. One should think of each
fo as representing a local constraint on the assignments to edges incident to v. Since we
are restricting ourselves to the binary case, our configurations o will map edges to {0, 1}.
Furthermore, since we are restricting ourselves to the symmetric case, our local functions
fo» will only depend on the number of edges incident to v which are mapped to 1. With

these { f, },cv in hand, we may write the multivariate partition function as

ZeN) = >[I folloswl) [T A", (8.20)

0:E—{0,1} veV eck

where E(v) is the set of all edges adjacent to v, o) is the configuration restricted on
E(v), and |0 g | is the number of edges in £(v) with assignment 1.
This class of problems is already incredibly rich, and encompasses many classical ob-

jects studied in combinatorics and statistical physics including the following:

e Matchings/Monomer-Dimer Model: Assume all f, are the same and given by the

“at-most-one” function:

1, ifk=0,1;
folk) =
0, ifk>2.

Then Z(1) yields the number of matchings (of any size) in G.

o Weighted Edge Covers: Assume all f, are the same and given by the weighted “at-
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least-one” function:

p, ifk=0;
fv(k> =
1, ifk>1.

In the case p = 0, then Z;(1) yields the number of edge covers of G, that is, subsets

of edges such that every vertex is incident to at least one selected edge.

o Weighted Even Subgraphs: In this case, all f, are the same and given by the weighted

“parity” function. More specifically, for a fixed positive parameter p > 0, we have

1, if kiseven;
fv<k) =
p, if kis odd.

In the case p = 0, then Z;(1) counts the number of even subgraphs, that is, subsets
of edges such that all vertices have even degrees in the resulting subgraph. (Note that

when p = 0, the Glauber dynamics is not ergodic.)

e Ising Model on Line Graphs: In this case, each f, depends on the degree of v. If

B > 0 is some fixed parameter (independent of v), and d = deg(v), then we have
k

8GR ifo <k <d:

0, o/w.

In all of the above examples, prior works managed to show that the Glauber dynamics

admits an inverse polynomial spectral gap ([76] for matchings, [73] for edge covers, [77]

for weighted even subgraphs, and [53] for the Ising model in the antiferromagnetic 5 < 1

regime). Furthermore, all of these results were obtained via the canonical paths method

[76], and its winding extension [102]. However, one down-side behind these results is that

the spectral gap bounds are suboptimal, and do not yield optimal mixing times nor sub-

Gaussian concentration estimates. In contrast, by combining our framework with known
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zero-free regions for these models and the local-to-global mixing result of [45], we obtain
optimal mixing times and sub-Gaussian concentration results for these problems in the
bounded-degree regime.

Note that though Theorem 1.2.1 is stated only for spin systems, it holds for Holant
problems and tensor network contractions (see Sections 8.5 and 8.6 for definitions) as well
since one can view these as spin systems defined on hypergraphs (also known as Markov
random fields) and the proof approach of [45, 23] still works when the underlying graph
has bounded maximum degree.

One of the convenient aspects of our approach is that establishing the required root-
region for the complicated multivariate partition function can be boiled down to establish-
ing stability for a bounded-degree univariate polynomial with coefficients coming from the
local functions f,. This was one of the main insights of [126, 66, 21]. More specifically, if
A is the maximum degree of the input graph G = (V, E'), and f, : [d] — Rx is the local
function for some vertex v € V, where d = deg(v) < A, then define the corresponding

local polynomial at v by

Py(z) = Xd: <Z) fo(k)Z". (8.21)

k=0

A circular region on the complex plane is the interior or exterior of a disk, or an open
half-plane. [66] showed using Asano-Ruelle contractions [7, 114] that in the case all f,
are the same, and all P, are ®-stable for an open half-plane ® C C, the multivariate parti-
tion function is I'-stable where I' = [—(®)2]|°. This result actually holds for any circular
region & C C assuming that either ¢ is convex or every local polynomial P, has degree
deg(v); under these assumptions one can apply the famous Grace-Walsh-Szegé Coinci-
dence Theorem to the local polynomials, see [66, 26]. A straightforward generalization of

their techniques yields the following.

Theorem 8.5.1 ([66]). Let G = (V, E) be a graph. Let {f,}vev : N — Rsq be a family

of local functions, and let {®,},cv be a family of circular regions containing 0 such that
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forevery v € V, either ®, is convex or f,(deg(v)) > 0. If for every v € V, the local poly-
nomial P, is ®,-stable, then the multivariate partition function Zg(\) is [[,cz e stable,

where for each edge ¢ = {u,v}, T, = (—®< - ) C C.

Using Theorem 8.5.1, [66] established zero-free regions for a large class of Holant
problems satisfying generalized second-order recurrences, including matchings, weighted
edge covers, and weighted even subgraphs. Our main theorems Theorems 8.1.1 and 8.1.3
and Theorem 1.1.6 build upon these zero-free results as well as Theorem 8.2.1 and The-
orem 1.2.1 (note that we can obtain spectral independence for matchings from Theo-
rems 8.5.1 and 8.2.1, which was already known in [45] with a better bound by correlation
decay proofs). Zero-free regions were also established for weighted edge covers and the
antiferromagnetic Ising model on line graphs in [21], using techniques from [126].

Before proving the main theorems, we will need the following simple lemma concern-
ing the case where the regions ®,, are half-planes. Recall that H, = {z + iy : * < —¢} and

H.={z+iy:2 < —c}forc € R,.

Lemma 8.5.2 (Lemma 5 in [66]). For ¢ > 0, let I' = (_ﬁi)c be a region. Then I
contains R, and for every A\ € R, we have dist(\,0T) = X + €2 if A € (0,&?), and
dist(\, OT) = 2evV N if A € [€2, 00).

For completeness, we provide a proof in Section 8.5.2. With these tools in hand, we
deduce strong zero-free regions for the above examples. We use these to prove our main
mixing results Theorems 8.1.1 and 8.1.3 and Theorem 1.1.6. Note that by Lemma 8.4.1
and Theorem 8.4.2, one can in fact establish rapid mixing results for these models with

non-uniform external fields, though we only state the uniform case for simplicity.

Proof of Theorem 8.1.1. By Theorem 1.2.1, it suffices to prove 7-spectral independence
for n = Oa,(1). By Theorem 8.2.1, it suffices to prove that the multivariate partition
function Eq. (8.20) is I'-stable, where ' C C is an open connected region containing R

and 0 = %dlst(/\, 8F) = QAJMP(I)‘
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It is more convenient for us to work with the model on complements of weighted edge
covers, whose partition function is the inversion of that for weighted edge covers. For this,

the local polynomial is given by
Pu(=) = (1420 = (1= )0,

which is Ei jo-stable. Then by Theorem 8.5.1, the inversion of the weighted edge cover

partition function Zg(\) is (—E? /2> -stable, and therefore Z(\) is I'-stable for
r=[(-m,)] = [-D(-1,12
- 1/2 - [ ( ) ) ] :

This region I' is also derived in [21]. We remark that the region —ID(—1,1)? is cardioid-
shaped, and its complement I" is an open connected region containing R, ; see Lemma 3.9

and Figure 1 in [21]. Hence, we have R, C I" and 6 = Qa 5 ,(1) as wanted. O

Proof of Theorem 1.1.6. We may assume p € (0,1) since if p = 1 then we get a trivial
product distribution. Once again, by Theorem 1.2.1, it suffices to prove 7-spectral indepen-
dence for 7 = Oa (1), and by Theorem 8.2.1, it suffices to prove that the multivariate
partition function Eq. (8.20) is I'-stable, where I' C C is an open connected region contain-
ing Ry and 6 = +dist(\, 0T) = Qax,(1).

For this, observe that the local polynomial is given by

1 —
Tp(l +o)des®) Tp(l  pydes(®),

Since 0 < p < 1, the roots of P, are given by ﬁ where w € C satisfies wds(®) = —1,
and ¢, € R, is given by
. 1/ deg(v)
t, = (ﬂ) > 1.
L—p
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It follows that P, is [ﬁ <— LAl ot )} -stable. Then by Theorem 8.5.1, the partition func-

21 21

tion Zg(A) is [ [ o I'e-stable, where for each edge e = uv € E,

— t2 1 2t — t2 1 2t ¢
r.—|-D + « ). * o\
2-1¢2—-1 21821

In particular, Zg(\) is I'-stable for

_/ e+ o2\ 1+ p\ V2
—]D)(—L —)] Crl., VeelFE, Wheret:(l—k—p) > 1.

I =
2181 —p

The region I' is open and connected. Observe that we have I' O (—E%) . Hence, by

Lemma 8.5.2 we have R, C I and § = (24 » ,(1) as wanted. O

Proof of Theorem 8.1.3. By Theorem 1.2.1 it suffices to prove n-spectral independence for
n = Oap~a(1). By Theorem 8.2.1 it suffices to prove that the multivariate partition
function Eq. (8.20) is I'-stable, where ' C C is an open connected region containing R
and § = ;dist(\, ) = Qa g0 (1).

For this, observe that the local polynomial is given by
Ry deg( leg(v)—k
( 8lv ) B0 k.
k=0

By Proposition 8.5.3 below (see Section 8.5.1 for the proof), all roots of this polynomials
are strictly negative reals, i.e. they are contained in (—oo, —5deg(v)] for some constant
Edeg(v) = Edeg(v)(B;7Y) > 0 depending only on deg(v), 3, . Then by Theorem 8.5.1, Z ()

18 HGGE I'.-stable, where for each edge e = uv € F,

— - C
Ie = <_H€deg<u> 'Hsdegw)) .

In particular, Z; () is I'-stable for I' = (—ﬁz)c where ¢ = min;<4<a €4 depends only on

A, 3,~. The region I is open and connected, and by Lemma 8.5.2 it contains R, and we
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have § = Qa g, (1) as wanted. O

8.5.1 Stability for Antiferromagnetic Two-Spin Edge Models

In this subsection, we analyze the roots of the local polynomial for antiferromagnetic two-
spin edge models, which is needed in the proof of Theorem 8.1.3 above. We generalize
a result due to [21] which proves that the local polynomial for the antiferromagnetic edge
Ising model has strictly negative real roots. We achieve this by generalizing their arguments

to all antiferromagnetic two-spin edge models.

Proposition 8.5.3 (Generalization of Lemma 4.3 in [21]). For every § > 0, v > 0 with

By < 1 and every positive integer d > 1, the univariate polynomial

P =3 ()55

has strictly negative real roots.

We prove this via an inductive approach, relying on the following decomposition of F.

Lemma 8.5.4. For every 5 > 0, v > 0 and every positive integer d > 1, we have that

Pai1(2) = 7' Pa(z/7) + zPa(B2).

Proof. We have

Pit1(2)

Il
o
+
—
VR
QL
> +
—
~_
ey
—~
[l
N—
)
YamnS
<%
+
N =
>
S~—
I
B



= v'Py(z/7) + 2Pa(8z). o

Proof of Proposition 8.5.3. If 3 = 0 then Py is liner and the proposition is immediate.
We may assume 3 > 0. We prove via induction the following stronger claim: The roots
ry > --- > rq of Pyare distinct, real, and strictly negative, and further satisfy r; /r;.1 < 87.
The cases d = 0, 1 are vacuous. When d = 2, the polynomial P(z) = 2% + 2z + ~y has
roots (—1 4 /1 — 37)/3, which are distinct, real, and strictly negative since 3y < 1. One
can also check that r; /ry < (7 via a straightforward calculation. This establishes the base
case.

Assume the stronger conclusion holds for some d > 2. By Lemma 8.5.4, we may write
Pii1(2) = v4Py(2/v)+2P4(Bz2). If ry > - -+ > ryare the roots of Py, thenyr; > -+ > yry
are the roots of Y P;(z/v), and 0 = ro/8 > r1 /B > -+ > ry/3 are the roots of zFP(z),
where for convenience we define ry = 0. First, we claim that the roots of v2P;(z/7)

interlace the roots of zP,;((5z), i.e.,

OZTo/ﬁ>’}/7’1 >T1/6>’}/T2 > .. >Td_1/ﬁ>’77’d>7’d/ﬁ.

To see this, observe that vyr; > r;/ since 5y < 1, and r;_1 /3 > ~r; since r;_1/r; < By
by the induction hypothesis for P,.

Now, we claim that for each i = 2, ..., d, the evaluations

Pyia(yri) = yriPy(Byri) and  Pyyi(ri1/B) = v Pa(ri_i/B7)

are nonzero and have different signs. Observe that 5yr;, 7;_1/8v € (r;,r;_1); hence, the
evaluations P,(37yr;) and P,(r;_1/f7) are nonzero and have the same sign, and we deduce
the claim by r; < 0. It then follows from the Intermediate Value Theorem that P, has a
root s; € (yry,ri_1/08) foreachi =2, ... d.

Moreover, P, also has a root s; € (vr1,0) and a root s4.1 € (—o0,r4/3). Observe
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that the evaluations Py, (yri1) = yr1Py(Byr1) and Py1(0) = v?P,(0) are nonzero and
have different signs since 0 > [~vr; > rq, and the Intermediate Value Theorem implies
aroot s; € (yry,0). Meanwhile, Py 1(rq/3) = v¢Py(rq/Bv) and P;(—o0) are nonzero
and have the same sign since —oo < 74/87 < rg. Also, Py(—o0) and Py 1(—00) have
different signs since the two polynomials differ in degree by 1. This shows that Py (rq/3)
and P;.;(—00) are nonzero and have different signs, and the Intermediate Value Theorem
shows the existence of a root s441 € (—00,74//3).

To summarize, we prove that P, has roots s; > --- > 54,1 which are distinct strictly
negative real numbers and (taking vy = 0 and r;,; = —oo for convenience) satisfy s; €
(yri,ri—1/B) forany i = 1,...,d + 1. To finish the induction, we need to show that

Si/Siv1 < Py foralli =1,..., d, which follows by s;/s;11 < (vr:)/(ri/B) = B7. O

8.5.2 Proofs of Technical Lemmas

Proof of Lemma 8.5.2. It was shown in [66] that

__9\C . g2
r:(-mﬁ) —Jpe? p< — _0<f<2rl.
1—cosf

To make this more interpretable, we rewrite the set in Cartesian coordinates. If z = pew ,
then by Euler’s formula we may write z = x + iy where * = pcosf and y = psinf. We

then obtain

2¢?

<—
p 1 —cos@

p(1 — cosf) < 2¢*
p < x+ 2

x2+y2 < (x+2€2)2

1117

y® < 4e*(z +&?).
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Therefore, we see that

I={z+iy:y* <4e’(x+%)},

which clearly contains R, .

Furthermore, for A € R, we have

dist(A, 0T") = inf |z — |

zedl'

= inf T \)2 5
(x:y)GRZ:y2:4€2(x+€2) ( ) —+ Yy

= inf Vi — N2+ 4e2(x + €2)

z€[—e2,00)

A+¢e2 Ae(0,8%);

26V, ) € [€%,00).

This establishes the lemma. ]

8.6 Further Optimal Mixing Results

In this section, we study spectral independence for general tensor network contractions and
weighted graph homomorphisms. Unlike binary symmetric Holant problems, where rapid
mixing of the Glauber dynamics was already known for our main examples such as match-
ings [76], Ising model on line graphs [53], edge covers [73], and weighted even subgraphs
[77], in the setting we consider here, rapid mixing for any local Markov chain was not
known before. Prior works [16, 17, 112, 110] had studied these problems but only from the
perspective of deterministic approximation algorithms using Barvinok’s polynomial inter-
polation method [10]. While these algorithms run in polynomial time for bounded-degree
graphs, the exponent typically depends on the maximum degree, and are more difficult to
implement.

Here, we show that the Glauber dynamics mixes in O(nlogn) steps for these prob-

lems on bounded-degree graphs, yielding significantly faster and simpler algorithms for
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computing the partition function. We again reduce rapid mixing to spectral independence
via Theorem 1.2.1, and then reduce spectral independence to the existence of a sufficiently
large zero-free region for the multivariate partition function via Theorem 8.4.2. Fortu-
nately, such zero-free regions were already obtained in prior works, as they are the entire
basis for Barvinok’s polynomial interpolation method. We leverage them here in a com-

pletely black-box manner.

8.6.1 Weighted Graph Homomorphisms

Here, we study weighted graph homomorphisms, which may also be viewed as spin sys-
tems on vertices. In the bounded-degree setting, we show that the Glauber dynamics on
vertex configurations for these models mixes in O(nlogn) steps, provided the weights are
sufficiently close to 1. This is analogous to classical mixing results stating the Glauber

dynamics mixes rapidly in the “high-temperature” regime.

Theorem 8.6.1 (Spectral Independence for Weighted Graph Homomorphisms). Fix a pos-
itive integer ¢ > 2, let G = (V, E) be a graph with maximum degree < A, and for
each edge uv € E, let A" € quxoq be a (not necessarily symmetric) nonnegative matrix.
There exists a universal constant v ~ 0.56 independent of q, G,{ A" }wwecr such that if
A" (5, k) — 1] < ALM — ¢ for some € > 0, all wv € F and all j, k € [q], then the as-

sociated graph homomorphism distribution y on vertex configurations o : V. — [q| given

by
o) o [T A*(o(u),a(v))

is n-spectrally independent for some constant 1 = n(A, ). In particular, if A,e = (1),

then the Glauber dynamics for sampling from (1 mixes in O(nlogn) steps.

Remark 8.6.2. A straightforward application of the classical Dobrushin uniqueness condi-

tion yields rapid mixing when [A*(j, k) — 1| < 5k forall wv € F and j, k € [g].
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The zero-free region for the graph homomorphism partition function was studied in
[17]. We state here a slightly more general theorem, the proof of which is included in

Section 8.6.3 for completeness.

Theorem 8.6.3 (Zeros for Weighted Graph Homomorphisms; [17]). Fix a positive integer
q > 2, let G = (V,E) be a graph with maximum degree < A, and for each edge ¢ =
uv € E, let A" € C9%9 be a (not necessarily symmetric or Hermitian) complex matrix.
There exists a universal constant v ~ 0.56 independent of q, G,{A" }wer such that if
|A"(j, k) = 1| < 53 for all wv € E and all j, k € [q], then for every S C 'V and every

¢ : S — [q], the graph homomorphism partition function

> T Aot ow)

0:V—[q] werE
ols=¢

with pinning ¢ is nonzero.
We give below the proof of Theorem 8.6.1.

Proof of Theorem 8.6.1. By Theorem 8.4.2, it suffices to prove that the multivariate parti-

tion function

S IT A% (ew), o) T] Avww (8.22)

0:V—[q) weE veV
ols=¢

is nonzero in the polydisk D = {A € CV*l4 : |), , — 1| < ¢,Vv € V,Vk € [g]} for all pin-
nings ¢, where ¢ = ¢(A, ) > 0 is some constant depending only on A, ¢ but not GG. Define

a new set of matrices {fl“”}wE £ by

A (k) = A" (j, k) - A 480\ A=) gy ¢ BV E € [g)

u,J
Note that the partition function for G, { A%}, is precisely given in Eq. (8.22).
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Since [A"(j, k) — 1| < 715 — ¢, there exists our desired ¢(A, €) > 0 such that [A,; —
1], Aok — 1| < (A, ) implies |A* (5, k) — 1| < a5 foralluv € Eandall j, k € [g]. It
follows from Theorem 8.6.3 that the multivariate partition function Eq. (8.22) is nonzero.

As this holds for all A € D, we are done. L]

8.6.2 Tensor Network Contractions

Here, we study general tensor network contractions, which is a partition function of a dis-
tribution over configurations on edges of a graph. Tensor networks are heavily studied in
quantum computing [96, 6, 109] and are also used to model Holant problems [31, 32, 33].
In the bounded-degree setting, we also show that the Glauber dynamics on edge config-
urations for these models mixes in O(n logn) steps, provided the weights are sufficiently
close to 1. Again, this is analogous to classical mixing results stating the Glauber dynamics
mixes rapidly in the “high-temperature” regime.

To state our main result, let us first define tensor network contraction. Given a graph
G = (V, E) and a collection of local functions {f, : [¢]®™ — Rx¢},cv on configurations
on edges, we define the associated tensor network distribution x over edge configurations

o : E — [q] to be given by
(o) o< I folo lpw)- (8.23)
veV
The associated partition function, known as a tensor network contraction, is given by

> 1 folo lew)-

o:E—[q]veV

The name “tensor network™ comes from the fact that each f, may be viewed as a tensor
with axes corresponding to edges in £(v) and indexed by [g]. This is a vast generalization
of the Holant problems considered in Section 8.5 (see, for instance, Eq. (8.20)), where

q = 2 and each local function f, is symmetric. Zeros for tensor network contractions were
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analyzed in [112] in the symmetric case.

Theorem 8.6.4 (Spectral Independence for Tensor Network Distribution). Fix a positive
integer q > 2, let G = (V, E) be a graph with maximum degree < A, and for each vertex
veV,letf,: [q]E(”) — R be a nonnegative function on configurations of edges incident
to v. There exists a universal constant v =~ 0.56 independent of q, G, { f, }vev such that if
[fola) = 1| < x5 —eforsome e > 0, allv € Vand all o : E(v) — [q], then the
tensor network distribution |1 on edge configurations o : E — [q| given by Eq. (8.23) is
n-spectrally independent for some constant 1 = n(A,¢). In particular, if A;e = O(1),

then the Glauber dynamics for sampling from (1 mixes in O(nlogn) steps.

To establish this spectral independence, we need a sufficiently large zero-free region.
This was proved by [112] in the symmetric case, where each local function f, depends
only on the number of incident edges that are mapped to each color in [¢]. It turns out
using nearly identical arguments, one can obtain the following more general theorem. We

provide a proof in Section 8.6.3 for completeness.

Theorem 8.6.5 (Zeros of Tensor Network Contractions; [112]). Fix a positive integer q >
2, let G = (V, E) be a graph with maximum degree < A, and for each vertexv € V, let f, :
[q]F ) — C be a complex function on configurations of edges incident to v. There exists a
universal constant vy ~ 0.56 independent of q, G, { f, }vev such that if | f,(a) — 1] < ﬁm

forallv € V and all o : E(v) — [q|, then for every F C E and every ¢ : F — [q], the

tensor network contraction

Z H fv(a |E(v))

o:E—[q] veV
olr=¢

with pinning ¢ is nonzero.

We give below the proof of Theorem 8.6.4.
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Proof of Theorem 8.6.4. By Theorem 8.4.2, it suffices to prove that the multivariate parti-

tion function

S ] £olo 1) [] Aeo (8.24)

o:E—[q] veV ecE
olp=¢

is nonzero whenever \ lies in the polydisk D = {\ € CP*l9 : |\, — 1| < ¢,Ve € E,Vk €
[q]} for all pinnings ¢, where ¢ = ¢(A, €) > 0 is some constant depending only on A, ¢ but

not G. Define a new set of local constraint functions { fv}vev by

fola) ) [ MZ., YveViVa: E(v) > (gl

e€E(v)

Note that the partition function for G, { fv}vGV is precisely given in Eq. (8.24).

Since | f,(a)—1| < —e¢, there exists our desired ¢(A, ) > 0such that |\, ;—1| <

A+1+

c(A,e) forall e € E(v) implies | f, (o) —1| < forallv € Vandall o : E(v) — [q].

A+1+ ’
It follows from Theorem 8.6.5 that the multivariate partition function Eq. (8.24) is nonzero.

As this holds for all A € D, we are done. O

8.6.3 Proofs of Zero-Free Results

In this section, we supply proofs of the main zero-free statements used in Section 8.6.
As noted earlier, for technical reasons, we need straightforward generalizations of prior
results which do not make symmetry assumptions. We manage to adapt previous arguments
without much additional effort, which we provide here for completeness.

The main idea in these zero-free proofs is to do induction by conditioning on the as-
signment of fewer and fewer vertices (respectively, edges) for weighted homomorphisms
(respectively, tensor networks). However, one needs to strengthen the inductive hypothesis
beyond simple zero-freeness. To the best of our knowledge, this type of argument was first

pioneered by Barvinok, and has had a wide range of applications; see [9, 12, 15, 14] for
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applications besides those discussed in this chapter.
The crucial tool is the following geometric lemma, which provides a kind of “reverse
triangle inequality”. The version below is due to Boris Bukh; a weaker version, with

cos(0/2) replaced by v/ cos 6, was known due to [11]. See [10] for a proof.

Lemma 8.6.6 (Angle Lemma). Let x4, ...,x, € C be nonzero complex numbers viewed
as vectors in R%. Suppose there is an angle 0 < 0 < 2m/3 such that for all i, j, the angle
between x;, x; is at most 0. Then we have the lower bound |y, x;| > cos(0/2) > 7" |xi.

Proofs for Weighted Graph Homomorphisms

Our goal in this subsection is to prove Theorem 8.6.3, i.e. that the weighted graph homo-

morphism partition function

W= Y [ Aew.ow)

o:V—[q wweE
ols=¢

is nonzero in a large polydisk around 1, where S C V, ¢ : S — [q], and we view Z (f (A) as
a polynomial with variables { A“(j, k) }yueE,j kelq- For convenience, for a § > 0, define

UD) ={A={A} ver : |[A(J, k) — 1| < §,Yuv € E, V5, k € [q]}.

Additionally, for a partial configuration ¢ : S — [q], a vertex u € V' \ S and a spin j € [q],
we write ¢, ; : S U {u} — [g] for the unique extension of ¢ with ¢,, j(u) = j.

We will need the following lemmas to implement an inductive approach.

Lemma 8.6.7 (Lemma 3.3 from [17]). Let 7,6 > 0, and suppose A € U(6). Let S C V,

¢S —[q], u € V\ S be arbitrary. Assume the following hold:

(1) Z;?EJ{U}(A) # 0 for everyu € V '\ S and every j € [q];
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(2) Foreveryu € V '\ S and every j € [q], we have

SU{u} w( 0 SU{u}
|Z u,j Z Z |A j? ‘aA“U(], k') Z(z)u,j (A) .

v~ kelq]

Then for every uw € V'\ S and every j, k € [q], the angle between Z U{“}(A) and Z:Z%”}(A)

20A

in C is at most a5

Proof. By assumption (1), the relevant partition functions are nonzero, and so the logarithm
is well-defined when applied to these partition functions and we may bound the angle

between ZSU{ Y(A) and Zi%u}(A) by
log 25" (A) —log Z; /1" (4)]. (8.25)

The strategy is to write Z 59 {“}(A) as Z;?:J{u} (A) for some A € U(5) which differs from A
by a small number of coordinates, and then apply the Fundamental Theorem of Calculus
and assumption (2). For every v ~ u, we set A“(j,¢) = A*(k,c) for every ¢ € [q], and
A" (¢, ¢) = A" (¢, c) for all £ # j. For all other edges vw € E, we set A" = AV,

Itis clear that Z SU{“} (A) = Zsjj{u} (A). By the Fundamental Theorem of Calculus, we

may upper bound Eq. (8.25) by

max E E
Beu (s

o8 ZB) - |40 - Ao

Auv —~
vvu c€lg) <26 since A,Acld())
1 0 SU{u}
< =0 A, - __z59(p
- 1- 5 BEZ/{((S) ;CGZ | ‘7 |Z£:JJ{u}(B)| aA“U(j, C) Du,j ( )
<A/7 by ;;lmption )

< —25A . 0
— 7(1-9)

Lemma 8.6.8 (Lemma 3.4 from [17]). Ler 0 < 6 < 2xw/3, 6 > 0, and suppose A € U(0).

Let S CV, ¢ : S — [q] be arbitrary. Assume the following hold:
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(1) Z(f:j”}(A) # 0 for everyu € V '\ S and every j € [q];

(2) The angle between Zg:j"}(A) and Zsfi"} (A) in C is at most 0, for everyu € V '\ S

and every j, k € [q].

Then for every u € S, we have the lower bound

cos 0/2 0
Z5(A A" (p(w), k ‘—ZS A).
Proof. If v € S as well, then there is a unique k € [g] for which mZg (A) # 0,
namely k = ¢(v). In this case, A*(¢p(u), k) - WZS(A) = Z3(A). Otherwise,

Z3(A) = g - ZSU{”}(A), where ¢, j is the unique extension

v ¢ S and T G@E " Lown

8A“”(¢>( ):k)
of ¢ mapping v to k.

Combining these two observations, we obtain

53 1A o). b)) \mzﬁm\

vru kelg]
= IN@) S| Z5AN+ D0 Y1257 (A)
vuiv g S k€[q]
< |N(u) N S|-1Z5(A)] + ot 9 /2 S >z ) (Lemma 8.6.6)
v~uvg S ke(q]
=\N(U)\SI~\Z§(A)\
A

< ———— | Z3(A)

~ cos(0/2) 1Z6(A)l
Rearranging yields the desired result. 0

With these lemmas in hand, we can now prove the main zero-free result.

Proof of Theorem 8.6.3. Let 0 < 6 < 2mw/3 be a parameter to be determined later, set

i@ cos(0/2)

1+55 0 cos(0/2) We show

T = cos(f/2), and let 6 > 0 satisfy 0 = 21‘%6), in particular, § =

by descending induction on |S| that the following three statements are all true:
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(i) Forevery SCV,¢: S — [¢] and A € U(5), we have Z5(A) # 0.

(ii) Forevery S C V,u e V\ S, ¢ : S — [¢J, A € U(J) and j,k € [g], the angle
between ZS { }(A) and Z(‘;:i“}(A) in C is at most 6.

(iii) Forevery S C V,u € S, A € U(F§), we have the inequality

s cos 9/ 2) w( 0 g
E 5 Y 000 | 2.
vu kElq) ’
The base case S = V is easily verified since Z3 (A) = [],,cx A“(6(u), ¢(v)), a product
of nonzero complex numbers.

Now, let S C V with |S| < [V].

(i) Letw € V' \ S, which exists since |S| < |V|. It follows that (i) holds for S U {u} by
the inductive hypothesis. Since Z2(A) = 3 kel SU{“}(A), Lemma 8.6.6 applied

to Z g (A) yields (i) assuming that (ii) holds. We prove (ii) below.

(ii) Let w € V' \ S, which exists since |S| < |V/|. Then (i) and (iii) hold for S U {u} by

the inductive hypothesis. (i1) then follows by Lemma 8.6.7.

(iii) Let w € S. Then (i) holds for S U {u} by the inductive hypothesis. Since (ii) holds

for S (as proved earlier), we may then apply Lemma 8.6.8, yielding (iii) for S.

Now, we choose 0 < 6 < 27/3. As we wish to maximize the size of our zero-free region,
i.e. J, we need to maximize 6 cos(f/2). As shown in [112], the maximum is attained

when 2/0 = tan(6/2), which has solution §* ~ 1.72067 and has objective value z* =

0* cos(0*/2) ~ 1.12219. This yields 6 = A?ﬁ as claimed. O
2
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Proofs for Tensor Network Contractions

Our goal in this subsection is to prove Theorem 8.6.5, i.e. that the tensor network partition

function

SN | (XS

o:E—| q] veV
olp=¢

is nonzero in a large polydisk around 1, where F' C E, ¢ : F' — [q], and we view Z (f () as

a polynomial with variables {h,(«)}, . We prove the following stronger result.

Theorem 8.6.9 (Generalization of Theorem 6 from [112]). Let G = (V, E) be a graph of
maximum degree < A. Then for every F C E, ¢ : F' — [q], n > 0, and 0 < 0 < 27/3, the

function 7} (h) is nonzero whenever h € ]\, S,(8,n), where

veV
v ho(a)—hey oVa,B:E(v s
Su(6,m) = {hv g)P = € | (CT;LU(a)(@LfVazg(i)ﬁ([q)}_)[q] }

and § = n-min{l,eczs—fl/z)}.

Before we prove this result, let us see how this gives Theorem 8.6.5.

Proof of Theorem 8.6.5. Observe that S, (0, 7) contains a disk around 1 of radius given by

min{d§/2,1 — n}. Using Theorem 8.6.9 and given that § = 7 - min {1, 90235_91/2) }, where
0 < 6 < 27/3, our goal is to maximize 6 cos(#/2) over 0 < 6 < 27/3 to obtain the largest
zero-free disk. As shown in [112], this maximum is attained when 2/6 = tan(6/2), which

has solution #* ~ 1.72067 and has objective value z* = 6* cos(6*/2) ~ 1.12219. Given

this, to obtain the largest possible radius disk, we equalize l—nand /2 =n- 57 Xll).
Solving, we obtain 7 = —L.— yielding radius M as desired. O
2(A+1) 2(A+1)

It remains to prove Theorem 8.6.9. We will need the following lemmas to implement

an inductive approach.
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Lemma 8.6.10 (Lemma 8 from [112]). Let7 > 0, F C E, ¢ : F — [q] and u € V be

arbitrary. Suppose for all h € [[,.v Su(d,n) and all ¢ : F'U E(u) — [q] extending ¢, the

veV

following hold:
(1) Zy, """ (h) # 0;

(2) Forallv € N(u)U{u}, we have

FUE(u) 0  _FUB()
2P0z Y Il 2w
a:E(v)—|q]

compatible with v

FUE(u)

Then for all extensions w,zﬁ : FUE(u) — C of ¢, the angle between Z, and

ZgUE(u)(h) in C is at most 251,

™

Proof. By assumption (1), the relevant partition functions are nonzero, and so the logarithm
is well-defined when applied to these partition functions and we may bound the angle

between Zi “E() (h) and ZgUE(“)(h) by
log Z,, " (h) — log z; DEW ()] . (8.26)

The strategy is to write ZgUE(u)(h) as ZiUE(“)(ﬁ) for some i € [[,., S.(6,77) which

veV
differs from A by a small number of coordinates, and then apply the Fundamental Theorem

of Calculus and assumption (2). Let v € V. We consider three cases.
e v ¢ N(u) U {u}: In this case, v, v agree on E(v) and so we may simply take h, =
P
e v € N(u): In this case, ¢, differ only on the single edge uv. If a : E(v) — [q]
agrees with ¢ on uwv, then let o/ : E(v) — [g] be given by replacing a(uv) = 9 (uv)

with ¢ (uv), and take h,(a) = hy,(a’). Otherwise, just set h, () = hy,(a). (Note that

it does not really matter what we set /,(c) to since Zg V() (h) only has the term
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hy(a) when « agrees with ¢ on wv. However, we wish to minimize the number of

coordinates in which &, h differ.)

e v = u: In this case, just set /(¢ |Ew) = ho (1) |E(v)) and hy(ar) = hy(a) for all
a # Y |Bw)-

It is clear that Z FUB(u) (h) = Zf; UE(“)(B). By the Fundamental Theorem of Calculus , we

may upper bound Eq. (8.26) by

0 FUE(u) ’ -
max g E ——log Z x -hva—hva‘
ervGV S'U( ) ’ ah’l)<a) g ¢ ( ) ( ) ( )
vEN(uw)U{u} a:E(v)—[q]
compatible with v
d 1 d  _FuB®)
<%  max }: S @) —r ‘ ZFUE@) ()
x v (u) P
1 e€llvey 5o 77) (w)UH{u} a:E(v)—|q] |Z1/; ($)| ah’v(a)
A/—/compatlble with ¢
<A+1 N ~~ ~
<1/7 by assumption (2)
(Definition of .S,(d,7))
_dasn -

™

Lemma 8.6.11 (Lemma 9 from [112]). Ler 0 < 0 < 27/3, u € V, F C E satisfying
F 2 E(u), and ¢ : F — [q]. Suppose for all v € N(u) U{u}, all h € [, .\ S.(d,n), and
all extensions 1,1 : F'U E(v) — [q] of ¢, the following hold:

(1) 2" (h) # 0;
(2) The angle between Z;ZUE(U)(h) and ZgUE(v)(h) in C is at most 0.
Then for all v € N(u) U {u} and all h € T],, Su(6,7m), we have

0
|Z5 (h)| = cos(6/2) ) |ho(a)] - Z;(h)|.
Ohy ()
a:E'(_v)H[_q]
compatible with ¢

Proof. The conclusion is trivially true if v = w, since by the assumption E(u) C F|, there

is only one a : E(v) — [q] compatible with ¢, namely ¢ |g(, itself. In this case, h,(«)
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divides ZJ (h) and we can replace cos(6/2) by 1.

Suppose v € N(u). Since ZJ (h) = > y.rupw)— Zf;UE(”)(h), assumptions (1) and
Y| p=¢
(2) make Lemma 8.6.6 applicable, yielding

ZE(h)] > cos(0/2) > 12,7 (n)]

P:FUE(v)—q]
Plr=¢
0
st Y )] | 2 )
:E(v)—]q] Y
compatible with 1
as desired. 0

With these lemmas in hand, we may now proceed with the proof of Theorem 8.6.9.

Proof of Theorem 8.6.9. Letn > 0 and 0 < 6 < 27/3 be arbitrary, and take 7 = cos(6/2),

ot
7 A+1

6 =n-min{l }. We show by descending induction on |F| that the following three

statements are all true:
(i) Forevery F C E, ¢ : F — [gland h €[],y Su(d,7), we have ZJ (k) # 0.

(i) Forevery F C E,u € V,¢: F = [q],h € [[,cy Su(6,n) and ), 9 : FUE(u) — [q]

extending ¢, the angle between Z:Z VE() (h) and ZgUE(u)(h) in C is at most 6.

(iii) Forevery F' C I, u € V satisfying E(u) C F, ¢ : F' — [q], h € [],cy Su(6,m) and
v € N(u) U {u}, we have the inequality

Z5 ()| > cos(0/2) > |hv(a)]-’8hiQ)Zf(h)‘.

a:E(v)—|q]
compatible with ¢

The base case F' = F is easily verified since Z} (h) = [],cy hw(® |5()), a product of
nonzero complex numbers.

Now, let F' C E with |F| < |E|.
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@

(ii)

(111)

Let v € V with E(v) € F. Since |F'U E(v)| > |F|, (i) holds for F U E(v) by

the inductive hypothesis. Since Z} (h) = > y.ruE(w)-(q) Zf;UE(”)(h), Lemma 8.6.6

Ylp=¢
applied to Zf; VE(v) (h) yields (i) assuming that (ii) holds. We prove (ii) below.
Letu € Vand ¢ : F — [q]. If E(u) C F, then the claim is trivially true since
¥ = 1) = ¢. Otherwise, assume F(u) € F and let 1), 1) : F U E(u) — [q] extend ¢.
Since |F'U E(u)| > |F|, (i) and (iii) hold for F' U E(u) by the inductive hypothesis.

Applying Lemma 8.6.10 to F' U E(u) then yields (ii).

Let u € V with F(u) C F. Without loss of generality, we may assume such an u
exists since otherwise, there is nothing to prove. Let v € N(u) U {u}. If E(v) C F,
then (iii) trivially holds with cos(6/2) replaced by 1, since there is only one term
in the summation, namely o = ¢ |g). Hence, assume F(v) € F. In this case,
|F'U E(v)| > |F| and so (i) holds for F' U E(v) by the inductive hypothesis. Since
(11) for F' holds (as proved earlier), we may then apply Lemma 8.6.11, yielding (iii)
for F'. [
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CHAPTER 9
CONCLUSION

In this thesis we establish optimal mixing time of the Glauber dynamics for many classes
of spin systems, including Ising model, hardcore model, colorings, monomer-dimer model,
and weighted even subgraphs. The key concept for proving our results is the notion of
spectral independence. We show that for spin systems, if the Gibbs distribution is spectrally
independent and the model is defined on bounded-degree graphs with constant marginal
probabilities, then the Glauber dynamics mixes in Cn logn steps where n is the number of
vertices of the underlying graph and C'is a constant depending on the maximum degree and
parameters of the model. We further show how to establish spectral independence using
current algorithmic approach of approximate counting and sampling, including coupling
arguments for MCMC, correlation decay methods, and polynomial interpolation methods.

A natural open direction is to improve the constant C' with better dependencies on
all parameters. In particular, our current approach does not work when the underlying
graph has unbounded maximum degree, e.g., the complete graph. It is an interesting open
problem to establish optimal mixing of Glauber dynamics for spin systems defined on dense

graphs.
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